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With 1-Mev electrons incident on thin aluminum and gold targets, bremsstrahlung polarization as a func 
tion of photon energy for a 20-degree emission angle has been measured with a polarimeter that depends on 
the polarization sensitivity of the Compton process. The selection of energy intervals out of the continuous 
bremsstrahlung spectrum was accomplished by employing the polarimeter as a double crystal Compton 
spectrometer. The results show a polarization reversal in qualitative agreement with the Born approximation 
calculations of Gluckstern and Hull. With the gold target, the polarization reversal occurs at a lower photon 
energy than that predicted by the Born approximation theory. Such a shift in the reversal energy is obtained 
with the Born approximation theory for a lower initial electron energy. 


I. INTRODUCTION 


HE dependence of the bremsstrahlung cross sec- 
tion on arbitrary photon polarization has been 
calculated under the Born approximation by May and 
Wick,' and by Gluckstern, Hull, and Breit.’ In addition, 
Gluckstern and Hull* have integrated this cross section 
over the direction of the emerging electron. At non- 
relativistic energies, an estimate of the polarization has 
been made by Kirkpatrick and Wiedmann‘ from the 
results of the exact Sommerfeld theory.® 
The important parameters in the bremsstrahlung 
process that determine the photon polarization are 
shown in Fig. 1, where / and po are the initial total 
energy and momentum, respectively, of the electron,‘k 
and k are the energy and momentum of the emitted 
photon, @ is the angle between py and k, and Z is the 
atomic number of the target material. In the present 
experiment, the polarization, P, is defined as: 


dos (E,k,0,Z) — doy (Eo,k,0,Z) 
P=—— pasate 


—) 
doytdoy 

* A summary of this work was reported at the 1956 annual 
meeting of the American Physical Society [J. Motz, Bull. Am. 
Phys. Soc. Ser. IT, 1, 10 (1956) ]. 
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where do, and do,, are the differential bremsstrahlung 
cross sections integrated over the directions of the 
emerging electron for photons polarized perpendicular 
and parallel, respectively, to the plane of emission, i.e., 
the pok plane. 

Bremsstrahlung polarization has been observed® by 
experimental methods which utilize the polarization 
sensitivity of (1) the photoelectric process, (2) the 
Compton process, and (3) the photodisintegration of 
the deuteron. At nonrelativistic energies, methods 
(1) and (2) have been used to measure the dependence 
of the polarization on photon energy for bremsstrahlung 
emitted at 90 degrees from a thin aluminum target.’ 
Method (3) has been used to measure the angular 
dependence of the polarization of 642 Mev photons 
produced by 24-Mev electrons incident on a thin 
aluminum target.* The low-energy results are not con- 
sistent with each other, although the most recent meas- 
urement of Kulenkampff e/ a/.” indicates agreement with 
the Sommerfeld theory.® The high-energy results* have 
shown considerable disagreement with the Born 
approximation theory.’ It is apparent that more quanti- 


6C. G. Barkla, Trans. Roy. Soc. (London) 204, 467 (1905) ; 
W. Duane, Proc. Natl. Acad. Sci. 15, 805 (1929); B. Dasanna- 
charya, Phys. Rev. 35, 129 (1930); also 36, 1675 (1930); K. 
Phillips, Phil. Mag. 44, 169 (1953); P. Kirkpatrick, Phys. Rev. 
38, 1938 (1931); E. G. Muirhead and K. B. Mather, Australian 
J. Phys. 7, 527 (1954) ; C. Tzara, Compt. rend. 239, 44 (1954). 

7 Kulenkampff, Leisegang, and Scheer, Z. Physik 137, 435 
(1954) ; H. Kulenkampff, Physik. Z. 30, 514 (1929); D. S. Piston, 
Phys. Rev. 49, 275 (1936). 

8 Dudley, Inman, and Kenney, Phys. Rev. 102, 925 (1956). 


57 








eo" 


Fic. 1. Parameters that determine the bremsstrahlung pelariza- 
tion. Electrons with initial energy Ey and momentum po, are in- 
cident on a thin target with atomic number Z. Photons with 
energy & and momentum k, are emitted at an angle 6 with respect 
to the incident electron direction. The polarization is defined with 
respect to the pok plane. 


tative measurements of the above type are needed be- 
fore an accurate description of the polarization is 
available. 

In the present work, the bremsstrahlung polarization 
is measured as a function of photon energy by method 
(2) for thin aluminum and gold targets. A photon emis- 
sion angle of 20 degrees is selected because it is roughly 
equal to the angle mc*/E» at which the largest polariza- 
tion effect is expected.* The initial electron energy is 
1 Mev, which is in a region where the validity of the 
Born approximation is questionable. In fact, measure- 
ments of the bremsstrahlung cross section summed over 
polarization for 1-Mev electrons,’ and of the total pair 
cross section at energies close to 1 Mev” have shown 
disagreement by about a factor of two with the Born 
approximation theory. In the face of such differences, 
it would not be surprising if the polarization behavior 
in this energy region does not agree in every detail with 
the predictions of the Born approximation theory. 

In the nonrelativistic classical theory, the depend- 
ence of the polarization on photon energy is governed 
by the fact that the polarization vector is in the direc- 
tion of the electron acceleration. Consequently, there 
is a polarization reversal in which the high- and low- 
energy photons tend to be polarized parallel and per- 
pendicular, respectively, to the emission plane pok. As 
the initial electron energy increases, relativistic effects 
cause the radiation to have a greater degree of polariza- 
tion perpendicular to the emission plane. A quantitative 
description of this behavior according to the Born 
approximation theory® is shown in Fig. 2 for electron 
energies of 0.5 and 1.0 Mev. The curves were computed 
for a gold target and a photon emission angle of 20 
degrees, and they show that for increasing electron 
energies in this range, the ratio k,/(Eo—mc*) becomes 
larger, where k, is the photon energy at which the 
polarization reversal occurs. It is also seen that 1 Mev 
is an optimum initial electron energy for the experi- 

® J. W. Motz, Phys. Rev. 100, 1560 (1955). 

H. I. West, Jr., Phys. Rev. 101, 915 (1956); T. L. Jenkins, 
Bull. Am. Phys. Soc. Ser. II, 1, 167 (1956). 
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mental observation of such a reversal, because (a) the 
reversal occurs about at the midpoint of the photon 
energies and (b) there is an appreciable polarization 
both parallel and perpendicular to the plane of emis- 
sion. 

II. POLARIMETER 


In the present measurements, the polarimeter must 
simultaneously perform two functions: (a) it must select 
photons within a small energy interval out of the con- 
tinuous bremsstrahlung spectrum, and (b) it must 
measure the polarization, P, of these photons with 
respect to the plane of emission, i.e., the pok plane as 
shown in Fig. 1. This double demand calls for certain 
compromises in design, with the result that the polarim- 
eter sacrifices good energy resolution for better polariza- 
tion sensitivity. 

The polarimeter depends on the polarization sensi- 
tivity of the Compton process, and consists of two 
scintillation crystals,’ an anthracene scatterer and a 
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Fic. 2. Dependence of bremsstrahlung polarization on photon 
energy k, as predicted by the Gluckstern-Hull* (Born approxi- 
mation) theory. The photon emission angle is 20 degrees, the 
target material is gold, and the initial electron kinetic energies, 
(Eo—y), are 0.5 and 1 Mev. 


4 This type of scintillation polarimeter was first used in meas- 
urements of the polarization-direction correlation of gamma rays 
emitted from radioactive sources by F. Metzger and M. Deutsch, 
Phys. Rev. 78, 551 (1950). 
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Fic. 3. Polarimeter Geometry. Photons pass from }-inch diam- 


eter collimator to anthracene crystal. The scattering angle 6 is 
fixed at 80 degrees. A and B are the midpoints of the anthracene 
cube and the face of the NaI (TI) crystal, respectively. The photon 
beam axis passes through A, and AB is perpendicular to the face 
of the NaI(TI) crystal. Azimuthal settings are given by the angle 
¢, with the bremsstrahlung emission plane defined at ¢=0. 


Nal(TI) photon detector, which have their pulse out- 
puts placed in coincidence to permit the selection of 
Compton events in thé anthracene crystal. The size 
and geometrical arrangement for these crystals is shown 
in Fig. 3. Photons with energy & are incident on the 
anthracene crystal and are detected by the NalI(TI) 
crystal after being scattered with energy k’ into the 
solid angle dQ which is defined in terms of the spread in 
the scattering angle 6 and azimuth ¢. The polarization 
sensitivity of this arrangement depends on the asym- 
metry ratio, 


T 
R(k)= ir(6- \/f dr(@=0), (2) 
Ab, Ad 2 Ab, Ag 


where dr is the Klein-Nishina differential cross sec- 
tion averaged over polarizations of the scattered photon 
for incident x-rays polarized in the bremsstrahlung 
emission plane (¢=0), and is given by the expression 
(ek! /mc?k)* Lk’ /k+k/k’—2 sins cos*¢ |dQ. For a given 
k and a given crystal separation, R is determined by the 
parameters 6, Ad, and Ag. Metzger and Deutsch have 
shown" that in the present range of photon energies 
(0.2—1.0 Mev), a scattering angle, 6, of 80 degrees 
gives values of R close to the maxima. Also, straight- 
forward integrations of dr over a range of solid angles 
show that to improve the polarimeter efficiency for 
the high-energy photons (near 1 Mev), A¢ can be in- 
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creased to 40 degrees without appreciably decreasing 
R. On the other hand, the spread in Aé should not exceed 
8 degrees in order to satisfy the minimum requirements 
(shown later) on energy resolution. The above values 
for 6, Ad, and A¢ are used as the basis for the polarimeter 
design. As shown in Fig. 3, the polarimeter has reason- 
ably good geometry, in which the incident direction of 
the photon beam is well defined with a 4-inch diameter 
collimator and the spread in the scattering volume 
around the point A is small compared to the crystal 
separation AB. The solid angle in which scattered 
photons are detected by the Nal crystal is determined 
by the length AB and by the area of the crystal face. 
To allow for possible variations in the detection effi- 
ciency near the edges of the crystal face, the effective 
length of the crystal (along the ¢ direction) is taken to 
end } inch from each edge. The limits of error in R are 
computed for lengths extending to each edge (Ag= 50°) 
and 4 inch from each edge (Ag=30°). The effect of 
errors in the width (A6) of the crystal face on R are 
small enough to be neglected. The values of R used in 
the present measurements were computed by carrying 
through the integrations in Eq. (2) for 6=80 degrees, 
Aé=8 degrees, and Ag=40 degrees. The results are 
shown in Fig. 4, where a comparison is made with the 
maximum values of R (dashed line) that would be ob- 
tained if the polarimeter had ideal geometry such that 
Aé, A¢—0. It would have been desirable to check these 
calculated R values for the polarimeter by measuring 
the asymmetry ratio with a photon beam having a 
known polarization, P, such as produced by Compton 
scattering through a given angle." Such a calibration 
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Fic. 4. Dependence of asymmetry ratio, R, on photon energy 
for geometry used with present polarimeter (solid line) and for 
ideal geometry (dashed line). 





560 J. W. 


was attempted but was not successful because the solid 
angles involved are too small to give adequate counting 
rates. Nevertheless, the large error limits allowed for 
A¢@ (30°,50°) in the computed values of R are more than 
adequate to include the true R values for the polarim- 
eter. 

With the above information about the polarimeter 
asymmetry ratio R, the partial polarization, P, of an 
incident beam of photons with energy k can be deter- 
mined with respect to the bremsstrahlung emission 
plane for which ¢ is selected to be zero. It has been 
shown” from the results of Compton scattering theory 


that 
(k)+1\ s1-7 
ro (amen) 
R(k)—1 1+r 


where, for a given number of incident photons, r is 
the measured asymmetry ratio N(@=2/2 or 3n/2)/ 
N(@=0 or x), with N representing the number of 
scattered photons detected by the NaI(TI) crystal at 
the azimuths 2/2 or 39/2, and 0 or z, respectively. 
Equation (3) indicates that on the basis of the theore- 
tical polarization curve shown in Fig. 2, the measured 
asymmetry ratios should cover a practical range of 
values extending from approximately 1.5 for 0.95-Mev 
photons polarized parallel to the emission plane to 
approximately 0.6 for 0.2-Mev photons polarized 
perpendicular to the emission plane. 

To measure the polarization of photons in an energy 
interval selected out of the continuous spectrum, the 
polarimeter was employed as a double-crystal Compton 


(3) 


7" 


— Mev (Co®) 
66 Mev (Cs"”) | — 
a i 


RELATIVE COINCIDENCE COUNTS 


PULSE HEIGHT, VOLTS 


Fic. 5. Energy response curves for polarimeter operated as a 
double crystal Compton spectrometer. This calibration was made 
with the um rays from Cs? and Co® sources. 

12 See U. Fano, Jr., J. Opt. Soc. Am. 39, 859 (1949); Phys. Rev. 
93, 121 (1954); also N. R. Steenberg, Canadian J. Phys. 31, 204 
(1953). 
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spectrometer.” Pulses from the anthracene crystal in a 
prescribed pulse-height interval passed through a single 
channel analyzer and were then used to gate the coin- 
cidence circuit for the Compton events. In order to ob- 
tain satisfactory energy resolution for an average 
scattering angle, 5, of 80 degrees, it was necessary to 
limit considerably the spread, Aé, that is defined by the 
Nal crystal (Fig. 3). For example, with 1-Mev photons 
scattered at 80 degrees, a value of 8 degrees for Aé gives 
an energy spread of approximately 10% for the recoil 
electrons. Figure 2 indicates that it becomes difficult 
to measure positive polarizations (parallel to the emis- 
sion plane) when the photon energy spread begins to 
exceed 20%. For this reason, the value of Aé was re- 
stricted to 8 degrees. The energy response of the 
polarimeter was calibrated with the gamma rays from 
Cs"*7 and Co® sources. The results are shown in Fig. 5, 
where the response curves have an energy resolution of 
approximately 20%. The ratio of the pulse heights 
corresponding to the peaks of the response curves for 
the 0.66-Mev (Cs'*’) and 1.33-Mev (Co™) gamma rays 
agrees very closely with the ratio of the corresponding 
recoil electron energies expected when the gamma rays 
are scattered at 80 degrees. This agreement provides 
a good check for the polarimeter geometry shown in 
Fig. 3, where the average photon scattering angle, 6, 
is designated as 80 degrees. 


III. EXPERIMENTAL PROCEDURE 


The experimental arrangement for these measure- 
ments is shown in Fig. 6. A }-inch diameter beam of 
1-Mev electrons from the National Bureau of Standards 
cascade-type accelerator impinges on a thin target 
with atomic number Z. Photons emitted from the target 
at an angle @ of 20 degrees pass through a 15-mil 
aluminum window, a lead filter, and a brass collimator 





v4" 1a. (ZAZA Ab 
a Se” AY fy 
Yo Va 
TARGET. Op ff, 
OG “wig 
ps 6 
ors MAGNE 
& a 





chil asin 
33" 











35" 


Fic. 6. Experimental arrangement for the polarization measure- 
ments. The photon emission angle, , is 20 degrees and the polarim- 
eter scattering angle, 5, is 80 degrees. Photons pass from the target 
through a 15-mil aluminum window and lead filter (} inch and 
zs inch thick, respectively, for polarization measurements above 
and below 0.5 Mev). The azimuthal settings for the polarimeter 
are defined so that B,:(@=0) is parallel to the bremsstrahlung 
emission plane, i.e., the pok plane. 


3 R. Hofstadter and J. McIntyre, Phys. Rev. 78, 619 (1950). 
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TABLE I. Polarimeter measurements for an initial electron energy of 1 Mev and a bremsstrahlung emission angle of 20 degrees. 





Median 
paoton 
energy 
(Mev) 


Energy 
interval 
(Mev) 


Ni(¢ =x/2) 


Target Total Chance 


Asymmetry ratio 
: _Na(True) 
~ Nu(True) 


Coincidence counts 
Nu(@ =0) 
Chance 


Total True 





0.89—1.0 0.94 Au 4400 


Al 2159 


760 
455 


784 
699 


0.80—0.91 0.84 Au 4969 


Al 3474 
0.75 


0.72—0.80 Au 4992 


Al 1977 


693 
334 
0.62—0.70 Au 4894 
Al 5878 


Au 4492 
Al 3329 


711 
1081 


0.65 


0.52—0.58 0.55 588 


570 


587 
583 


0.43 —0.47 Au 4248 


Al 3695 


Au 4040 
Al 3264 


Au 3453 


633 
654 
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0.33 —0.38 


0.21—0.24 


} inch in diameter and 14 inches long. Electrons 
scattered in the direction of the window are deflected 
by a permanent magnet, so that the radiation passing 
through the collimator comes primarily from the target. 
The lead filter (} inch and ;¢ inch, respectively, for 
measurements above and below 0.5 Mev) improved the 
statistical accuracy of the measurements by increasing 
the number of photons in a given energy interval rela- 
tive to the total number in the spectrum. 

The targets consisted of a 0.43-mg/cm? gold foil 
and a 1.0-mg/cm? aluminum foil. Previous measure- 
ments’ of the bremsstrahlung cross section for this 
electron energy and photon emission angle have in- 
dicated that the effects of electron scattering and im- 
purities in these foils can be neglected. 

The 34-inch diameter photon beam impinges on the 
anthracene crystal at A, and the scattered photons are 
detected by the Nal(TI) crystal at B (Fig. 3). The 
,ulses from the anthracene crystal are amplified and 

nalyzed before being placed in coincidence with the 
pulses from the NaI(TI) crystal. A given photon energy 
interval is selected by the pulse-height analyzer which 
was calibrated with the gamma rays from Cs"? and 
Co® (Sec. II). The asymmetry ratio, r, is determined 
from measurements of the number of coincidence 
counts, with the NalI(Tl) crystal at the azimuths 
B,(@=0 or m) and B,(¢=2/2 or 3/2), where B, 
defines the bremsstrahlung emission plane, pok. For 
each azimuthal setting, the number of incident photons 
is kept constant; this is accomplished by counting the 
anthracene pulses at the amplifier output for pulse 
heights greater than 5 kilovolts, and at the pulse height 
analyzer output for a selected energy interval. Pulses 
from the amplifier output are limited to counting rates 


1.68 
1.55 


+0.06 
+0.08 


2172 
1103 


739 
427 


2011 
1530 


2692 1.56 

1939 1.43 
4 
3 


+0.05 
+0.05 


780 
677 


3472 
2616 


2889 9 +0.04 


679 1 
1221 1.35 +0.06 


322 


3568 
1543 


2842 7 +0.04 


701 i, 
3755 1.28 +0.03 


1077 


3543 
4832 


598 
567 


3701 


3103 1.26 +0.03 
3032 1 


2465 2 +0.04 


+0.03 
+0.03 


3247 


3828 1.1: 
3012 1.03 


3625 


581 
613 


3661 
3112 


1.00 +0.03 
0.831+0.03 


628 
658 


3420 
3138 


3407 
2610 


4048 
3796 


0.899+0.03 
0.749+0.03 


545 
560 


3216 
2965 


2892 
2220 


3761 


of less than 10* counts per second in order to have a 
negligible pulse pileup. The target currents are of the 
order of 10-° amp. The resolving time of the coin- 
cidence circuit is approximately 5X10~7 sec and the 
coincidence counting rates measured by the polarimeter 
exceeded 100 counts per minute. 

As a check on the operation of the polarimeter, meas- 
urements were made of the coincidence counts ratio at 
the azimuthal settings 1/4 or 5x/4, and 32/4 or 71/4, 
for photon energies in the interval 0.72 to 0.8 Mev. 
From symmetry arguments, it is to be expected” that 
this ratio should be one. The measured ratio was found 
to be 0.97+0.05, which indicates that the combined 
errors due to azimuthal settings and counting statistics 
vere less than 5% 


IV. RESULTS AND DISCUSSION 


The results of the asymmetry ratio measurements 
are summarized in Table I. These data are obtained 
for an initial electron energy of 1 Mev and a photon 
emission angle of 20 degrees. The energy interval is 
determined by the window width of the pulse-height 
analyzer, and the median energy in each interval is 
calculated for an energy distribution obtained from 
previous measurements? with corrections for absorption 
in the lead filter (Fig. 6). It is seen that the measured 
asymmetry ratios, r, show counting rate differences 
as large as 50% with corresponding standard deviations 
due to counting statistics of less than 5%. 

With the measured asymmetry ratios given in Table 
I, the bremsstrahlung polarization, P, is determined 
with the aid of Eq. (3) and is plotted as a function of 
photon energy in Fig. 7. The limits of error for the 
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Fic. 7. Dependence of the bremsstrahlung polarization on 
photon energy for an initial electron kinetic energy of 1 Mev and 
a photon emission angle of 20 degrees. The solid lines are predicted 
by the Gluckstern-Hull (Born approximation theory) with ap- 
proximate corrections for screening in aluminum and gold targets. 
The error limits for the experimental points include systematic 
errors due to the uncertainty in the polarimeter asymmetry 
ratio, R (see Sec. II), and the statistical counting errors. The 
energy spread for each point is determined by the calibrated 
window width of the pulse-height analyzer. 


experimental points include the systematic errors due 
to the uncertainty in the polarimeter asymmetry ratio 
R (Sec. II), as well as the statistical counting errors. 
The limits of the energy interval are given by the 
calibrated window width of the pulse height analyzer. 
The polarization behavior predicted by the Gluckstern- 
Hull (Born approximation) theory* for the parameters 
used in the measurements (1-Mev electron energy, 
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20 degrees photon emission angle, and aluminum and 
gold targets), with approximate corrections for the 
screening effect of the atomic electrons in the target 
is shown by the solid lines. The theoretical curves show 
that the effect of screening is negligible except for very 
small photon energies. 

The results of the measurements shown in Fig. 7 
may be summarized as follows: 4 

(a) The bremsstrahlung polarization measured as a 
function of photon energy shows a reversal with respect 
to the bremsstrahlung emission plane, which is in 
qualitative agreement with the predictions of the 
Gluckstern-Hull theory.’ 

(b) There is a difference in the bremsstrahlung 
polarization measured for a high-Z target and a low-Z 
target, which considerably exceeds the difference ex- 
pected because of screening. The nature of this dif- 
ference can be described as a shift in the polarization 
curve with increasing Z, so that the photon energy at 
which the polarization reversal occurs is smaller than 
that predicted by the Gluckstern-Hull theory. It is 
interesting to observe that this shift in the polarization 
curve as Z increases is similar to the shift shown in 
Fig. 2 that occurs as the electron energy decreases. In 
the nonrelativistic region, the exact Sommerfeld 
theory* predicts that the polarization curve depends 
on the quantity o/Z*. Because 1 Mev is in a transition 
region extending from the nonrelativistic energies, it is 
not unreasonable to expect some carry over of this 
E)/Z* dependence that is not revealed in a Born 
approximation theory. 

Plans are being made to extend these measurements 
in order to study the angular dependence of the polariza- 
tion for electron energies in the range from 0.05 Mev up 
to 1.0 Mev. 
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Bloch Equations with Diffusion Terms* 
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The phenomenological Bloch equations in nuclear magnetic resonance are generalized by the addition of 
terms due to the transfer of magnetization by diffusion. The revised equations describe phenomena under 
conditions of inhomogeneity in magnetic field, relaxation rates, or initial magnetization. As an example the 
equations are solved in the case of the free precession of magnetic moment in the presence of an inhomo 
geneous magnetic field following the application of a 90° pulse with subsequent applications of a succession 
of 180° pulses. The spin-echo amplitudes agree with the results of Carr and Purcell from a random walk 


theory. 


I 


HE phenomenological equations of Bloch! have 

played an important role in the development of 
nuclear magnetic resonance. They have been found to 
give an excellent description of resonance and associated 
transient phenomena in the case of single lines in fluids. 
The purpose of this note is to propose a generalization 
of the Bloch equations which incorporates effects due 
to the diffusion of magnetization. Such effects will arise 
under conditions of inhomogeneity in magnetic field, 
relaxation rates, or initial magnetization. With the aid 
of the generalized Bloch equations such problems can 
be solved with relative ease. 

Diffusion of magnetization will generally take place 
by self-diffusion of moment-bearing nuclei. Another 
possible mode is spin-direction exchange between 
neighboring nuclei induced by direct dipolar interaction 
or by the exchange-coupling via electrons. Diffusion by 
spin-exchange has been considered by Bloembergen? in 
connection with the effect of impurities on the relaxation 
time ir crystalline solids. In fact he used an equation 
which « .n be considered as a specialization of Eq. (3) 
below. The effective diffusion coefficient for spin- 
exchange is, as Bloembergen showed, of the order of 
a”/50T2, where a is the separation of neighbors and 7, 
the transverse relaxation time. For fluids, except in the 
case of very high viscosity, the coefficient of self- 
diffusion is many orders of magnitude larger than the 
spin exchange coefficient. Also spin-exchange diffusion 
may be expected to affect only the longitudinal com- 
ponent (component in direction of instantaneous field). 
We shall understand by D the coefficient of self-diffusion 
and will indicate below what corrections need be made 
to take spin-exchange into account. 

The usual Bloch equations may be thought of as 
describing the continuity of magnetic moment. Indeed 
Bloch’s original derivation was based on this idea. Thus 
for example the rate of increase of x component of 
magnetic moment is equated to the sum of two parts: 

* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research 
and Development Command; also by the Rutgers Research 
Council and the California Research Corporation. 

1F. Bloch, Phys. Rev. 70, 460 (1946). 

2. N. Bloembergen, Physica 15, 386 (1949). 


(a) the contribution of the torque exerted by the mag- 
netic field on the vector moment and (b) the contri- 
bution of the relaxation processes. Under inhomoge- 
neous conditions we extend this idea to the magnetic 
moment of an elementary volume Av. 

Because of the diffusion of magnetization through 
the surface of Av, we must include an additional con- 
tribution to the rate of increase of the magnetic moment 
of Av. The diffusion current density of magnetization 
may be found as follows: 

We choose axes arbitrarily oriented with respect to 
the field direction. Let us quantize the spins along a 
coordinate axis, say the x axis, and let , and n_ be, 
respectively, the number of positively and negatively 
oriented spins in this direction. (We are assuming a 
spin of 3; the final result is independent of the spin.) 
The diffusion current densities of the two types will 
then be 

jz=7,Vi—DVn4. 


Here V, (V_) is the drift velocity of the positively 
(negatively) oriented spins.* We may assume the drift 
velocity to be proportional to the force on the nucleus 
produced by the action of the field gradient on its 
magnetic moment. The force on a nucleus with a 
positively oriented spin of moment yu will be 


f,=V(u-H)=zVH,, 
since the spin is oriented along the « axis. Similarly, 
{= —uVH,. 


If the fluid is confined, there will be a small additional 
force caused by the fact that the field gradient produces 
a body force acting on the magnetized medium. A 
pressure gradient is set up in response and is responsible 
for an average force of the surroundings on a nucleus. 
This force is, however, of order uwH/kT compared with 
the direct force (Vu-H) and will be neglected. 

Thus we shall have KV,=+yuVH., where K is the 
conductivity. By Einstein’s relation, K=k7/D. The 


3T am indebted to Professor Lars Onsager for pointing out to 
me the desirability of including the drift current. Actually, as will 
be seen below, it is doubtful that the drift terms will produce 
effects of discernible magnitude. 
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diffusion currents become 
js =+ (D/kT)ns.VH, —_ DV n... 
The diffusion current of the x component of magneti- 
zation will be given by 
u(j4—j_) = —DVu(ns,.—n_)—nDV (w2H./kT) 

= —Dv(M.— Mz), 
where M,o=(mp?/kT)H, is the x component of the 
equilibrium magnetization. The rate of increase of 


x component of magnetic moment of the volume element 
Av due to this diffusion current will thus be 


f (8M,/dl)pdv= — f un: (j,—j_)dS 


- f Dn-¥(Mz—M,)dS 


=V-Dv(M,—M.)A0. 


This term must be added to the x component Bloch 
equation. Proceeding in a similar way with the other 
components and dividing by Av, one obtains 


aM,,/dt=7(MXH):—M,/T:+¥-D¥(M.—Ma), (1) 
aM,/dt=y7(MXH),—M,/T:+¥-D¥(M,—M,»), (2) 


OM, dt=y(MXH),+ (M,—M.,)/ T; 
+v:-DV(M.—M.n). (3) 


In the case of spin-exchange diffusion (coefficient D.), 
the D in Eq. (3) needs to be augmented by D,. 
These equations differ from the Bloch equations not 
only by addition of the diffusion terms, but also in that 
the time derivatives are now partial since they refer to 
a particular point in space. 

It will be recalled that the Bloch equations are in- 
tended to refer to the case of a strong field in the z 
direction with possible small variable components in 
the equatorial plane. It would seem at first that for this 
case we should put Mz=M,o=0 and Mzo=Mo, the 
equilibrium magnetization. However, it should be noted 
that it is the spatial derivatives of Mzo and Myo that 
enter into the first two equations. If the magnetic field 
has a gradient, the gradients of Mzy and Myo will be of 
the same order as the gradient of Mz and thus the terms 
in Mz and Myo must be included along with the term 
in Mz. These “drift” terms (terms in Mz, Myo, Mz) 
will, however, in general be quite small and their effects 
almost always negligible. In order for the resonance to 
be observed even with refocussing techniques, it is 
necessary that the field gradient be kept very small and 
thus the gradients in (Mzo, Myo, M.o) must also be very 
small. In spite of this condition it is possible to have 
very large gradients in the actual magnetization M. 
There may, for example, be sharp gradients in 7, and 
T: so that relaxation proceeds at quite different rates 
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at localities a short distance apart.*~* A second possi- 
bility for large gradients in the magnetization arises 
when the magnetization is disoriented from the field 
direction. The magnetization then precesses about the 
field. If the field has even a very small gradient, the 
cumulative effect of slight differences in precession rate 
at neighboring localities will eventually produce large 
gradients in the magnetization. In the second part of 
this paper the generalized Bloch equations are applied 
to this effect. 

Equations (1)-(3) refer, as do the usual Bloch 
equations, to the case of a large static field H, in the 
z direction plus possible small components which may 
be variable in the equatorial plane. The usual Bloch 
equations can be modified’ so that transverse relaxation 
takes place perpendicular, and longitudinal relaxation 
parallel to the instantaneous magnetic field. The 
equations thus modified apply to a general magnetic 
field. Written in vector notation without reference to a 
coordinate system, the modified equations generalized 
by the diffusion and drift terms would take the form 


dM/dt=y7(MX H)—M/7T2+-x0H/7:+ (M- HH/#’) 


In case spin-exchange diffusion is not negligible, an 
additional term ¥-D.¥((M—M))-HH/H?) needs to 
be added to the right side of (4). 

This refinement (4) of (1)—(3) is inconsequential if, 
as is usually the case, the line width is small compared 
with the resonant frequency. 

Since the drift terms are very small for the reasons 
given above, we shall omit them in the example treated 
in Sec. II. 

II 


As an example, we shall now apply Eqs. (1) and (2) 
to find the spin-echo amplitudes in the presence of an 
inhomogeneous field. This problem has been treated by 
different methods by Hahn,’ by Das and Saha,’ and 
by Carr and Purcell.’ We shall assume with the latter 
authors that a 90° disorienting pulse is followed by a 
succession of 180° pulses. The procedure adopted here 
is more general and less cumbersome than prior methods. 

We assume that the magnetic field consists of (a) a 
uniform magnetic field Ho in the z direction and (b) a 
superposed field vanishing at the origin with gradient 
G in the z direction and with axial symmetry about the 
z axis. The most general resultant field of this character, 
linear in the coordinates, is (neglecting contributions 
arising from M) 


H,=—3Gx, H,=—}Gy, H.=Hot+Gs. (5) 
4H. C. Torrey, Bull. Am. Phys. Soc. Ser. II, 1, 216 (1956). 

5 R. J. S. Brown, Bull. Am. Phys. Soc. Ser. IT, 1, 216 (1956). 

6 J. Korringa, Bull. Am. Phys. Soc. Ser. II, 1, 216 (1956). 

7 Codrington, Olds, and Torrey, Phys. Rev. 95, 607 (1954). 

8 E. L. Hahn, Phys. Rev. 80, 580 (1950). 

®T. P. Das and A. K. Saha, Phys. Rev. 93, 749 (1954). 

10H. Y. Carr and E. M. Purcell, Phys. Rev. 94, 630 (1954). 
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We now substitute (5) in (1) and (2), multiply the 
resulting equation (2) by i=(—1)! and add to (1). 
Defining 

m=m,+im,, (6) 
we obtain 


dm/dt= —iwym—iyGem—m/T.+V-DVm 
— iyG(x+iy)M,. (7) 


Here wo=7yH, and m, the complex transverse mag- 
netization, is a vector in the complex x-y plane which 
precesses about the z axis with angular speed —w. In 
the absence of diffusion, m is exponentially damped 
with relaxation time 7». Putting 


m= ge iwot—tiT 2. (8) 
we obtain from (7) and (8) 


0¢/dt= —iyGze— iyG(x+iy)Meottt/T2 
4V-DVy. (9) 


The second term on the right oscillates rapidly and 
contributes to ¢ an amount of order MpG(x+iy)/Ho 
which we.assume to be negligible. Dropping this term, 
we have then 


d¢/dt= —iyGze+V-DV¢. (10) 


¢ represents the amplitude of the precessing magneti- 
zation unattenuated by relaxation. In the absence of 
diffusion and inhomogeneity, ¢ is a constant. With 
inhomogeneity and without diffusion, (10) gives a small 
precession of ¢ in the rotating frame; its phase being 
—v7Gzt. The effect of diffusion is to attenuate ¢ by 
virtue of the replacement of nuclei at any position by 
others which coming from different locations have 
different phase memories. The effect thus arises solely 
from the phase. Thus we may assume that following a 
90° pulse applied to the equilibrium magnetization, 


y= MoA (t)e-i1t, (11) 


where A (ft) is a function of ¢ only. This assumption will 
hold so long as the diffusion time of a nucleus to the 
boundaries of the material is long compared with the 
damping time. 

Substituting (11) in (10, we obtain 


dA /di=A Deiv@2t*V2e-ivGet 
=—ADYGC?. 


Integration gives, since A (0)=1, 


A=exp(—4D7/@), 


(12) 


which is the well-known result*~* for the attenuation by 
diffusion following a 90° pulse. 

We now investigate the effect of applying a series of 
180° pulses at times 41, 341, 541, etc., after the 90° pulse. 
Just before the first 180° pulse, the phase of g by (11) 
is —5=—vyGzt;. The first 180° pulse rotates the mag- 
netization about an axis in the equatorial plane per- 
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pendicular to the axis of zero phase, thus shifting the 
phase of y to r+6. During the subsequent interval 2t,, 
the phase shifts to r—6 and the second 180° pulse 
shifts the phase to +6. The next interval of 2/, brings 
the phase again back to —6é and the process repeats. 
Just after the nth 180° pulse, the phase is +6 if ” is 
odd and +6 if m is even. Whenever the phase is 0 or z, 
i.e., at = 2nt,, there is an echo. Thus, within the period 
of duration 2/, following the mth pulse, we have, if is 
even, 


¢g= MA (t) exp{iyGzt:— iyG2[t— (2n—1)t, }} 


= MA (t) exp{ —ityGz(t—2nt,)}, (13) 


and if n is odd, 


g= MA (t) exp{im—iyGz(t—2nt;)}. (14) 


Substituting either (13) or (14) in (10), we obtain 


dA /dt= — ADy’G?(t—2nt,)?. (15) 


Integrating from (2n—1)f, to t, we get 


A (t)=A[(2n—1)t;] exp{ —3Dy°G°[ (t—2nt;)?+14,7)]}. 
(16) 


Thus, at the end of the interval, 
A (t)=A[(2n—1)t,] exp{ —3D/Y’G*t;*}. 


It follows that each interval attenuates the amplitude 
by exp(—$Dy°G*t;*). Since the interval between the 
90° pulse and the first 180° pulse attenuates by 
exp(— }Dy7’G*t;’), we get 


A[(2n—1)t,]=exp[—3(2n—1)Dy°G,*]. (17) 


Substituting (17) in (16) and putting t=2nt,, we 
find for the amplitude of the nth echo 


A (2nt;) = exp(— 3nDy°G"t,') ;y 
or, putting 4;=¢/2n, 


A (t)=exp(— Dy’@F/12n?), (18) 


which is precisely the result of Carr and Purcell! 
obtained by them from a random walk theory. 
Equation (18) may be written in the form 


A (t)=exp{ —4D/YCt1}. (19) 


Substituting (19) and (11) in (8), it is seen that the 
echo amplitudes decay exponentially with relaxation 
time T,* given by 


1/T2*=1/T.4+-3D/YCr,?. (20) 


The final result, (18) or (19), does not depend on the 
assumption made above that the rotating rf field com- 
ponent maintains a certain fixed direction from pulse 
to pulse in the rotating frame of reference. Indeed it 
may easily be seen that H, may have any orientation 
in the equatorial plane and that this direction may vary 
from pulse to pulse without affecting the key equation 


(15). 
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The temporal rate of growth of ionization in uniform electric fields E in hydrogen at pressures p up to some 
cm Hg was measured over a wide range of E/p between 50 and 400 v/cm mm Hg when the values of the elec- 
tric fields exceeded that corresponding to the static sparking potential by a few percent. Comparison of the 
experimental data with a mathematical analysis of the growth based upon the action of primary and second- 
ary ionization processes enabled the relative significance of possible secondary processes to be assessed, and 
their absolute values to be determined. These results showed that there was a change in the relative import- 
ance of the secondary processes as E/p changed. Thus, for low values of E/p(~50) the predominant second- 
ary process was found to be photoelectric emission from the cathode, but as E/p was increased the relative 
importance of electron emission from the cathode due to the incidence of positive ions also increased until at 
high values (~300) 50% of the emission was due to this cause. At all values of E/p investigated, no single 
secondary process was exclusively responsible for the cathode emission. 





I. INTRODUCTION 


HE temporal growth of ionization currents in 

gases under uniform electric fields results from 
the actions of the primary a process of ionization by 
collisions between electrons and gas molecules and of 
various secondary ionization processes acting in the gas 
or at the cathode. These secondary processes can be 
designated! collectively by a generalized coefficient 
w/a. In this work the coefficients a and w/a were meas- 
ured in conditions made as nearly as possible the same 
as those in which the temporal growth of ionization was 
measured, to enable the theory”* of ionization growth 
to be related to experimental observations. 

The magnitude of a small ionization current in a 
gas between parallel plane electrodes distant d apart 
for values of electric field E less than a certain critical 
value E, is determined by the value of the initial elec- 
tron current J». When J is constant the current J is 
proportional to J) and determined by the values of the 
coefficients a and w/a. If Io ceases, the current J also 
ceases as long as E<E,. If, however, E is put equal to 
E,, a small ionization current, e.g., ~10~7 A, can be- 
come self-maintained, i.e., remain finite when the 
initial current J» is reduced to zero; the secondary pro- 
cesses set up a replacement condition which maintains 
the discharge. The potential difference V,(E,Xd) at 
which this condition occurs is called the static break- 
down potential, it is independent of the value of the 
self-maintained current provided the latter is not large 
enough to form a space charge which significantly dis- 
torts the field. In practice it is not always easy to ex- 
amine the current J when V is exactly equal to V, 
because small fluctuations in V can make V>V,, even 
if only by a very small amount. When V>V,, the cur- 
rent will grow in both space and time; in addition, the 
temporal rate of growth will increase to a higher rate 


1 F. Llewellyn Jones, and A. B. Parker, Nature 165, 960 (1950). 

2 Dutton, Haydon, Llewellyn Jones, and Davidson, Brit. J. 
Appl. Phys. 4, 170 (1953). 

3 P. M. Davidson, Phys. Rev. 99, 1072 (1955). 


than that occurring when J) is finite and V just equal to 
V.. 

Consideration of this temporal growth of current in 
hydrogen between parallel plate copper electrodes in 
the nonsteady state (when E> E,) over a wide range of 
the parameter E/p from 50 to 400 v/cm mm Hg is the 
subject of this paper. The work is confined to lower 
values of the difference (E—E,). The use of hydrogen 
avoids complications due to the action of metastable 
atoms, and the low gas pressures used minimize the 
action of photoionization of the gas. In these conditions, 
w is given simply by w=ay+6 where y represents the 
average number of electrons liberated from the cathode 
per incident positive ion and 6/a is the average number 
of photoelectrons released from the cathode per ionizing 
collision in the gas. 


II. PREVIOUS INVESTIGATIONS 


Earlier investigations of current growth in gases at 
low gas pressures include those of Steenbeck‘, Schade,® 
Bartholomeyczyk,* and von Gugelberg.’ Both Steenbeck 
and Schade developed expressions for the growth of 
current with time based on the assumption that the 
only secondary process was the y process. Bartholo- 
meyczyk included photoelectric emission from the 
cathode (6 process) in his consideration of the possible 
ionization processes operative. Von Gugelberg extended 
Bartholomeyczyk’s solution to make some allowance 
for the initial current J) and examined experimentally 
the growth of current in the noble gases, hydrogen and 
nitrogen under uniform and nonuniform electric fields 
between electrodes of various materials. Gugelberg 
made some estimates of the contribution of photon 
action to the total secondary emission, for example, in 
hydrogen, for one particular value of E/p of about 
100 v/cm mm Hg. 


4M. Steenbeck, Wiss. Veréffentl. Siemens-Werken 9, 43 (1930). 
5 R. Schade, Z. Physik 104, 487 (1937). 

®W. Bartholomeyczyk, Z. Physik 116, 235 (1940). 

7H. L. von Gugelberg, Helv. Phys. Acta 20, 250 (1947). 
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More recently, Davidson? in this laboratory pointed 
out that Bartholomeyczyk’s solution, in addition to 
neglecting Jo, did not satisfy the initial condition that 
there should be no space charge in the gap at ‘=0, but 
explained how Bartholomeyczyk’s solution may be 
altered to satisfy the continuity equations and the 
correct boundary conditions (but still not the correct 
initial conditions). Davidson’s solution for this case is 


I_(x,t) exp(—ax)=Io/P+C exp[A(t—«/W_)], (1) 


and 
d 


I(x)= f al_(0, t+x/W,—x'/W)er"dx’, (2) 


z 


where 
P=1—~(expad—1)—[6/(a—p) ](exp(a—yu)d—1). 


C is not exactly specified. The constant A is determined 
from the relation 


1=ay7[eot 4-1] (a— ‘W)+é[e'o Ww df] f 
(a—A/W_), (3) 


where (1/W)=(1/W_)+(1/W,). I_(x,t) and J,(x,0) 
represent the electron and positive ion currents at a 
point distant x from the cathode at time ¢, W_ and W, 
are the electron and ion drift velocities; u is the absorp- 
tion coefficient for radiation in the gas. As Davidson 
pointed out, this solution is still only approximate since 
it involves a charge distribution of ions and electrons in 
the bulk of the gas at ‘=0, which is not, in fact, present. 
Consequently, Davidson?* also gave an exact solution 
which, in addition to satisfying the continuity equations 
and the correct boundary conditions, also satisfies the 
initial conditions exactly. It is essential to use 
Davidson’s exact expressions for assessing the relative 
contribution of the various regenerative processes 
occurring in the earliest stages of growth, but his 
approximate expressions are convenient for application 
to the later times 2, say 10 electron transits. 


III. METHOD OF EXPERIMENTAL INVESTIGATION 


A steady approach voltage Vz, somewhat less than 
the previously determined static sparking potential V,, 
is applied to a parallel plate discharge gap. At the 
instant when a group of photoelectrons are liberated 
from the cathode a step-function voltage impulse V , is 
superimposed upon th static approach voltage V. so 
that the total potential u ference between the electrodes 
is suddenly raised to (V.t+V,) to exceed V,. The gap 
then becomes, in effect, a leaking condenser charged 
to a potential difference (V.+V,). Under the influence 
of the total applied electric field (Va+V,)/d, the 
initiatory photoelectrons generate a current which in- 
creases along the gap distance and also in time at any 
given plane. When the current density becomes suffi- 
ciently high, the voltage across the gap collapses 
because the gap capacitance is discharged owing to the 
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presence, motion, and arrival of charges generated in 
the gap at the electrodes and a space-charge controlled 
glow discharge is set up at a maintenance potential 
Vgiow Which is lower than the total applied voltage. 

The time interval ¢ measured from the instant of 
application of the voltage impulse to the instant when 
the collapse occurs in displayed on a cathode ray 
oscilloscope and recorded photographically. This time 
t is known as the formative time lag in work using 
impulsive fields.*—" 

Davidson’s expressions may be used to calculate this 
time and make it possible to draw theoretical curves 
relating the formative time ¢ to the voltage applied to 
the gap (or preferably the excess voltage AV by which 
the gap voltage exceeds the static breakdown potential 
V,) provided the values of the primary and secondary 
coefficients are known. Families of theoretical curves 
can then be drawn corresponding to different valus of 
the ratio (6/a)/y and compared with experimental 
data. Thus with the complete theory of Davidson,?* 
measurement of the time which elapses between the 
application of the voltage and the instant at which the 
voltage collapse begins leads to a quantitative assess- 
ment of the proportions of the secondary processes. 
This is the theoretical basis of the present work. 


IV. APPARATUS 
(1) Discharge Tube 


This consisted of two parallel-plate copper electrodes 
5 cm in diameter and 1.5 cm apart mounted centrally 
in a borosilicate glass envelope which was connected to 
a mercury-free vacuum and gas system. The electrodes 
edges were rounded to prevent local field intensification. 
The electrodes themselves were washed in grease sol- 
vents and afterwards carefully polished with succes- 
sively finer grades of emery paper down to grade 0000 
and finished on “Selvyt” cloth with grade 3/50 micro- 
alumina as polishing agent; before sealing into the 
glass envelope they were thoroughly degreased, washed 
in distilled water, and finally dried. 

In order to ensure that the voltage impulse V, 
applied to the gap would have the necessary short time 
of rise, all inductance paths were reduced to a minimum. 
The condenser through which the impulse voltage was 
applied to the anode was made an integral part of the 
discharge tube envelope. The glass wall of the envelope 
formed the dielectric between two silver plates; the 
inner one being connected directly to the anode and the 
outer plate to the impulse generator. This arrangement 
had the advantages of giving a condenser with a very 
high leakage resistance and also of allowing the lead 
from the impulse generator to the anode to be kept very 
short. Possible leakage paths were eliminated by the 
use of guard rings and split insulation. The tube 


8 W. Rogowski, Arch. Elektrotech. 20, 101 (1928). 
° L. H. Fisher and B. Bederson, Phys. Rev. 81, 109 (1951). 
© Aked, Bruce, and Tedford, Brit. J. Appl. Phys. 6, 233 (1955). 
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Fic. 1. Schematic diagram of discharge tube and circuit. 








assembly and connections are shown diagramatically 
in Fig. 1. 


(2) Regulated High Tension Source and 
Potential Divider 


This was used to determine the static sparking poten- 
tial V, and to provide the approach voltage Va, and 
comprised the following parts: (a) a source of static 
potential of 3000 volts, and (b) a potential divider. 

(a) The static potential was obtained by the recti- 
fication and smoothing of an already stabilized ac 50 cps 
mains voltage supply. The rectified and smoothed out- 
put was electronically stabilized using a series-parallel 
stabilizing circuit with a high reference voltage. 

(b) The regulated output from this source was ap- 
plied across the potential divider which took the form of 
a 3-megohm Raleigh potentiometer. In this way, the 
static potential applied to the gap via a 10’-ohm series 
resistor R which served to limit the discharge current, 
could be varied up to the maximum value of 3000 v in 
steps of 0.1 volt. The output was calibrated against a 
standard cell. The long term stability was better than 
0.1% and with continuous monitoring a stability of 
better than 0.01% was obtained. The absolute accuracy 
at any given potential output was 0.1% since the re- 
sistances making up the Raleigh potentiometer were 
made to this order of accuracy. Every source of static 
potential used in this investigation was electronically 
stabilized. The ac supply to these static sources was 
also stabilized by means of constant-voltage transformer 
inserted in the mains supply system. A high degree of 
steadiness in every voltage was, therefore, maintained 
throughout the investigation. 


(3) Impulse Generator 


This generated the step-function overvoltage impulse 
V, of amplitude continuously variable between zero 
and 20 v. The time of rise was 2X10~* sec and the 
amplitude remained constant to within 1% for >10-* 
sec in the absence of a high load. The total applied 
voltage remained constant to within 0.1% for >10- 
sec. The error in the measurement of V, was <1%. 
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(4) High Speed Cathode Ray Oscilloscope 
and Camera 


The time-base sweep speeds ranged from 10~* sec to 
10~* sec; the time-base generator being a modified form 
of that described by Hardy." Oscillators, which were 
either themselves crystal-controlled or calibrated against 
the crystal-driven frequency standards, were used to 
calibrate the time bases. The photographic recording 
was done using a specially constructed camera in- 
corporating a “Wray” /1/0 lens. 


(5) Elimination of Statistical Time Lags 


In order to eliminate statistical time lags, an adequate 
supply of initiatory electrons was provided by x-ray 
irradiation of the cathode from a self-rectifying soft 
x-ray generator. 


V. EXPERIMENTAL PROCEDURE 


Careful determination of the static breakdown poten- 
tial V, is important for various reasons: it is necessary 
for defining AV and also in order to find w/a from the 
breakdown criterion in the neighborhood of static 
breakdown. Further, its stability serves as a very 
sensitive indication of the stability of the electrode 
surfaces. The establishment of conditions such that V, 
is steady and accurately measurable is a sine qua non 
for any reliable quantitative assessment of the role of 
the secondary processes. The experimental procedure 
adopted in the present work is as follows. Hydrogen 
prepared by the electrolysis of a saturated solution of 
pure barium hydroxide in distilled water was dried by 
storage over phosphorous pentoxide, diffused through a 
palladium osmosis tube, and passed through tubes 
immersed in liquid oxygen before admission to the 
evacuated discharge tube. The tube itself had been 
given preliminary outgassing treatment by heating 
during continuous evacuation. Liquid oxygen traps were 
connected to the discharge tube throughout the experi- 
ments; pressures were measured with a vacuum-oil 
manometer. After allowing the gas to equilibrate in the 
system, the static breakdown potential V, was deter- 
mined. The potential difference across the gap was 
raised in steps of 1 volt in the neighborhood of the 
expected value of V, and initial ionization provided by 
x-irradiation of the cathode. The ionization current 
flowing in the discharge gap was measured with a 
galvanometer G and the potential V at which this 
current (~10~7 amp) became self-maintained when the 
irradiation was cut off was in these conditions usually 
clearly defined and easily reproducible. This value of V, 
by definition, was the static breakdown potential V,. 
The potential difference was then reduced to the ap- 
proach voltage V, of value about (V,—4) volts, and the 
overvoltage impulse V, was applied in synchronism 
with the release of initiatory electrons at the cathode. 


1 —, R. Hardy, Brit. J. Sci. Inst. 29, 241 (1952). 
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The impulse rise and subsequent collapse of the gap 
voltage was displayed on an oscilloscope screen and 
recorded on film. This permitted the value of the forma- 
tive lag ¢ to be determined using the calibrated time 
base. Between thirty and fifty observations were made 
and recorded at any one setting of the potentials and 
gas pressures. At each setting of pressure and approach 
voltage, measurements were made for different values 
of V,. Thus the dependence of ¢ upon the percentage 
overvoltage AV%=100(V—V,)/V, could be deter- 
mined. In general, values of AV% from 0.2% to about 
5% were employed because these values covered a wide 
range of formative times /. 

After a succession of such measurements at different 
overvoltages, the gas pressure p was reduced, and the 
whole experimental procedure repeated. The time 
measurements for another set of overvoltages corre- 
sponding to the new V, were then determined as before. 
In addition, the final value of the voltage across the gap 
(Veiow) after the collapse had occurred could be esti- 
mated from the photographic records and was deter- 
mined for the same range of E/p as the growth times. 


VI. RESULTS AND CONCLUSIONS 


Preliminary observations” were made using the 
electrodes and tube which had received only preliminary 
outgassing (and were therefore still covered with a 
tarnish film). These showed that for a given value of 
AV% the growth times increased with E/p. For ex- 
ample, with low values of E/p (100 V/cm mm Hg) the 
times ¢ were ~10~® sec even when AV% was as low as 
2%, whereas, at larger values of E/p (~400 v/cm mm 
Hg) the times ¢ were ~10~ sec with the same value of 
AV%. While there was a tendency for longer times to 
occur when E/p was large, there did not appear to be a 
systematic change in the relative position of the 
(t,AV%) curves as E/p changed. 

At any gir . value of overvoltage and gas pressure, 
the formative times ¢ were not exactly constant; this 
scatter in the values of t was most noticeable, as was the 
difficulty experienced at first in obtaining consistent 
values of V, (to which the amount of scatter appeared 
to be related), when the electrodes used had received 
only preliminary cleaning treatment. The average 
scatter observed in these preliminary observations 
corresponded to a standard deviation of about 10%, the 
worst was 40%, but this was exceptional. However, in 
the later experiments with cleaned electrodes and by 
carefully and continuously monitoring the stabilized 
voltages, the standard deviation was reduced to less 
than 5% at low overvoltages (<0.5%). At higher 
overvoltages (> 2%), a standard deviation of less than 
2% could be obtained. It is considered necessary to 
reduce the scatter to this order if reliable quantitative 
data on the secondary processes is to be obtained. The 
lack of consistency of the preliminary data on growth 


me. Grey Morgan, Appl. Sci. Research B5, 18, (1955). 
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Fic. 2. Formative time lags in hydrogen. Dependence of growth 
time ¢ upon overvoltage for copper electrodes after 36 hours 
treatment. (The numbers on the curves here and in Fig. 3. refer 
to the corresponding values of E,/p.) 


times is considered to be due to unstable electrode 
conditions caused by the presence of surface con- 
taminating films.'* Accordingly, attempts were made to 
obtain conditions in which the coefficients a and w/a 
were constant by careful purification of the gas and also 
by suitable treatment of the electrode surfaces. A 
program of intensive electrode treatment by hydrogen 
bombardment in a low pressure glow discharge followed 
by prolonged heating at 350°C during continuous 
evacuation was undertaken and observations were made 
at different stages in the treatment. 

The effect of this treatment was marked. Results 
finally obtained after the treatment are shown in Fig. 2 
as full lines which have been drawn through the experi- 
mental points. It is seen that after treatment, the 
progression to longer time lags as E,/p was progressively 
increased, was now quite regular. Simple considerations 
suggest that a change occurs in the relative importance 
of the secondary processes involved in the ionization 
growth as E,/p is changed. Thus, with low values of 
E;/p when the observed time lags were short, the 
predominant regenerative process appeared to be a fast 
process, such as photon action. On the other hand, the 
longer time lags obtained when E,/p was large suggest 
that the slower process of positive ion action at the 
cathode was mainly responsible for the secondary 
ionization. Although this general result follows from 
simple considerations, it is nevertheless important to 
determine the precise proportion of the secondary 
processes. This can only be done by a more rigorous 
analysis on the basis of the theory outlined above in II, 
and was carried out as follows. 


3 F. Llewellyn Jones and D. E. Davies, Proc. Phys. Soc. 
(London) B64, 397, 519 (1951). 
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A set of theoretical (t:AV%) curves must be calcu- 
lated assuming various proportions of the parameter 
(6/a)/y representing the relative proportions of the two 
different secondary processes (photons to ions). These 
theoretical curves were obtained by using the method 
described by Dutton, Haydon, Llewellyn Jones, and 
Davidson’ by the following procedure. 

First, the ratio J_(0,t)/J9 in Davidson’s Eq. (1) must 
be determined for a set of experimental data at a given 
value of E,/p, (i.e., V./pd). A value of this ratio is 
found by first assuming a particular value, say 0.5, of 
the parameter (6/a)/y and, by substitution and succes- 
sive approximation using Eq. (3), the constant d is 
determined. Taking an experimentally determined value 
of tat any given value of AV% in the set of experimental 
data as a reference point, and using known values of a, 
of w/a, of W,, of (6/a)/y and the calculated value of \ 
the ratio /_(0,t)/I is then obtained from Eq. (1). The 
ratio is sharply dependent on the ratio (6/a)/y and this 
fact restricts the range of values of (6/a)/y which give 
reasonable values of /_(0,t)/Jo. Having determined 
I_(0,t)/To for the set in this way, it can then be used in 
Eq. (1) for the calculation of further values of ¢ corre- 


sponding to other values of AV% in the set. The 


theoretical ¢, AV% curve so obtained is then compared 
with the set of experimental data. If there is no agree- 
ment a different value of (6/a)/y is assumed and the 
process repeated until agreement between the calculated 


and measured values is obtained at all points. The 
stringency of this condition renders calculation of the 
relative proportion of the secondary coefficients reliable. 
The value of (6/a)/y for which the agreement is ob- 
tained can then be regarded as characteristic of the 
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electrodes. This procedure renders the direct measure- 
ment of J) unnecessary, and the complication of its 
measurement was not considered advisable when this 
work was undertaken. However, as a check, J» was 
measured in later work and found to be about 10-" A. 
When this value is inserted in Davidson’s growth equa- 
tions’* the magnitude of the current in the gap at the 
instant when the gap voltage begins to collapse can be 
calculated and it was found to be some microamperes. 
These calculated values of the gap current are in agree- 
ment with our direct measurements on the controlled 
development of glow discharges.'® 

Experiments to determine the influence of the initial 
cathode current upon the value of ¢ were carried out by 
varying the approach voltage V, over a wide range for 
a constant overvoltage. No significant change in ¢ was 
observed in spite of the fact that the initial amplified 
current had been changed by a factor of ~10*. 

Consider now the consistent (t,AV%) data obtained 
after the electrodes had been treated long enough 


TABLE I. Relative proportions of y and 6 
processes for treated electrodes. 


E./p (v/cm mm Hg) 


50.8 
61.2 
74.4 
86.0 
98.4 
125.0 
167.0 
210.5 
280.0 
368.0 


(6 hours) to produce sufficiently stable surfaces; these 
data are given by the circles and dots in Fig. 3 for three 
distinct values of E,/p; viz, (A) 50, (B) 175, and (C) 
300 v/cm mm Hg. Three distinct families of theoretical 
(t,AV%) curves were calculated in the manner indicated 
above and corresponding to these three values of 
E./p (50, 175, and 300) for which the experimental 
points were obtained. The curves which formed the best 
fit to the experimental points are drawn as full line 
curves in Fig. 3. These curves corresponded to the 
following proportions of y and 6/a; for curve (A), 
(E./p=50), y, 25% and (6/a), 75%; for curve (B), 
(E./p=175), y, 50% and (6/a), 50%; and for curve 
(C), (E./p=300), y, 50% and (6/a), 50%. 

The degree of sensitivity of this procedure for finding 
the relative significance of the two secondary processes 
is shown by the difference between the broken line 
curves of Fig. 3 and the full line curves. The broken 
lines correspond to a change of only 5% in each of the 
above values which give agreement; the broken lines 


16 F. Llewellyn Jones, Encyclopaedia of Physics, Gas Discharges 
II (Springer-Verlag, Berlin, 1956), p. 10, Fig. 9. 





TEMPORAL GROWTH OF 
show a pronounced departure from the experimental 
points. 

The electrodes were treated for a further 30 hours in 
an attempt to obtain cleaner surfaces and thus more 
stable conditions. Further sets of measurements were 
then made and the data are those which have been 
given in Fig. 2. These sets were also analyzed, the 
results being given in Table I. 

These results show that in no case was the secondary 
ionization due entirely to one process, whether of 
photons or ions. Further, the relative significance of the 
y and 6 processes changed with E/p. The action of the 
positive ions appears to become increasingly important 
at the higher values of E,/p but was still substantial 
even at the lowest values of E,/p examined. 

As an indication of the stability of electrode sur- 
faces obtained by the treatment of ion bombardment 
and subsequent heating, it is interesting to note 
the agreement between the values of the secondary 
coefficient (w/a) here obtained and those previously 
obtained for copper electrodes in hydrogen in this 
laboratory using different treatment of the elec- 
trodes.'*!6 This is shown in Fig. 4. The reasonably good 
agreement between these three sets of results over a 
period of years indicates that a stable electrode surface 
was attainable by the procedure of hydrogen ion 
bombardment and prolonged heating at about 350°C. 
However, that the treatment probably still had not 
produced the cleanest possible surface in the present 


case is indicated by the data (broken line) obtained by 
Llewellyn Jones and Davies by still more rigorous 


treatment continued for over 160 hours when the 
electrodes were heated to red heat; this prolonged 
treatment resulted in much lower values of w/a. 

In order to perform the numerical computations to 
obtain the theoretical curves of Fig. 3 and the data in 
the table, it was necessary to determine the values of 
the generalized secondary coefficient (w/a) correspond- 
ing to the various conditions at the different values of 
E/p. These values were obtained from the measured 
values of the static sparking potential V, under the 
stable conditicns, using known values of the primary 
coefficient a. ‘or this reason, complementary measure- 
ments of a were made in a subsidiary apparatus.!” The 
spatial growth of current in the steady state regime 
(ES E,) in this work was found to be described by the 


16 F, Llewellyn Jones, Phil. Mag. 28, 192 (1939). 

17 The values of (a/p), f(E/p) obtained in the present work were 
in good agreement with those of D. J. Rose, Phys. Rev. 98, 
558(A) (1955). 
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well known Townsend relation J = J) exp(ad)/{1— (w/a) 
<[exp(ad)—1]} and the static breakdown criterion 
was given by 1—(w/a)[exp(ad)—1]=0 in agreement 
with previous experiments.!8 
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A method for studying electron loss processes in gaseous discharges by means of the free transmission of 
microwave signals through the discharge is discussed. This method has the advantage that it is easily adapt- 
able to any size or shape of discharge tube. The electron loss processes in pure hydrogen have been studied 
using this method. For electron densities of 5X 10'* cm, the electron-ion recombination coefficient has been 
found to be approximately 5.9X 10~" cm™ sec™!. An electron-neutral collision frequency of 3.97 X 10° sec 
at a pressure of 0.29 mm Hg has been measured. The dominant loss process proved to be attachment, with a 


probability of attachment of approximately 3X 10~°. 


INTRODUCTION 


ICROWAVE techniques have been used for some 
time in the study of electron loss processes in the 
afterglow of gaseous discharges.'~* The method generally 
used is to measure the change in the resonant frequency 
of a cavity containing the discharge, thus measuring the 
electron density. Such a method has the disadvantage 
that the discharge tube must be constructed to suit the 
microwave equipment; however, it might not be 
feasible to adapt a given discharge tube to the cavity- 
type arrangement. A method will be described which 
can be used on most discharge tubes and also allows the 
use of other than microwave equipment to monitor the 
discharge. 

Little agreement had been reached as to the loss 
processes in hydrogen until Persson and Brown‘ clearly 
pointed out the importance of impurities in these 
processes. They were able to give a precise measure- 
ment of the ambipolar diffusion coefficient in hydrogen 
but could not determine the recombination coefficient. 
The main limitation on the measurement of the re- 
combination coefficient is the maximum electron density 
that it is possible to measure. Since the method to be 
described does not involve cavity-type structures, it 
was possible to use millimeter waves and measure 
electron densities of 5X10" cm~*. This permitted the 
measurement of the recombination coefficient and 
attachment losses but it was not possible to detect 
ambipolar diffusion losses. 


THEORY 


For plane wave propagation through an ionized gas, 
it can be shown’ that 7, the propagation constant of the 
wave, is related to the electron density by 


9 


i ioe — pene’, (1) 
* Work done under the auspices of the U. S. Atomic Energy 
Commission. 
t Sylvania Electric Products, Inc., Mountain View, California. 
1M. A. Biondi and S. C. Brown, Phys. Rev. 75, 1700 (1949). 
2L. J. Varnerin, Phys. Rev. 84, 563 (1951). 
3 J. M. Anderson and L. Goldstein, Phys. Rev. 100, 1037 (1955). 
4K. B. Persson and S. C. Brown, Phys. Rev. 100, 729 (1955). 
5H. Margenau, Phys. Rev. 69, 508 (1946). 


where 
Or Gj 
+—, 
Jwen WE 
Ne v/w 
o,;= , 
maw 1+(v/w)? 


Ne 1 


o;= 


ma 1+(y w)? 


in the absence of any external magnetic fields. Mks 
units are used throughout. V=number of electrons per 
cubic meter, €)=dielectric constant of free space, 
e=charge of electron, m=mass of electron, wo=per- 
meability of free space, v=collision frequency of 
electrons with neutral particles, o= transmitted signal 
frequency, and o=o,+ jo;=conductivity of media. It 
is assumed that v is not dependent on the velocity of 
the electrons. For the case (v/w)*<1, Eqs. (3) and (4) 
reduce to 

or= (Ne?/mw) (v/w) 
and 

o;= — (Ne?/mw), 


and Eq. (2) becomes 
e’ = 1— (w,/w)?— j (w/w)? (v/a), 
where w,, the plasma frequency, is given by 


wp= (Ne?/meo)}. 
By setting 
y=at JB, 


and substituting Eq. (7) into Eq. (1), one obtains 


a -( (wp/w)*v/w ) 
w 2 [1—(w,/w)?}! 


B/wX(1/c)[1—(wp/w)*}}, 


(10) 


and 
(11) 


where a is the attenuation factor and 6 is the phase 
constant. It can be seen that a measurement of the 
change in the phase of a wave transmitted through an 
ionized gas with respect to a reference path will yield .V. 
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Fic, 1. Signal attenuation versus density 
for various values of ». 


By similarly measuring the attenuation, vy may be ob- 
tained. The function described in Eq. (10) is plotted in 
Fig. 1. 


THE MICROWAVE INTERFEROMETER 


The arrangement of the microwave components into 
an interferometer is shown in Fig. 2. The detected 
output of the crystal, which is operated in the linear 
region, can be shown to be: 
detected output=[A?+ B?+2AB cos(8—Bo)z, }!, (12) 
where A is the amplitude and 8 is the phase constant of 
the signal passing through the reference path. The 
phase shifter in the reference path was adjusted such 
that when .V=0, that is B= 8», the waves through the 
two paths were 180 degrees out of phase. Usually B 
would be adjusted, by means of the attenuator in the 
reference path, to give a perfect null in the absence of 
the ionized gas. However it was found that much better 
sensitivity was obtained by using the null path signal 
to provide rf bias for the crystal. For this case B>>A 
and therefore 


detected output=B+A cos(B—Bo)z,. (13) 


It has proven more convenient to ic >tify the output 
with electron density only at the maximum and mini- 
mum values of the function described by Eq. (13). For 
these values, 


meonrcn f Nr 


+2 (14) 


where n= 1, 3, 5, 7, 9, ---&. This treatment assumes .V 
to be uniform throughout the volume of the gas en- 


compassed by the microwave horns. Since the electron 


density that is measured is an average density over this 
volume, it is believed that this assumption does not 
introduce an appreciable error in the measurement. 
The function described in Eq. (14) is plotted in Fig. 3 
for one value of z,. 
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. The microwave interferometer. 


THE DISCHARGE SYSTEM 


A simplified diagram of the experimental arrange 
ment is shown in Fig. 4. The discharge tube consisted 
of two Pyrex cylinders one mounted on top of the other. 
The large cylinder was 93 inches in diameter and 8 
inches high. The smaller cylinder was 32 inches in 
diameter and 4 inches high. A torus of 3-inch diameter 
Pyrex tubing was mounted on top of the upper cylinder. 
The high-vacuum system consisted of an oil-fraction- 
ating glass pump trapped with liquid nitrogen. The 
discharge system was baked for 18 hours at 460°C 
before each set of data was taken. A vacuum of 5X 1075 
mm Hg could be maintained. Hydrogen could be let 
into the system at controlled pressures by heating 
uranium hydride, contained in a quartz tube, to about 
200°C. The hydrogen pressure was measured by means 
of a Autovac vacuum gauge which had been calibrated 
for hydrogen against a McLeod gauge. 

Energy was coupled into the gas inductively by means 
of a transformer core which linked the torus. A con- 
denser bank was charged to 20 kv and discharged 
through the one-turn primary winding on the trans- 
former core. A field of approximately 1000 v cm 
around the torus was obtained in this manner. When the 
gas in the torus ionized, it formed a shorted secondary 
of the transformer. It was necessary to put a 0.1-ohm 
resistor in the primary circuit and a 10-mil gap in the 
transformer to reduce ringing. A pulse of 5-usec duration 
was obtained with a negative pulse of 10% amplitude 
following approximately 10 usec later. 

The microwave horns were placed at eight different 
positions on the large cylinder. These included two 
vertical positions on the cylinder as well as different 
positions around the cylinder. Also one set of data was 
taken with the horns offset from the diameter of the 
cylinder. All positions gave essentially the same results 
as far as the quantities measured are concerned. 

The scope was triggered by means of a pulse from a 
pickup loop linking the transformer core. 


EXPERIMENTAL RESULTS 


The first measurements made were with a 1.5-meter 
Wadsworth spectrograph, which had an effective stop 
of f/20, in an attempt to determine the purity of the 
discharge. At a point approximately 1 cm below the 
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Fic. 3. Electron density versus frequency for values of n. 


entrance of the torus to the upper cylinder the following, 
and only the following, lines were observed: Ha, Ha, 
H,, B+, B++, Sit, Si+*, and Si***. At a position in the 
middle of the large cylinder only Ha, Hg, and H, lines 
were observed. It is apparent that the B and Si ions were 
produced by very fast electrons striking the wall of the 
torus. These electrons boil off the ions and eventually 
these ions were injected into the upper cylinder. How- 
ever, the absence of these lines in the large cylinder is 
not conclusive evidence of the purity in that portion of 
the tube. In order to observe the hydrogen lines it was 
necessary to expose the spectrograph to one hundred 
discharges. This may not have been sufficient to detect 
the impurities. 

Figure 5 shows the results of the attenuation measure- 
ments. This attenuation appears superimposed on the 
detected output of the crystal as given by Eq. (13) and 
yields the collision frequency v after applying the curves 
of Fig. 1. The relation between »v and the pressure p is 


y= 1.73% 10° +3.47X 10°, (15) 


where p is in mm Hg. This gives a value for v which is 
not as dependent on # as has previously been reported? ; 
however, it is not felt that this is significant. In Fig. 6 
is plotted the natural logarithm of the electron density 
as a function of time, indicating the linearity of this 
plot for large values of time or lower densities. In Fig. 7 


TRANSFORMER CORE 4° COPPER STRAP 
20 Kv 


SPARK 
GaP 


>a are HORN 





ha 


VACUUM URANIUM HYDRIDE 
SYSTEM SOURCE 
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6 R. B. Brode, Revs. Modern Phys. 5, 256 (1933). 
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Fic. 5. Plot of the collision frequency versus pressure. 


is plotted the reciprocal of the electron density as a 
function of time, indicating the linearity of this plot at 
high densities. It should be noted that the time ‘=0 is 
actually 150 to 200 usec after the gas was ionized. 


ANALYSIS OF THE RESULTS 


The basic loss processes in the afterflow can be 
described by 


6n/dt= D.V?n—hyn—an’, (16) 


where ” is the electron density in cm~*, D, is the 
ambipolar diffusion coefficient, /# is the probability of 
an electron attaching to a neutral particle forming a 
negative ion, and a is the electron-ion recombination 
coefficient. It is assumed that the number of electrons 
equals the number of positive ions and that the electrons 
and ions are in thermal equilibrium with the gas 
molecules. If one momentarily assumes that the domi- 
nant loss is due to diffusion, Eq. (16) can be written as 


dn/dt= (D,/A?)n—hyn—an?, (17) 


where A is the characteristic diffusion length of the 
large Pyrex cylinder. For this geometry A?=6.35 cm, 
and for the above assumption D,/A’ equals the slopes 
of the linear portions of the curves plotted in Fig. 6. 
Therefore a value of Da=1.28 10° would be calculated 
from the curve of p=0.29 mm Hg. This is in obvious 
disagreement with the value of Da=(700+50)p given 
by Persson and Brown.‘ 

Assuming, therefore, that diffusion can be neglected 


Eq. (16) becomes 
dn/dt= —hyn—an’, (18) 


and for the lower values of attachment is the dominant 
loss process. Since v has been previously evaluated, the 
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Fic. 7. The electron decay in the early afterglow. 


slopes of the curves of Fig. 6 yield 4. These results are 
given in Table I. The solution to Eq. (18) can be 
written as 
a 
= —ehvty 
n No hy 


(e"'—1), (19) 


where n=) when /=0. The slope of Eq. (19) can be 
written as 
d hy 
+a 


dt\n No 


(1+hyv1) (20) 


to the first order in ¢. For ¢ such that Avi<1, this slope, 
called a’, is given by 


a’ = (hv/no) +a. (21) 


7 are straight lines. 
can be 


This explains why the curves of Fig. 
When a’ is determined from the 
calculated and is tabulated in Table I. 

The quantities on the right-hand side of Eq. (17) can 


curves, a@ 


now be compared as to orders of magnitude. This gives, 
for p=0.29 mm Hg, 


(D,/A?)n==7 X 10", 
~6xX 10", 
~5.4X 1038, 


diffusion 


attachment hyn 


recombination an? 
which is in agreement with the assumptions. It can be 
seen that the recombination term only has an effect at 
the higher densities. It is felt that the value a=5.9 
X10-* cm sec ilue since it was measured 
at the highest density. 

One possible source of error in the measurement of the 
electron density could be caused by reflections of the 


lis the best 


microwave signal off of the ionized gas. These could 
cause false interferometer patterns. The reflected signal 
was monitored and found to be completely negligible 
except during the time in which w,>w, as would be 
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expected. Even during this time the reflected signal 
was a factor 10 down in amplitude as compared with 
the transmitted signal when w,<w. 


CONCLUSIONS 


Very little comparison of these results with that of 
other workers is possible since the electron densities 
studied here are approximately a factor of 10° higher 
than has previously been reported. The collision fre- 
quency agrees with that given by Brode’ if it is assumed 
that the electron energy is four electron volts. From the 
spectroscopic studies it appears likely that the electron 
energy was at least one electron volt. The recombination 
coefficient is in closer agreement with the theoretical 
value than other workers have reported. The difference 
between the theoretical and experimental values is 
probably explained by the impurities. Professor S. C. 
Brown of the Massachusetts Institute of Technology 


TABLE I. Summary of the data 


p(mm Hg) v(sec™!) h 


3.67 X 10° 
3.97 X 10° 


0.110 
0.290 
0.620 
1.075 
1.750 


3.19 1076 
5.06X 1078 
4.51 109 4.76 10-* 
5.35 10° 5.20 1076 
6.50 109 5.86 10 


umn 


co 
t 


_~uU 


has suggested that the high recombination coefficient 
which he and his co-workers measured originally was 
actually the attachment coefficient measured here. He 
reasons that this attachment is due to the presence of 
water vapor in the discharge tube. 

If the transmitted signal frequency could be increased 
by a factor of two, electron densities of 1.510" cm~4 
could be measured and recombination would be the 
dominant loss process in the early afterglow. This would 
greatly enhance the accuracy of the measurement of a, 
however, the availability of microwave power at this 
frequency excludes this possibility at this time. 

Owing to the lack of information as to the electron 
energy, it is not felt that cross-section evaluations from 
h and v are meaningful. 
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The mathematical description of B.E. (Bose-Einstein) condensation is generalized so as to be applicable 
to a system of interacting particles. B.E. condensation is said to be present whenever the largest eigenvalue 
of the one-particle reduced density matrix is an extensive rather than an intensive quantity. Some trans 
formations facilitating the practical use of this definition are given. 

An argument based on first principles is given, indicating that liquid helium IT in equilibrium shows B.E. 
condensation. For absolute zero, the argument is based on properties of the ground-state wave function 
derived from the assumption that there is no “long-range configurational order.” A crude estimate indicates 
that roughly 8% of the atoms are “condensed” (note that the fraction of condensed particles need not be 
identified with p,/p). Conversely, it is shown why one would not expect B.E. condensation in a solid. For 
finite temperatures Feynman’s theory of the lambda-transition is applied: Feynman’s approximations are 
shown to imply that our criterion of B.E. condensation is satisfied below the lambda-transition but not 


above it. 


1. INTRODUCTION 


HE analogy between liquid He‘ and an ideal 
Bose-Einstein gas first recognized by 
London.!? He suggested that the lambda-transition in 
liquid helium could be understood as the analog for a 
liquid of the transition*®* which occurs in an ideal B.E. 
(Bose-Einstein) gas at low temperatures. The fact® that 
no lambda-transition has been found in He* supports 
London’s viewpoint. Further support comes from 
recent theoretical work*-* which shows in more detail 
how a system of interacting particles can exhibit a 
transition corresponding to the ideal-gas transition. 
Tisza?* showed that the analogy between liquid He‘ 
and an ideal B.E. gas is also useful in understanding 
the transport properties of He II. Below its transition 
temperature a B.E. gas in equilibrium has a charac- 
teristic property : a finite fraction of the particles occupy 
the lowest energy level. Tisza reasoned that the presence 
of these ‘‘condensed” particles would make necessary 
a special two-fluid hydrodynamical description for such 
a gas. His idea that this two-fluid description applies 
also to He II has been strikingly verified by many 
experiments,?:0.4 
In theoretical treatments where the forces between 
helium atoms are taken into account, the ideal-gas 
analogy takes on forms differing widely from one 
treatment to another. For example, Matsubara® and 


was 


* Present address: Imperial College, London, England. 

1 F, London, Nature 141, 643 (1938) ; Phys. Rev. 54, 947 (1938). 

2 F. London, Superfluids (John Wiley and Sons, Inc., New York, 
1954), Vol. 2, especially pp. 40-58, 199-201. 

3A. Einstein, Sitzber. preuss. Akad. Wiss. physik-math. KI]. 
1924, 261; ibid. 1925, 3, 18. 

‘ For bibliography, see P. T. 
Soc. 50, 65 (1954). 

5E. F. Hammel in Progress in Low-Temperature Physics, 
edited by C. J. Gorter (North Holland Publishing Company, 
Amsterdam, 1955), Vol. 1, pp. 78-107. 

6 T. Matsubara, Progr. Theoret. Phys. Japan 6, 714 (1951). 

7R. P. Feynman, Phys. Rev. 91, 1291 (1953). 

8G. V. Chester, Phys. Rev. 100, 455 (1955). 
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VY. Peshkov, J. Phys. U.S.S.R. 8, 381 (1944); 10, 389 (1946). 

4 FE. Andronikashvili, J. Phys. U.S.S.R. 10, 201 (1946). 


Landsberg, Proc. Cambridge Phil. 


Feynman’ account for the lambda-transition by writing 
the partition function for liquid helium in a form similar 
to the corresponding expression for an ideal gas. In 
Bogolyubov’s theory”~" of the superfluidity of a system 
of weakly repelling B.E. particles, it is the distribution 
of the momenta of the particles which resembles that 
of an ideal gas. Yet another form for the analogy has 
been suggested by Penrose!®; this work will be discussed 
in more detail in Sec. 4 below. A further complication 
is that the excitation theory of superfluidity'®!’ is 
apparently independent of the ideal-gas analogy (though 
Bogolyubov’s work” suggests that there actually is a 
connection). 

The object of the present paper is, first, to unify the 
varied forms of the ideal-gas analogy mentioned above 
by showing how they are all closely related to a single 
criterion for B.E. condensation, applicable in either a 
liquid or a gas, and, secondly, to give an argument 
based on first principles indicating that this criterion 
actually is satisfied in He II. The relation between B.E. 
condensation and the excitation theory of superfluidity 
will be discussed in a later paper. 


2. PRELIMINARY DEFINITIONS 


We make the usual approximation of representing 
liquid He* by a system of NV interacting spinless B.E. 
particles, each of mass m, with position and momentum 
vectors qi: --qy and p;--- py, respectively. The Hamil- 
tonian is taken to be 


H=D p2/2m+d. Uys. (1) 
7 


<<] 


Here U;; stands for U(|qi—q,;|), where U(r) is the 
interaction energy of two He‘ atoms separated by a 


22.N. N. Bogolyubov, J. Phys. U.S.S.R. 11, 23 (1947). 

13.N. N. Bogolyubov and D. N. Zubarev, Zhur. Eksptl. i Teort. 
Fiz. 28, 129 (1955); English translation in Soviet Phys. 1, 83 
(1955). 

4D. N. Zubarev, Zhur. Eksptl. i Teort. Fiz. 29, 881 (1955). 

15Q, Penrose, Phil. Mag. 42, 1373 (1951). 

16 |. D. Landau, J. Phys. U.S.S.R. 5, 71 (1941). 

17 R, P. Feynman, Phys. Rev. 94, 262 (1954). 
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distance r, and |q:—q,| means the length of the vector 
qi—q; (except when the artifice of periodic boundary 
conditions is used, in which case |q;—q,;| means the 
length of the shortest vector congruent to qi—q)). 
Many-body interactions are omitted from (1), but 
including them would make no essential difference. The 
interaction between the He‘ atoms and those of the 
container is also omitted from (1); these could be 
included, but it is simpler to represent the container by 
a closed geometrical surface, considering only con- 
figurations for which all particles are within or on this 
surface, and imposing a suitable boundary condition on 
the wave function when any particle is on the surface. 
This boundary condition must be chosen to make H 
Hermitian. We denote the volume inside the container 
by V, and integrations over V by fy: --d*x orf: - -d®x 
or Jf: + -dx. 

As always in statistical mechanics, we are concerned 
here with very large values of NV. Therefore we can 
often neglect quantities (for example N~) which are 
small when JN is very large. A relation holding approxi- 
mately by virtue of NV being very large will be written 
in one of the forms AB or d= B+0(1). These mean 
respectively that A/B is approximately 1 and that 
A—B is negligible compared with 1, when XN is large 
enough. We shall also use the notation A=e?" to 
mean that positive upper and lower bounds are known 
for A, but that a relation of the form A=const has not 
been established. Evidently A=const>0 implies 
A=e9, but the example A=2+sinN shows that the 
converse does not hold in general. We shall use the 
phrase “‘A is finite” to mean A=e?")), 

We can give more precise meanings to the symbols 
=, etc., by considering not a single system but an 
infinite sequence of systems with different values of V. 
The boundary conditions for the different members of 
the sequence should be the same, and should be specified 
on boundary surfaces of the same shape but of sizes 
such that N/*’ is independent of N. Then, if the 
quantities A, b etc., are defined for each member of 
the sequence, AB means limy.,.(A/B)=1, A=B 
+o(1) means limy.,.(A—B)=0, and A=e?“ means 
that positive constants a1, d2, and N, exist such that 
N> MN, implies that a; <A <az. 

We shall use Dirac’s notation'* for matrix elements 
and for eigenvalues of operators. 


3. A GENERALIZED CRITERION OF 
B.E. CONDENSATION 


It is characteristic of an ideal B.E. gas in equilibrium 
below its transition temperature that a finite fraction 
of the particles occupies the lowest single-particle 
energy level. Using the notation of Sec. 2, we 
therefore give the following criterion of B.E. conden- 


can 


1% P, A. M. Dirac, The Principles of Quantum Mechanics 
(Oxford University Press, London, 1947). 
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sation‘ for an ideal gas in equilibrium: 


(no)w/N =e?) <—B.E. condensation,! 

(2) 
(no) w/.V =0(1) no B.E. condensation, 
where (vo) is the average number of particles in the 
lowest single-particle level and the sign <> denotes 
logical equivalence. This criterion has meaning for non- 
interacting particles only, because single-particle energy 
levels are not defined for interacting particles. 

To generalize the criterion (2), we rewrite it in a 
form which has meaning even when there are inter- 
actions. This can be done by using von Neumann’s 
statistical operator,” ¢, whose position representative?! 
(q+ ++qy'|o|qi’++-qy’’) is known as the density 
matrix.” We define a reduced statistical operator, o1, as 
follows”:4; 


01 N tre:+-n(o), (3) 
where tr2...v(¢) means the trace of o taken with respect 
to particles 2---N but not particle 1. For an ideal gas 
in equilibrium, the eigenstates of o; are the single- 
particle stationary states, and the corresponding eigen 
values are the average numbers of particles in these 
stationary states.”° Consequently, (2) may be rewritten 
as follows: 


nyu /VN =e?) —B.E. condensation, 
(4) 
nu/N=0(1) no B.E. condensation, 


where my denotes the largest eigenvalue of o;. In this 
form the criterion has meaning for interacting as well 
as for noninteracting particles, since o; is defined in 
either case; thus (4) provides a suitable generalization 
of the ideal-gas criterion (2). 

According to our criterion (4), B.E. condensation 
cannot occur in a Fermi system, because”® the exclusion 
principle implies that OS uy 1. 


For Bose systems, 


however, the only general restriction on ny isO< ny <N, 


a consequence of the identity tr(o,)=N and the fact 
that o; is positive semidefinite. 

The application of (4) is most direct when the system 
satisfies periodic boundary conditions and is spatially 
uniform (a homogeneous phase in the thermodynamic 
sense). For, in this case, the reduced density matrix 
(q’|o,|q’’) is a function of q’—q’’ only, and specifying 
this function is equivalent to specifying the single- 
particle momentum distribution. In fact, the momentum 


19 A possible alternative to this equation is (#o)4,/Nconst >0, 
but the weaker form used in (2) is easier to apply 

2 J. von Neumann, Mathematical Foundations of Quantum 
Mechanics (Princeton University Press, Princeton, 1955), Chap. 4. 

21 Pp, A. M. Dirac, reference 18, Chap. 3. 

2 Pp. A. M. Dirac, reference, pp. 130-135. 

23K. Husimi, Proc. Phys. Math. Soc. Japan 22, 264 (1940). 

4 J. de Boer, Repts. Progr. Phys. 12, 313-316 (1949). 

25K. Husimi, reference 23, Eq. (10.6). 

26 See, for example, P-O. Léwdin, Phys. Rev. 97, 1474 (1955). 
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representative”! of 1, given by 


{p’ o}1 p” = fifo q’)dq'(q’ 1 q’)dq’’(q”’ p”’) 


=f f expLi(p”-q"’—p’-q’)/h] 


x(q’! o1| q”’)dq’dq”’ 


is a diagonal matrix, so that my is the largest diagonal 
element of this matrix. Now, since 


(pi’- ee py’ Oo pi’: o- Py ) 
is the probability distribution in the (discrete) mo- 
mentum space of N particles, 
(pi 071 pi = N > p2’- ° ‘> py’ (pi: e° py’ o pi’: ° py’) 


must be the average number of particles with momentum 
pi’. [To confirm this interpretation, note that" 


Oi f(P;))w=>d pp’ 7} p f(p’) 


for arbitrary f(p).] Therefore, according to (4), B.E. 
condensation is present for a spatially uniform system 
with periodic boundary conditions whenever a finite 
fraction of the particles have identical momenta. The 
work of Bogolybov™ shows that this form of the 
criterion is satisfied in a system of weakly interacting 
B.E. particles at very low temperatures. 


4. ALTERNATIVE FORMS OF THE CRITERION 


When the system is not spatially uniform, it is more 
difficult to diagonalize o;, and some transformations of 
the criterion (4) are useful. The simplest of these 
depends on the following inequality: 


mu? <>dane<nu daNa=nuN, (5) 


where the m,’s are the eigenvalues of o,; the fact that 
da Ma=tr(o,)=N follows from (3). We define 


As=N 2 [ f (q’ 01 q”’ *Pq'd'q”’. (6) 
tydy 


It is clear that A2= N~* tr(o,?)=N~ > n.2, and hence, 
by (5), that (ma/N)*< Ao<ny/N. It follows that 
A,=e?Yeony/N=e°, while A2=0(1)ony/N=o(1). 
The following criterion is therefore equivalent to (4): 
A», =e?) B.E. condensation, 
: (7) 
A» =0(1) no B.E. condensation. 


Another form of the criterion depends on inequalities 
satisfied by 


A,=(NV) +4 (q’|o1|\q’’)|dq/d'q”. (8) 
; 
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Unlike A», this quantity has no simple interpretation 
in terms of the eigenvalues of o,/N, but it is easier to 
use. An upper bound for A; comes from the fact that 
(A,N/V)*, the square of the mean value of the function 
|(q’\o1| q’’)|, cannot exceed Ao(V/V)?, the mean value 
of the square of this function; therefore we have 


APS Ao. (9) 


To find a lower bound for A, we use the fact that o; 
is positive semidefinite (this follows intuitively from 
the probability interpretation of the eigenvalues of 
oi/N; alternatively it can be proved rigorously from 
(3) and the fact that o is positive semidefinite). Since 
a, has no negative eigenvalues, its square root is 
Hermitian. Applying the Schwartz inequality to the 
two state vectors o;!| q’) and o;'|q’’), we obtain 


(10) 


where aN/V is any upper bound of (q’/o,/q’). Com- 
bining (6), (8), and (10), we find 


Aga}. 


(q’|o1|@’")| <L{q’|o1/ q’){q’"’|o1| q’’) PS aN/V, 


(11) 


For any physical system, a can be chosen independent 
of NV; for (q’|o1|q’) is the average number density at 
the point q’ and cannot become indefinitely large. For 
example, in a liquid at thermal equilibrium, (q’|o1| q’) 
is approximately N/V except near the boundary, so 
that a can be chosen just greater than 1. Treating a as 
finite, and combining (7) with (9) and (11), we obtain 


A,=e? —B.E. condensation, : 
(12) 


A,=0(1) no B.E. condensation. 


A third form of the criterion is valuable when the 
reduced density matrix (q’|o,|q’’) has the asymptotic 
form V(q’)¥*(q’’) for large | q’—q’’| (W* is the complex 
conjugate of V). Some consequences of assuming this 
asymptotic relation for Hell were discussed by 
Penrose.!®> Here we formulate the assumption as 
follows: 


| (q’|o1| q”’)—¥(q/)¥*(q")| < (N/V)y(\q'—q"’|), (13) 


where the (non-negative) function y(r) is independent 
of V and satisfies 


lim, 4.7 (r)=0. (14) 


To use (13), we need the following lemma: 


I(x) =V f x’—x|)d’x’=o0/(1). (15) 


Proof.—Let ¢ be an arbitrary positive number. Then, 
by (14), there exists a number R (depending on e) such 


that 
O<y(r)<de if r>R. (16) 


We also have 


0<y(r) <yuthe if O< rc R, 
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where yy is the maximum of the function y(r). Using 
(16) in (15) we obtain 0<IT'(x) <de+V—yuV r(x), 
where Vpr(x) is the volume of x’-space for which 
|x’—x|<R. Since V r(x) < 4rR*/3, we can ensure that 
O<T' <e by choosing V > 8ryR*/3e. By the definition 
of a limit, this implies limy...l’=0; that is, (15) is true. 

We can now obtain a criterion of B.E. condensation, 
using the relation 


(VV) ff (q’ O1 q’”’)—¥(q')¥*(q’) dq‘dq"’ = o(1), 
(17) 


which follows from (13) and (15). Combining this with 
(8) with the help of the elementary inequality 
—|u—v| < |u| —|v| < |u—>| gives 


~ 


A,=(NV) | five dx | +0(1). 


Using (12), we obtain the criterion, valid whenever (13) 
holds: 


(18) 


V :] WV | x= ee?) B.E. condensation, 
(19) 


V f WV | d’x=0(1) no B.E. condensation. 


The function V has a simple interpretation when B.E. 
condensation is present: we can show that W(x) is a 
good approximation to the eigenfunction of the matrix 
{q’|o,\q’’) corresponding to the eigenvalue ny, and 
also that its normalization is 


ny f W(x) "d’x=ny. 


We note .rst that all eigenvalues of the matrix 


” 


N-Xq'|7| q"”) =N~[(q' | o1 |”) —¥(a’)¥*(q"") J 


are o(1), since, by (17), (8), and (12), a system whose 
reduced density matrix was 7 would not show B.E. 
condensation. It follows that 


flex} =N f fara 1’) 9(q’')dq'dq” 


(21) 


(¢,V)\?/N+o(1), 


where ¢ is an arbitrary normalized function and 


= feormer 


The arbitrary function ¢(x) in (21) can be written 
in the form g(x)=nyLa¥(x)+0(x) ], where ® is 
chosen to make (V,b)=0 and (¢,6)=ny, and where 
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a\*+/6)?=1. Inserting this 


expression for ¢ into (21) gives 


(since g is normalized) 


f{¢} = | a)*ny/N+o0(1)= (1-1) ?)ny/N+o0(1). 


Now, the maximum value of f{¢} is n/N, and it is 
attained when ¢ equals gy, the normalized eigenfunc- 
tion of (q’/o:|q’’) corresponding to the eigenvalue my. 
The last expression for f{ ¢} shows that this maximum 
is nmy/N+o(1) and is attained with |b|=o(1). It 
follows that ny—ny in agreement with (20), and also 
that 


J any *V (x) — gay (x) |2d’x= |b|2=0(1). (22) 


This equation tells us that W(x) is to a good approxi- 
mation proportional to gi(x). In view of these results, 
we may call W the wave function of the condensed par- 
ticles, and ny/N the fraction of condensed particles. 


5. GROUND STATE OF A B.E. FLUID 


In this section we derive some general properties of 
the ground-state wave function. These will be needed 
in Sec. 6. 

Let us the ground-state wave function 
¥(Xi1-+*Xy) to be the real symmetric function which 
minimizes the expression 


define 


-dXx, (23) 


py |dx-- 


f- forxe y)?/2m+>> U 


t<) 


while at the same time satisfying the boundary con- 
ditions and the normalization The Euler 
equation of this variation problem shows that y satisfies 
Schrédinger’s equation for the Hamiltonian (1). Now, 
the function |y 
and so it too satisfies Schrédinger’s equation. The first 
derivative of |y| must therefore be continuous wherever 
the potential energy is finite. This is possible only if y 
does not change sign. We may therefore take y to be 
non-negative. Suppose now that ¥; and yz are two 
different non-negative functions conforming to the 


condition. 


also conforms to the above definition, 


above definition. Then, since Schrédinger’s equation is 
linear, ¥i—yY»2 also conforms to the definition, and (by 
the result just proved) does not change sign; but this 
contradicts the original assumption that both y, and y» 
are normalized. Hence the above definition yields a 
unique, non-negative function?’ y. 

For a fluid phase, we can obtain further information 
if we assume ** that there is no long-range configurational 


*7 These properties of the ground-state wave function are fairly 
well known [see, for example, R. P. Feynman, Phys. Rev. 91, 
1301 (1953) ], but the authors have seen no proof in the literature 
A proof for the special case V=1 (to which no symmetry require 
ments apply) is given by R. Courant and D. Hilbert, Methoden der 
Vathematischen Physik (Verlag Julius Springer, Berlin, 1931), 
Vol. 1, Chap. 6, Secs. 6, 7. 

8 A similar principle is often used in the classical theory of 
liquids—for example by J. E. Mayer and E. W. Montroll, J. 
Chem. Phys. 9, 2 (1941). Its use here amounts to assuming that 
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order. By this we mean that there is a finite “range of 
order” R with the following property : for any two con- 
centric spheres S; and S2 with radii R; and Ri+R, 
respectively, the relative probabilities of the various 
possible configurations of particles inside S$, are ap- 
proximately” independent of the situation outside S2. 
By the “situation” outside S2, we mean here the number 
of particles ouside S2, their positions, and the position 
of the part of the boundary surface outside S». 

This assumption implies that, if the configuration of 
the particles inside S; is altered while everything else 
remains the same, then the probability density in con- 
figuration space changes by a factor approximately 
independent of the situation outside S2. Hence, if the 
point x; is inside S;, then V; logy is approximately 
independent of the situation outside S:. This is true 
for any choice of S; provided S; encloses x;, and in 
particular it is true when R; is vanishingly small. There- 
fore, V; logy is independent of the situation outside a 
sphere S(x;) with center x; and radius R. 

Setting 7=1 in this result and integrating shows that 
y can be written in the form 


W(X1°° *Xyv)=O(Xe- * *Xw)xX(X1; Xo" +X), (24) 
where the functions @ and x are symmetric in Xo: - -Xy, 
and x is approximately” independent of the situation 
outside $(x;). 

The function @ in (24) has a simple physical meaning. 
To find this, we write the Schrédinger equation satisfied 
by y in the form 


— (h?/2m)>-[ V7? logy+ (V; logy)? ]+ >> Ui;=const. 
i 


<1) (25) 


Taking the gradient with respect to «; (¢41) and sub- 
stituting from (24), we obtain after some rearrangement 


Vit —(h?/2m)> CV}? logd+ (V; logd)? J+. Ui;} 


= (h?/2m)> [_V?+2(V; log6)-V;]V; logx 


+ (h?/m)> (Vj logy) -VjVilogy—ViU1:, (26) 


where >- ;’ means a sum with the j=1 term omitted, 
and >> ;” means a sum with the j=1 and j=7 terms 
omitted. Since the left member of (26) does not contain 
x;, the right member must be independent of x;. To 
evaluate the right member, we may therefore choose x; 
to make |x;—x, >2R. The properties of x then imply 


the probability density in configuration space is qualitatively 


similar to the corresponding probability density for a classical | 


liquid. The importance of this principle for the ground state of a 
quantum liquid was noted by A. Bijl, Physica 7, 869 (1940). 

* The meaning of the word “approximately” is purposely left 
vague, since it would complicate the discussion too much to 
attempt a rigorous formulation. As we see it, a rigorous formula- 
tion would have to depend on a limit operation R-—~ : that is, 
it would assume that the approximation of statistical independence 
could be made arbitrarily good by choosing R large enough. 

%# Tf the theory were formulated more rigorously (see reference 
29), the corresponding property of x might be Vjx (x1; x2---xw) 
< K(|x;—x:|) where K(r)—0 in a suitable way as r>~, 
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that V; logy~0, so that the first sum vanishes approxi- 
mately; they also imply that the summand in the 
second sum is negligible unless |x;—x,;|<R. The 
argument preceding (24) shows, however, that V; logy 
is independent of x; unless |x;—x,| < R. Since |x;—x;| 
and |x;—x;| cannot both be less than R (because 
X;—x,;|>2R), the summand in the second sum is 
always negligible. The term V1; also vanishes, because 
the interaction has a short range. Thus the entire right 
member of (26) vanishes approximately.*! The ex- 
pression in curly brackets is therefore approximately 
independent of x; for i=2---N. This means that 
6(X2:+-Xy) approximately satisfies an equation, analo- 
gous to (25), which is equivalent to Schrédinger’s 
equation for a system of N—1 particles. Since @ is 
non-negative, it must therefore have the form 


(27) 


O(X2° ° Xv) Vcd (Xo° ° ‘Xy), 


where c is a constant and # is the normalized ground- 
state wave function for V—1 particles. 

A simple illustration of (24) is provided by a type 
of approximation to y(xi---xy) used by various 
authors* 33.13 ; 


¥(xi---xw) <[][ u(x,) JIT @(|xi—x,;|), (28) 


where w(r)—>1 when r is large. In this approximation, 
(24) can be satisfied by taking 


O(xo-+-xw) <[]]’ w(x.) JIT’ (|xi—x;!), (29) 
a Ss] 


x(X1; Xo" * Xv) =u(x)JT’ wf iets as (30) 


u 


where II’ means a product with all 7= 1f actors omitted. 
It is clear that (29) is consistent with (27), and that, if 
R is large enough, x as defined in (30) is approximately 
independent of the positions of the particles outside 
S(X1). 
6. LIQUID HELIUM-4 AT ABSOLUTE ZERO 
At absolute zero, the density matrix is given by 


(qi’-: qn’ a! qi’: . -qv’)=V(qi': - “qn W(qu’’- ** Qn 


since the ground-state wave function y is real and 
normalized. The reduced density matrix is therefore 


(q’ nla’=x f - fuaaw(a" adds, (31) 


31 Only a rigorous treatment can completely justify the implicit 
assumption that the sum of N negligible terms is itself negligible. 
The present methods can, however, be used to show that the 
contribution of a given j value to the sums in the right member 
of (26) is negligible compared with its contribution to the sums 
in the left (with a finite number of exceptions, for which 

xj;—x.| <R and the contributions on both sides are negligible). 

% A. Bijl, reference 28. 

3 R. B. Dingle, Phil. Mag. 40, 573 (1949). 
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where x and dy are abbreviations for x2---xy and 
d°xy:+-d*xy, respectively. For a preliminary discussion 
of (31), we use a crude approximation to y suggested 
by Feynman’: 


r 


Y(X1°° Xv) ™~(Qy) AF wn (Xi + -Xy), (32) 


where Qy is a normalizing constant, and Fy (x,---Xxy) 
by definition takes the value 1 whenever x;---Xy is a 
possible configuration for the centers of V hard spheres 
of diameter d and the value 0 for all other configura- 
tions. Here d~2.6A is the diameter of a He‘ atom. The 
approximation amounts to using (28) with w=1 and 
with w(r)=0 for r<d and w=1 for r 2d. 

The normalization integral corresponding to (32) 
that Qy/N! is the configurational partition 
function for a classical system of NV noninteracting 
hard spheres. Moreover, the integral in (31) is now 
closely related to the pair distribution function for 
N-+1 hard spheres, defined as follows”: 


no(q’,q’’) =(V+1) vf. . [rs 1(q/,q” x)dx/Qy41. 


(33) 


shows 


Under the approximation (32), the integrand in (31) 
is 1/Qy times that in (33) when | q’/—q’’| 2d, so that 


(q’|o1|q”)=2"n2(q',q”’) if |q’—q’’| 2d. (34) 
Here 2=(N+1)Qy/Qn41 is the activity of the hard- 
sphere system. The physical meaning of 2 shows that, 
for large |q’—q’’|, m2 tends to (V/V)*. Hence (13) 
can be satisfied by ti king ¥const=z-!V/V (except, 
possibly, near the buundary). Hence, by (19), B.E. 
condensation is present; moreover, by (20) and the 
discussion following (20), the fraction of condensed 
particles is 


nu /N=ny/NZ=WV/NZSN/Vsz. (35) 


The right member of (35) can be calculated from the 
virial series for hard spheres.** Taking the density of 
He II to be 0.28 times the density at closest packing, 
we obtain the result 0.08. Thus, Feynman’s approxi- 
mation (32) implies that B.E. condensation is present 
in He II at absolute zero and that the fraction of con- 
densed particles is about 8%. 

The above discussion makes it plausible that a 
treatment based on the true wave function will also 
indicate the presence of B. E. condensation. To supply 
such a treatment, we first substitute from (24) and (27) 
into (31). This yields 


(q'\o1|q/’)=CN(x(q'52)x(q’"'32))9, 36) 


where, for any function f(x) 


=(f(X))» foo fro wd 


4M. N. Roxenbluth and A. W. Rosenbluth, J. Chem. Phys. 
881 (1954). 
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is the expectation value of f(x) in the ground state of 
a liquid of N-1 
U=Xe2°° -Xy. 

In studying (36) it will be convenient to look on q’ 
x(q’ 5x 
x’’=x(q’’;x) as variables depending on the configura- 
tion x of a liquid of N—1 particles. The correlation 
coefficient® of x’ and x” is defined by 


particles whose configuration is 


and q” as parameters and to treat x’ and 


p(q’,q’’) 


Now, it was shown in Sec. 5 that x’ is independent of 
the “situation” outside S(q’) and that x” is independent 
of the situation outside S(q’’). By applying the principle 
of no long-range configurational order, given in Sec. 5, 
to the ground state of a liquid of V—1 particles, with 
the sphere S, chosen large enough both 
S(q’) and S(q”), we find that p(q’,q’’) is independent 
of V for large enough V. By applying the same principle 
with S; this time taken to coincide with S(q’), we find 


to enclose 


and x” are approximately statistically inde 


that x’ 
pendent if S(q’’) is entirely outside S2; that is, p(q’,q”’) 


; 


approximately vanishes if | q’—q’’| >3R. 


We can now show that (13) holds, with 


V(q’ cN ix’ oe (39 


For, substituting (36) and (39) into the left member of 
(13) gives c?A Lix’x”” o— x’) 9 ate . 
a "i 0 }*. 
(36) shows that this last expression equals p(q’,q’’) 
XL(q’\o1| q’)(q”’ 


properties of p(q’,q’’) given above, (13) can be satisfied 


], which, by (38), is 
” 


less than c?Vp(q’,q’’)[ (x” Setting q’=q’’ in 


o,\q’’) |'. Therefore, by (10) and the 
by making y(| q’—q’’|) 2ap(q’,q”) for every q’ and q”. 

If the distance from q’ to the boundary exceeds 2R, 
then (x’)y and (x”)y are (approximately) positive 
constants independent of V and q’. For we may take 
the sphere S$, defined in Sec. 5 to be S(q’); then the 
relative probabilities for the various configurations of 
particles inside $(q’)—on which alone x’ depends—are 
independent of V and the relative positions of S2 and 
the boundary. It follows that V-! /\-(x’) yd*q’=const > 0 
and also, by (36), that c’-V=const>0 since (q’|o1|q’ 
<N/V if q’ is far from the boundary. Applying the 
criterion (19) to the W defined in 
that B.E. 


absolute zero. 


(39), we conclude 


+ 


condensation is present in liquid He* at 


The above discussion would not lead one to expect 
B.E. condensation in a solid, because the assumption 
of no long-range configurational order is valid for a 
fluid phase only. In fact, it can be argued that a solid 
does not show B.E. condensation, at least for T=O0°K. 
We assume that a solid at T=0°K is a perfect crystal 


Vethods of 


35H. Cramer, Mathematical 
University Press, Princeton, 1946), p. 277. 


Statistics (Princeton 
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—i.e., that there exists a set of lattice sites such that y 
is small unless one particle is near each lattice site.*® 
In the expression (31) for the reduced density matrix, 
therefore, the integrand will be appreciable only if 
every one of the points x2---Xy is near a separate 
lattice site, while both q’ and q” are near the remaining 
site. When | q’—q’’ is large, this last condition cannot 
be fulfilled, so that (q’|o,|q’’) will tend to 0 for large 

q’—q’’|. This indicates that the function ¥ of (13) 
will be 0, so that, by (20), there is no B.E. condensation 
in a solid at absolute zero. 

Our result that B.E. condensation occurs in liquid 
He‘ at T=0°K must now be extended to nonzero tem- 
peratures. (The need for such an extension is illustrated 
by the example of a two-dimensional B.E. gas, which‘ 
shows B.E. condensation at T=0°K but not for 
T#0°K.) This will be done in the next section. 


7. B.E. CONDENSATION AND THE 
LAMBDA-TRANSITION 
Feynman,’ and also Matsubara,® have studied the 
lambda-transition in liquid helium by expressing the 
partition function in the form 


Z= ¥ (Tm tl") tr( Pe **), (40) 


{m7} l 


where the sum is over all partitions of the number V 
(that is, over all sets {m,} of non-negative integers 
satisfying >; m,= NV), P is any permutation containing 
m, cycles® of length / (J=1---N), and B=1/kT with 
k=Boltzmann’s constant. Evaluating (40) with the 
help of approximations for tr(Pe~®”), they showed how 
it could exhibit a transition, which they identified with 
the lambda-transition. In the present section, we shall 
show that Feynman’s approximations also imply that 
the criterion (4) of B.E. condensation is satisfied for 
He II in equilibrium. 
The statistical operator for thermal equilibrium is 
o=(N!Z)" > p Pe-#, (41) 
where the sum is over all permutations P of the V 
particles. Feynman’s path integral’ for the density 
matrix shows that the position representative of (41) 
is non-negative. Therefore the corresponding reduced 
density matrix, calculated according to (3), is also 
non-negative, so that the quantity defined in (8) is 
8° For equilibrium at a temperature T~0°K, a few atoms will 
be in interstitial positions far from their proper lattice sites. The 
fraction of interstitial atoms will be e~”/*”, where W is the energy 
required to excite one atom from a lattice to an interstitial site. 
This fraction tends to 0 as T tends to 0°K. 
87 For the definition of a cycle, see R. P. Feynman, reference 7, 
or H. Margenau and G. M. Murphy, The Mathematics of Physics 


and Chemistry (D. Van Nostrand Company, Inc., New York, 
1943), p. 538. 
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now given by 


A i= (V ZV) 2. J feardanas tro... Pee# qi”). 
P 
(42) 


All permutations corresponding to a given partition 
{m,} and also having particle No. 1 in a cycle of given 
length ZL contribute equal terms to the above sum, 
since a suitable relabeling of the particles 2---N will 
turn any one such term into any other. Collecting 
together, for each {m,} and L, the (L/N)N!/ J] i(mill™) 
equal terms, we can write A; as a sum over L and {mj}, 
obtaining 


A,y=N7)D0 1 LimtAi, 1{m)}). (43) 


Here we have defined, for any function f= f{mj} 
depending on the set of numbers {m_ }, a quantity 


(f)=Z> ¥Y D1Omil™) ffm} tr(Pe**), 


{m,} 1 


(44) 


where P is any permutation corresponding to the 
partition {mm}. We have also defined 


J fearaaras tro...vPe BH qi’) 


Ay, 1{m,} =————_- 


sneer , (45) 
V tr(Pe#*) 
where P is any permutation which corresponds to the 
partition {m,} and also has particle No. 1 in a cycle 
of length L. 

To use (43), we introduce two approximations due 
to Feynman.’** The first is 


” ” 


(qi + qu’ Pe BH qi “Qn ) 


-qy’)o(qr’’- A. qv’) 


Xexpl— (9 /d)>- 5 (q,;’—ap,"")* ], 


~KvN9( qi on 
(46) 


where K is a constant, \ means h(2rm’kT)-} with m’ 
an effective mass, and $(x;---Xy) is a normalized 
non-negative symmetric function which reduces to the 
ground-state wave function when 7—0°K. (We deviate 
slightly from Feynman’s usage: he does not take ¢ to 
be normalized.) Feynman’s other approximation is used 
in evaluating integrals over configuration space in- 
volving (46); it is to replace the factor containing ¢ by 
its value averaged over the region of integration and to 
replace each factor exp[ —2(x;—x,)?/\*] by 


G(x;—x,;)=p(|x:—x;|) expl—a(x:—x,)*/], (47) 


where p(0)=1 and p(r) for r>0 is the radial distribution 
function, tending to 1 asr>~. 
Using these approximations in (45), we obtain 


(48) 


Ay, 1r{m1t}™A),261/ fx, 


38 For a critical discussion of these approximations, see G. V. 


Chester, Phys. Rev. 93, 1412 (1954). 
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where (with x standing, as before, for x2: + xy) 


= “i i -fola'.ao(a dala", 
i 
6,=V fo PMG 06nd daa, (50) 
j=1 
L 
fu fo [Gua GO-x 1)dx,:+-dxz. (51) 


[For L=1 we interpret (51) as fi=V.] 

To find the order of magnitude of Ai,,, we replace 
¢ in (49) by the ground-state wave function y (since ¢ 
is qualitatively similar to y and both are normalized). 
Then, by (31) and (8), Ai,,, roughly equals the value 
of A, for T=0°K; this is finite, by (12) and the result 
of Sec. 6. Feynman’ has suggested using the approxi- 
mation (32) for @ as well as for y¥; this leads, by (18) 
and (35), to the rough estimate A;,~~0.08. 

We estimate 6, by replacing the integrals over 
dxg:++dxz,, in (50) by the corresponding infinite 
integrals. This gives 6,~6,", which, when combined 
with (48) and (43), yields 


(49) 


A3/A4, eNO DY 1 Lim1)61"/ fr. (52) 

To study (52), we note that Feynman’s approxima- 
tions (46) and (47) also imply’ tr(Pe°4)~K)\-**% 
X [1.(f."). Substituting this into (40) and (44) yields 


(Lmz/ ft)=Qn_-1/Qn, 
where 
Ou 


> TEh/D)"'/mi!, 
{ml}. 


the sum being over all partitions of the arbitrary 
integer M. Equation (54) is just Mayer’s expression*® 
for the configurational partition function of an imper- 
fect gas of M particles with cluster integrals b;= f,/lV. 
Therefore if z=Qy_1/Ovconst is the activity of this 
imperfect gas when it contains .V particles, the approxi- 
mation Qy_1/On=z" will hold provided LN. 
Using this approximation with (53) and (52), we 
obtain 
N 
A/A1,eN™"D (261) "YN (1-261)! = 
L=1 


o(1) 


(55) 


provided that 26;=const <1. Feynman’s work’ shows 
that this condition holds above the transition tem- 
perature; therefore, since A;,,=e?" and (12) holds, 
there is no B.E. condensation in Hel. 

This argument fails below the transition temperature, 
where 26,1. To study this case, we combine (52) with 
the identity 1=N-'}°; L(mz) [which follows from 

% J. E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley and Sons, Inc., New York, 1940), pp. 277-282. 
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(40) and (44) ] and use (53); this gives 
<n 
(fr—61")On_-1/ Qn. 
Feynman’ estimates that, unless Z is a small inte; 


frm (LV A+1)814, 


A 36, / 3 f G(r)ridr 


Therefore, although the approximation Qy 
is no longer legitimate in (52), it is still legitimate in 


where 


Ox wel 


(56), according to (57), a convergent series results even 
though 26,1: 


{,/A,,—const+.\ Se 
L=1 


iconst, (58) 


VAL 


where the first ‘‘const”’ takes care of the error due to 
the failure of (57) for small ZL. Feynman’s work’ shows 
that the right-hand side of (58) is less than 1 below 
the transition. Hence 4,/A1,,==const>0, and, by (12), 
B.E. condensation does occur in He IT. 

The from Feynman’s 
approximations can be paraphrased as follows: the 
quantity (4,1, 1{m)} (VA)! (where 
A is finite), and equals the finite quantity A,,, if 
L>(VA)!. Hence, by (43), A1/A1,, equals the con- 
tribution of large Z values to the sum V~! > Lim,z); 
that is, it equals the fraction of particles in large cycles. 
Above the lambda-transition this fraction is negligible, 
so that, by (12), there is no B.E. condensation; below 


deductions we have made 


is very small if L< 


the transition this fraction is finite, so that B.E. con- 


densation is present. 


8. DISCUSSION 


Equation (4) provides a mathematical definition of 
B.E. condensation, applicable for a system of inter- 
acting particles as well as for an ideal gas. Physically, 
the definition means that B.E. condensation is present 
whenever a finite fraction—ny/N of the particles 
occupies one single-particle quantum state, gw. The 
definitions of 2 and gy are given in Sec. 3 and Sec. 4, 
respectively. Even for an ideal gas, our definition is 
more general than the usual one, since here ¢y is not 
necessarily the lowest single-particle energy level. The 
close relation between our definition of B.E. conden- 
sation and London’s suggested'? “condensation in 
momentum space” is illustrated in the last paragraph 
of Sec. 3 above, where it is shown that under suitable 
conditions ¢y actually is an eigenstate of momentum. 

The reasoning of Secs. 5, 6, and 7 indicates that 
liquid helium IT satisfies our criterion of B.E. conden- 
sation. For T=0°K the only physical assumption used 
is that a quantum liquid—as distinct from a solid 
lacks long-range configurational order (though the 
mathematical treatment of this assumption is not yet 
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completely rigorous). For T>0°K, some fairly crude 
approximations, taken from Feynman’s theory of the 
lambda-transition, have to be introduced. This part of 
the theory is therefore open to improvement—possibly 
in the form of a more rigorous proof that Feynman’s 
implied criterion for B.E. condensation [ the importance 
of long cycles in the sum (40) for the partition function ] 
is equivalent to our criterion (4) at thermal equilibrium. 
Despite these imperfections, however, our analysis 
would appear to strengthen materially the case put 
forward previously by London'? and Tisza® for the 
importance of B.E. condensation in the theory of liquid 
helium. 

We have not considered here how B.E. condensation 
is related to superfluidity and to the excitation theory!®!” 


AND L: 
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of liquid helium. This will be done in another paper, 
where some of the results already obtained by Bogoly- 
ubov™ for weakly repelling B.E. particles will be ex- 
tended” to the case of interacting He‘ atoms. 
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Electron spin-spin interaction is discussed for the case of strong hyperfine broadening. The hyperfine 
interaction is represented by a resonance spectrum of width Aw and the electron interactions, which are taken 
to be dipolar, are treated by time-dependent perturbation theory. A characteristic relaxation time for 
electron spins, 7,=Aw/A*, is found, where A is a measure of the strength of the dipolar interaction. The 
time-dependent theory suggests a modification of the Bloch equations to give a phenomenological description 
of systems of this kind. Spin-spin relaxation is represented by a term which gives diffusion of spin excitation 
through the resonance spectrum. Slow passage, rapid passage, and free relaxation are considered by using 


the modified equations. 


I. INTRODUCTION 


HE Bloch equations! have given a satisfactory de- 

scription of saturation effects involving F centers 
in alkali halides.* One of the reasons for this success is 
that the dipolar interaction between F-center electrons 
is extremely weak compared with the lattice inter- 
action.* The effects of spin-spin interaction have not 
been observed in room temperature studies. Although 
the interaction is quite weak, it should be detectable at 
liquid helium temperatures. 

The purpose of this note is to consider the form 
expected for such an interaction. In the first part a 
treatment of dipolar interaction is developed in terms 
of time-dependent perturbation theory. The results of 


* This research was supported by the U. S. Air Force through 
the Office of Scientific Research of the Air Research and Develop- 
ment Command. 

t Present address: Department of Physics, University of Cali- 
fornia, Berkeley, California. 

1 F. Bloch, Phys. Rev. 70, 460 (1946). 

2A. M. Portis, Phys. Rev. 91, 1071 (1953). The identification 
of T: in this reference with the mean dipolar field is in error. As 
established in the present treatment, 72 should equal T; for 
F centers in KCl at room temperature. This yields a corrected 
value of 8X10 sec for T}. 

3 A. G. Redfield, Phys. Rev. 98, 1787 (1955). 


this treatment are applied to a macroscopic description 
of the interaction in terms of a modification of the 
Bloch equations. In the final section, these equations 
are applied in an examination of slow passage, rapid 
passage, and free relaxation. 


II. MICROSCOPIC THEORY 


We consider a system suggested by the interaction 
between F-center electrons in alkali halides. The inter- 
action between electron spins is taken to be dipolar. 
There is a contact-type hyperfine interaction between 
electron and nuclear magnetic moments.‘ For simplicity 
electron spin-orbit coupling is neglected. The magnetic 
Hamiltonian in an external field Hp is given by 


167 
=> g8s;-Ho— Bur Wilt, | 2s. T,/Ti 
3 il 


u 


gBs; 3g8ri;(Tij- 8;) 
1 g68;-| —-_—_—__ 
+32 8 : 


0) Viz Vij 


(2.1) 


3 


‘Kip, Kittel, Levy, and Portis, Phys. Rev. 91, 1066 (1953). 
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Here y;(r,) is the amplitude of the wave function of 
the ith electron at the /th nucleus. A time-dependent 
treatment is cast in the following way: Given that the 
ith spin is in the state S,= +} at /=0, we wish to know 
its mean life in this state. We separate the Hamiltonian 
into a zero-order part: 


Ro= Dd; gBsFHo— (169 /3)>. i: Bur! Wiley) | 2577 F/T 


+32 is 9°B?(1—37:;7)/ris* Js?57, (2.2) 


where the z direction is the direction of Hp and y;; is the 
direction cosine of r;; with the field. Of the remainder 
of the Hamiltonian, we need consider only the nearly 
secular part: 


— 22013 [eB (1—3y:;7)/40i37 1] 
XK (S7Sj7+S5,75;7). 


apl 
ce’ = 
(2.3) 


The other terms in the magnetic Hamiltonian connect 
states differing by the order of the Zeeman energy. 
As long as the external magnetic field is large compared 
with the dipolar and hyperfine interactions, these 
terms may be neglected. 

The zero-order Hamiltonian is diagonal in a repre- 
sentation characterized by the individual s,7. The local 
magnetic fields are distributed around the magnitude 
of the external field with a width dependent on the 
hyperfine and dipolar interaction. The wave function 
of the system may be written as a linear combination of 
the eigenfunctions of the zero-order Hamiltonian with 
coefficients which depend on the time: 


V=>),4,(t)Vne 


iEnt/h (2.4) 
where 

Vn=[Li ¥n(rj)on(s;), (2.5) 
and a,,(s;) is the spin function of the jth electron in the 
nth state. The spin function may be a; or 6; corre- 
+4. We take the system to be in the 
0. Since spin-orbit interaction is being 


sponding to sj? 
mth state at f 
neglected, we may write just the spin function: 


Vn=a][jon(s;). 


In order to determine the mean life of the 7th spin in 
the state a, we calculate the transition probability to 
all states 


¥n=BiIL; on(s;) 


for which, to first order, 


1 t 
J nm (U’)eienmt’ dt’, 
ih J 


The perturbation connects states m and which have 
apart from the ith spin only one other spin reversed in 
the opposite sense: 

Se a8 jl I, O m( Sk ly 

WV - Ba] I On(Si y 


a,(t) 
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and om(sx)=on(s.) for k¥i or j. The initial state is 
connected to approximately 3.V states in this way, 
where .V is the total number of spins and we have 
assumed equal numbers of up and down spins. The 
total initial transition probability for the ith spin: 

1 sin? (dw 

d Bi? 

i 


where 
B;;= 2B? (1—34;;7)/2hr;;?. 


We now average the above expression over spins in 
approximately the same local field. If the electron 
spin concentration is sufficiently dilute, there is very 
little overlap of wave functions. Then w;j;=wj—a; 
(E,—Enm)/h, the difference in Larmor frequencies of 
the ith and jth spins, is completely uncorrelated with 
r;; and y;;. The average initial transition probability, 


1 sin? Bay [) 
(d B; x4 ) 
Vi v) W ? Av 


where the average over w;; is a weighted average. The 
appropriate weighting function is the density of states 
given by the zero-order Hamiltonian. This is the same 
function of w as f(w), the normalized resonance absorp- 


tion spectrum. Although the spectrum is, strictly speak- 


ing, discrete, the energy separation between states will 
usually be small compared with the mean life of a 
state and may be taken as continuous. At the other 
limit, the mean life must be long compared with the 
width of the spectrum. Under these conditions, we 
obtain 


* 9 : or 
(— (Sw - Ff sin L9\w > iu 
Ww Fa Ay L (Wj; Wj) . 


The summation in Eq. (2.7) is just one-half the second 


(2.8) 


moment of the transverse dipolar interaction, (Aw”),,. 
The factor of two arises because the sum is only over 
down spins. Finally we may write for the initial transi- 
tion probability of spins with resonant frequency w, 


br( Aw?) f (w). (2.9) 


\W) py 


Now that we have an expression for the average 
initial transition probability, we wish to find the mean 
life of a spin state. In order to relate these two quanti- 
ties, we must investigate the distribution in local 
dipolar fields. For a regular array of dipoles, the distri- 
bution in transverse dipolar fields is Gaussian and the 
mean life However, if the dipoles are 
randomly distributed, 7, may be quite different from 
1/(w)w. The case of dipoles distributed randomly over 
a regular lattice has been investigated by Kittel and 
Abrahams® by the method of moments. We briefly 


T™~1 (WW) ay. 


5C. Kittel and E. Abrahams, Phys. Rev. 90, 238 (1953 
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review their method, which we apply to the present 
problem. The fourth moment of the dipolar inter- 
action is 


3S Z 
(Aw*)w=— > (S B;;?)?-—— d Bis, (2.10) 
N i i N ii 


where the sums are over those lattice sites actually 
occupied by magnetic dipoles. If f is the fraction of 
sites occupied, 


(Aw*)y=f¥ ; Bi’, (2.11) 
(Aw)4=3/2(D ; Bi?) +/1—-3/)E; Bij, (2.12) 


where the sums are now over all lattice sites. Performing 
the sums in Eqs. (2.11) and (2.12) for a simple cubic 
lattice with the magnetic field along a cube edge, we 
obtain : 

(Aw*) /3 ((Aw*)s,)?=0.796+0.068/ f. 


For a Gaussian distribution in local fields, the right 
side should be unity. For small fractional concentra- 
tions, the ratio deviates considerably from what is 
expected for a Gaussian. Anderson® has argued from 
the statistical theory of line broadening that the distri- 
bution in local fields should in this case be Lorentz 
near the center with a Gaussian falloff in the wings. 
We fit the calculated second and fourth moments by 
a distribution 


I(w)=1 
I(w)=0, 


(w?-+ A’), 


w"*<a?: 
° 9 
w>a’*. 


We obtain A=7.2fA and a=2.8A, where A = g’8?/2ha’*. 

We are now able to see the nature of the error intro- 
duced by taking 7,=1/(w)« for randomly distributed 
spins. The distribution in local dipolar fields has a 
half-width corresponding to the mean separation be- 
tween dipoles. The distribution drops off slowly above 
this value with contributions extending up to the order 
of the nearest neighbor interaction. The transition 
probability (w),, is the average over all local dipolar 
fields. The main contributions to this integral arise 
from spins with local fields well out in the wings of the 
distribution. These spins, few in number, undergo 
transitions very rapidly. The main body of spins, how- 
ever, undergo transitions at a rate associated with the 
half-width in the energy distribution. Then 


1 A? 
—™~ (Way 


(Aw? ay 


=A*f(w). (2.13) 


In obtaining this expression for the mean life of a 
spin with resonance frequency w, we have made a 
number of assumptions which it may be well to sum- 
marize. In order to treat the problem by time-dependent 
perturbation theory, the lifetime must be long com- 


6 P. W. Anderson, Phys. Rev. 82, 342 (1951). 
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pared with the width of the spectrum Aw, 


i <A? 
—~— < Aw. 
tT, Aw 


This then requires that A< Aw; the concentration must 
be low enough that the mean dipolar field is small 
compared with the width of the spectrum. We have 
further assumed that the electron spins are randomly 
distributed and that the difference in Larmor fre- 
quencies of any two spins is completely uncorrelated 
with their relative positions in the lattice. 


III. MACROSCOPIC THEORY 


The form of a macroscopic theory is suggested by the 
arguments leading to Eq. (2.8). The main contribution 
to the integral arises from w; within 1/7, of w;; that is 
to say, when the ith spin flips, and this happens in a 
mean time 7,, another spin within 1/7, of the same 
place in the spectrum flips in the opposite direction. 
The resonance frequency of this second spin may be 
higher or lower than w; with equal probability. We may 
now start over with this second spin and watch it flip. 
It will now flip within a time 7, against some third spin 
which will be with 1/7, of its position in the spectrum. 
What has been described is evidently just a one- 
dimensional random walk along the resonance spectrum 
of one unit of spin angular momentum. The mean free 
path A=1/r7, and the velocity w=1/7,". We define a 
spectral spin density at frequency w: 


S?¥(w) = N f(w){5*)w, (3.1) 


where (s*),, is the expectation value of the z component 
of an individual spin at w. The transfer of spin excitation 
through the resonance spectrum may be represented by 
the diffusion equation: 


OS?(w) 9 | 1 — S?(w) 0S,7(w) } 
Serre cha . 
3) 


2) 


at Owl7,*L dw S;7(w) dw 
where 


Ss(w)=3.N f(w) tanh[h(wto,')/2kT, |. 


This equation automatically conserves angular mo- 
mentum. Also, when S*(w) becomes proportional to 
S,‘(w) there is no further diffusion of spin excitation. 
The form of S,‘(w) is indicated by the general require- 
ment that the equilibrium distribution be the most 
probable distribution under the existing constraints 
and that spin-spin interaction cannot displace the 
equilibrium distribution of spins in contact with a heat 
reservoir, no matter how weak the contact. T, is called 
the effective spin temperature. The spin frequency w,’ 
is introduced as a second parameter to fix the final spin 
distribution. Conservation of both energy and angular 
momentum requires two adjustable parameters. That 
Eq. (3.2) is not strictly correct may be seen from the 
fact that it does not automatically conserve energy in 
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the same way that it does angular momentum. The 
. best that we can do in trying to describe the relaxation 
by a diffusion-type equation is to choose 7, and w,’ in 
such a way that energy is conserved between the initial 
and final states. However, if the initial state differs 
from the equilibrium state over only a small region of 
the spectrum, the diffusion equation approximately 
conserves energy for the initial spread of the excitation. 
We next consider the behavior of the spin system in 
the presence of a small transverse radio-frequency 
magnetic field. The macroscopic spectral spin density 
S(w) will now depart from the instantaneous field 
direction. We write the rate of change of the spin as 
the sum of three terms: 
dS (w) 


dS(w) dS(w) 
7 an 


dt dt fields dl 


lattice 


dS(w) 
+ . (3.3) 
dt Ispins 


The first two terms are just those given by Bloch! 


except for the use of spin densities here: 


dS(w) 
=7S(w#) XH, 


dt Sfields 
where H,=2H;, cosw;t, H,=0, and H,=w/y; and 


dS(w) S(w) — Si(w) 
(3.5) 


dt lattice Tl 


where for equilibrium with the lattice the spins point 
along the z direction with a spectral density 


Si(w)=3.N f(w) tanh (hw/2kT)). 


In order to discuss the form of the spin-spin interaction 
in the presence of a radio-frequency field, it is useful to 
requantize the Hamiltonian along the effective field 
direction in the rotating frame. As long as the radio- 
frequency field is large compared with the magnitude 
of the dipolar fields, the secular part of the transformed 
Hamiltonian continues to have the form of Eq. (2.3). 
The spin-spin interaction then continues to conserve 
angular momentum and we may retain Eq. (3.2) for 
the z component of the angular momentum. The only 
modification is that S,?(w) is now a function of the time 
and must be evaluated from the instantaneous energy 
and z component of the total angular momentum. The 
equations for the transverse components of spin take 
the form: 


OS™ 4(w) S*4(w) AS,74(w) 


OS™4(w) A 1 
Sa ae } (3.6) 


al Owl," Ow S,7'4(w) Ow 
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MAGNETIC RESONANCE 
where 
Si7"(w) =3.V f(w) tanh(hw,?"/2kT,). 


Since all spins see the same transverse magnetic fields 
there is automatic conservation of energy for diffusion 
of the transverse spin components. 


IV. APPLICATIONS 


As applications of the modified Bloch equations, we 
consider three experimental situations, slow passage, 
rapid passage, and free relaxation. We first consider 
what happens when a portion of the spectrum is 
saturated by an intense radio-frequency field. If there 
were no spin-spin interaction, we would obtain as a 
steady state solution of Eq. (3.4): 


1+ (w—w)?7/" 
Si(w) ; (4.1) 
1+ (yAi71)? + (w—a)?7/ 


S*(w) = 
and in a frame rotating at frequency —: 


S* (w)=yHir; 


+- (q—wy)*7/" 


SY (w)=yAir1 S*(w). (4.3) 


1 + Cae w1)*7/ 


At frequencies far from w;, the transverse components 
of S(w) will be small. In looking at the variation in 
S?(w) well away from the radio-frequency, we can 
neglect the field term. Assuming that S;(w) and 7, are 
slowly varying compared with S,(w), we have 
07S? (w) 


dS? (aw) S?(w)—Si(w) 1 


— i 


dt Tl , Ow" 
Under steady state conditions, we have 


Si(w)— S.(w)~expl+ (ta/71)'w/yHij, (4.5) 
where ta= (yH7,)?7, is the time required for the spin 
excitation to diffuse a distance yH. The approximations 
made in obtaining an exponential approach of S*(w) to 
Si(w) require that the distance along the spectrum to 
which energy can diffuse in a time 7; be large compared 
with yH, but small compared with the width of the 
spectrum. Under steady state conditions, energy is 
transferred to the lattice at a rate 


Si(w) — S#(w) 
Pye J he rs 
Tl 


~ 2980: Si(w1)/(TiTa)?. (4.6) 


The power absorbed from the radio-frequency field may 
be written as 
Ps Sonx’’ (ws (2H, )?. 
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Since these two powers must be equal, 


x” (wi) ~gBSi(w1)/Hi(ri7a)!. (4.7) 


The imaginary part of the susceptibility may be ob- 
tained alternatively from the expression 


g8 
x” (w1) =— f sae. 
? 7; 


< 


We obtain from Eqs. (4.2) and (4.3) the corresponding 
result in the absence of spin diffusion 


x’ (w1)~FrgBSi(w1) Ayr. (4.8) 


By comparison we see that when the diffusion time is 
short compared with 7;, x’’(w:) is increased by a factor 
(r:/7a)'. We expect from this that saturation effects 
set in for yH,~1/(ri72)! rather than for yH,~1/7; as 
in the absence of spin diffusion. These results are very 
similar to what one obtains from the Bloch equations 
with a transverse relaxation time rg. The present theory 
gives a dependence of 74 on H, which is not present in 
the Bloch theory, however. 

We now reduce the magnitude of the radio-frequency 
field out of the saturation range rapidly compared with 
the spin-lattice relaxation but slowly enough that the 
decrease is adiabatic. The relaxation will now proceed 
with essentially the time constant 7; even though the 
diffusion time zz may be much shorter than 7;. This 
may be seen from the fact that during the steady state 
period the spectrum is saturated over an interval equal 
to the distance spin excitation can diffuse in a time 7). 
When the radio-frequency field is reduced, the saturated 
region relaxes by two mechanisms, transfer of energy 
out to the unsaturated regions and transfer of energy 
to the lattice. But the time for spin excitation to diffuse 
out of the saturated region is just 7;. 

In order to observe the effect of spin diffusion on the 
time dependence of the response of the spin system, 
we consider rapid-passage conditions. If the frequency 
is swept through the resonance spectrum of a system of 
noninteracting spins so rapidly that it traverses yH, in 
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a time short compared with 7;, the effect of the passage 
is to reverse the sign of S,(w) through the spectrum. 
If we now introduce spin diffusion effects and assume 
that ra is short compared with 7;, we see that the 
situation is modified. It is now possible for spins in 
advance of the radio-frequency which have not been 
inverted to exchange with spins behind which have 
already been inverted. This exchange acts like the 
partial saturation obtained at passage rates of the 
order of 7;. In order to avoid saturation, passage must 
be rapid compared with both 7; and 7g. This result is 
somewhat different from that of the Bloch theory. The 
reason for this difference is that there is no place in the 
Bloch theory for a spin-spin interaction which affects 
the z spin components. Here all three spin components 
are affected symmetrically by the interaction. 

We finally make an estimate of the strength of 
diffusion effects based on resonance studies of F centers 
in KCl.? Taking the resonance spectrum to be Gaussian, 
we obtain f(w)=[(27)!Aw}'~10~ sec at the line 
center. For an F-center concentration of 10!8/cm', 
A~10® sec-!. Then 7,=[A*f(w)}'~10-* sec. In a 
microwave field 2H,~0.02 oe, ta= (yHirt;)?7s~30 sec. 
Compared with a spin lattice time of 8X 10~ sec, it is 
clear that spin diffusion effects are unobservable at 
room temperature as long as the interactions are purely 
dipolar. The condition that diffusion effects be ob- 
servable under saturation conditions is simply that 
T1>Ts, as may be seen from the following argument. 
We want ta<7, with yHi~(ri7a)7?. Then 1/71<yH1 
<1/ra. But from the expression for tz we obtain yH, 
<1/r, and this establishes the condition. At liquid 
helium temperatures the spin lattice time should be 
longer than at room temperature by at least two 
orders of magnitude. This brings the spin lattice time 
into the millisecond range. Diffusion effects arising 
from pure dipolar interaction should then be observable 
for F centers of moderate concentration. 

I wish to thank E. N. Adams, P. W. Anderson, 
*. Keffer, E. Gerjuoy, A. G. Redfield, and C. P. Slichter 
or discussions of this work. 
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Negative Absolute Temperatures 
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Ramsey’s criteria for systems capable of negative absolute temperatures are justified. This is done by 
showing that a thermodynamic proof that the temperature must not be negative breaks down for systems 


satisfying Ramsey’s conditions. 


AMSEY! has recently discussed the thermody- 
namics and statistical mechanics of negative 
absolute temperatures in a detailed and fundamental 
manner. It appears to the writer however, that Ram- 
sey’s argument in support of the correctness of the 
concept of negative temperature is inadequately stated 
at one point and therefore open to criticism. It is the 
purpose of this note to clarify the point and so to 
remove a possible objection to the use of this novel 
concept. 
Ramsey says that the condition that the temperature 
T be nonnegative is postulated in thermodynamics,” 
although usually not explicitly, and that this postulate 
is not necessary for most of the theorems of thermo- 
dynamics.’ There is, however, one important way of 
developing thermodynamics in which the statement 
T>0 is a theorem and not a postulate.‘ In order to 
justify Ramsey’s use of negative temperatures, it is 
therefore necessary to analyze the proof of this theorem 
and to show that the proof fails precisely when the 
system is capable of negative temperatures according 
to Ramsey’s criteria. 
The proof is based on the following postulates: 


1. Every closed system evolves into a state of 
equilibrium in which, among other properties, internal 
macroscopic motions cease. 

2. In this equilibrium state, the entropy S has its 

1N. F. Ramsey, Phys. Rev. 103, 20 (1956). 

2 See, for example, E. A. Guggenheim, Thermodynamics (Inter- 
science Publishers, Inc., New York, 1949), pp. 11, 12. 

3’ Ramsey discusses those aspects of thermodynamics which 
need revision when negative temperatures are used, e.g., the 
Kelvin-Planck form of the Second Law. 

4L. Landau and E. Lifshitz, Statistical Physics (Oxford Uni- 
versity Press, New York, 1938), Chaps. II, III, especially p. 29. 


maximum value consistent with the given values of 
the energy and all other extensive variables of the 
system. 
3. The thermodynamic temperature 7 is defined by 
the equation 
1/T= (0S/dU)., 


where U is the internal energy and «x stands for all 
other extensive variables. 


The proof is given in detail by Landau and Lifshitz, 
but the essential idea can be stated simply.® If the 
temperature were negative, then any process in which 
U decreased (at constant x) would have to be accom- 
panied by an increase in S, the entropy. One such 
process is the conversion of the internal energy into 
kinetic energy of internal macroscopic motion, i.e., 
the reversal of the trend to equilibrium. Hence, if T 
were negative, and if the system could decrease U by 
conversion to kinetic energy, then the foregoing postu- 
lates 1 and 2 would be violated; therefore 7 cannot 
be negative. 

This proof does not apply to systems which, on the 
basis of Ramsey’s criteria, are capable of negative 
temperatures. Such systems must have an upper limit 
to the energy of their allowed states and must also be 
thermally isolated from all systems which do not have 
such an upper limit to their energy levels. Since kinetic 
energies do not have such an upper limit, Ramsey’s 
systems cannot convert their internal energies into 
kinetic energy. Thus the argument used in the fore- 
going proof is inapplicable, and negative temperatures 
are possible for systems satisfying Ramsey’s criteria. 

5 This formulation is based on unpublished lecture notes by 
L. Tisza, 1946. 
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The absorption spectra of thin evaporated foils of Si and Ge 
have been investigated in the soft x-ray region extending from 
70 A to 200 A. The thicknesses of the various absorbers ranged 
from several hundred to several thousand angstroms. The spectral 
region covers the L2; and M2; absorption discontinuities of 
Si and Ge, respectively. The Le; edge of Si appears at 123 A, 
while the Mz; edge of Ge is centered at 101.5 A. The linear 
absorption coefficients on the high-energy side of the respective 
edges of Si and Ge are 1.4105 cm™ and 1.8X105 cm™. The 
emission spectrum of a Ge target was also studied in the 60 A to 


600 A region. Two bands, whose peaks fall at 102.4 A and 104.3 A, 
have been identified as the M2 and VM; emission spectra, corre- 
sponding to transitions from the valence band into the Me and 
M; levels. With the aid of the present measurements and Skinner’s 
data on the LZ emission bands of Si, it has been possible to arrive 
at an estimation of the magnitude of the energy gap in each semi- 
conductor on the basis oi the observed interval between emission 
and absorption edges. The range of forbidden energies as deter- 
mined by the spectroscopic method is found to be 1.0 ev and 
0.8 ev for Si and Ge, respectively. 





INTRODUCTION 


HE purpose of this paper is to present the results 

of experimental studies dealing with the soft 
x-ray emission and absorption spectra of the elemental 
semiconductors, silicon and germanium. Certain aspects 
of this investigation have already appeared in prelimin- 
ary reports.' The spectral measurements fall in the 
neighborhood*of 100 A and involve (1) the Ls, 3 absorp- 
tion edge of Si, (2) the M2; absorption edge of Ge, 
and (3) the M23 emission band of Ge. The spectra 
referred to have not been examined previously and 
their investigation was undertaken in the course of a 
sequential study of valence band spectra belonging 
to the light elemental solids. 

Both silicon and germanium possess the diamond 
type of lattice structure. Each atom has four valence 
electrons (353? in the case of Si and 4s*4p? in the case 
of Ge). Calculations of the electronic energy bands of 
Si were first carried out by Mullaney’ who applied the 
Wigner-Seitz-Slater method to obtain a description of 
the energy bands using combinations of s, p, and d 
atomic wave functions. This initial calculation led to 
an energy spread of the filled levels amounting to about 
16 ev, and a forbidden energy zone of 11 ev. More 
recently** Holmes, Yamaka and Sugitta, Bell and 
others have recalculated the band structure of Si 
and have obtained for the magnitude of the energy 
gap the values of 10, 1.08, and 1.3 ev, respectively. 
For germanium there exist®* more involved analyses 
of the electronic structure of the valence and conduction 
bands. However, in both cases the theoretical studies 
have not as yet led to the determination of the level 


*The research was supported by the Office of Ordnance 
Research, U. S. Army. 

1D. E. Bedo and D. H. Tomboulian, Phys. Rev. 95, 621 
(1954); 100, 1257(A) (1955); and Bull. Am. Phys. Soc. Ser. IT, 
1, 225 (1956). 

2 J. F. Mullaney, Phys. Rev. 66, 326 (1944). 

3D. K. Holmes, Phys. Rev. 87, 782 (1952). 

‘E. Yamaka and T. Sugitta, Phys. Rev. 90, 992 (1953). Bell, 
Hensman, Jenkins, and Pincherle, Proc. Phys. Soc. (London) 
A67, 562 (1954). 

5 F. Herman and J. Callaway, Phys. Rev. 89, 518 (1953). 

6 F. Herman, Physica 20, 801 (1954). 


density function which is just what is needed for a more 
direct comparison with experimental results obtained 
from valence band spectroscopy. 


EXPERIMENTAL 


Descriptions of the experimental procedures followed 
in soft x-ray emission and absorption spectroscopy are to 
be found in several survey articles’ and only details 
which are pertinent to the present work will be men- 
tioned here. The silicon and germanium absorbers 
were prepared by vacuum evaporation of high purity 
crystals. The reasonably dense line spectrum emitted 
by a condensed spark discharge in a Pyrex capillary 
served as incident radiation in carrying out absorption 
measurements. The photometric procedures used in 
determining the wavelength dependence of the absorber 
transmission were those outlined in previous papers.*. 
The instrumental arrangement and the reduction 
scheme employed in the study of the Ge emission 
spectrum resembled closely those described in an 
earlier paper.” 

The absorbing silicon layer was supported by a thin 
zapon substrate. Rather than evaporate directly onto 
the substrate, it was found convenient to deposit the 
layer on a glass surface previously coated with 
“Victawet,” a water soluble wetting agent. After 
removing the sample from the evaporation chamber, 
a dilute solution of Zapon was sprayed over the silicon 
layer to provide additional strength and to retard 
surface oxidation. By immersing the glass plate in 
water, the film was floated off and mounted on a 
suitable holder. 

The particular mode of preparation makes it difficult 


7 For a recent summary see H. Niehrs, Ergeb. exakt. Naturw. 
23, 359 (1950). This paper contains a good bibliography of the 
literature and includes references to earlier reviews of the field. 
See also the article by D. Tomboulian which is to appear shortly 
in Handbuch der Physik (Springer-Verlag, Berlin, to be published), 
Vol. 30. 

8 PD. H. Tomboulian and E. M. Pell, Phys. Rev. 83, 1196 (1951). 

9R. W. Johnston and D. H. Tomboulian, Phys. Rev. 94, 
1585 (1954). 

1 W. M. Cady and D. H. Tomboulian, Phys. Rev. 59, 381 
(1941). 
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to measure the thickness of the silicon layer by weighing 
or by interferometry. Since molten silicon dissolves 
readily in tungsten, the material must be distributed 
within the evaporator so that only limited amounts of 
silicon come into contact with a given portion of the 
tungsten filament. As a result the spatial distribution of 
the vapor is anisotropic, and the calculation of the 
absorber thickness based on the geometry of the 
evaporator does not lead to reliable results. Hence the 
thicknesses of the silicon absorbers used in these 
experiments are to be regarded as estimates good to 
about 10%. 

The germanium absorbers were prepared somewhat 
differently, since samples obtained by deposition onto 
a substrate at room temperature are likely to possess 
a granular structure. It is known" that if germanium 
vapor is condensed on a substrate which is heated to 
400°C prior to and during evaporation, the resulting 
foils show crystalline properties. Consequently, the 
technique followed in this case consisted of coating a 
Pyrex plate first with the wetting agent and then with 
a film of plastic. The plate so treated was then heated 
to 400°C in the vacuum chamber and maintained at 
this temperature during evaporation. The matrix was 
subsequently removed from the plate following the 
scheme adopted in the case of silicon. The foils obtained 
by the above process appeared reddish-pink by trans- 
mitted light. 

Electron diffraction studies’ of the oxidation of 
single crystals of Ge at room temperature have indicated 
that no detectable oxide film is formed unless the 
surface is given special treatment. In the case of 
amorphous films of Ge and Si, Dash" has observed that 
the thickness of the oxide formed is a lunear function 
of the thickness of the pure substance; and an hour’s 
exposure to pure oxygen results in the formation of 
60 A and 200 A oxide layers respectively on Ge and Si 
samples whose initial thickness was 1000 A. We have 
no knowledge concerning the crystalline structure of 
our silicon films. If granular in nature, an oxide layer 
amounting to about 10% of the absorber thickness 
may be formed during transfer of the specimen from 
the evaporation chamber to the vacuum spectrograph. 
The influence of possible surface contamination upon 
the absorption exhibited by Si samples will be discussed 
later. However, in view of the observations cited above, 
the corresponding contamination in the case of Ge 
may be regarded as entirely negligible in measurements 
involving crystalline specimens. 

Since germanium evaporates readily, the foil thick- 
nesses were calculated from the evaporator geometry 
by assuming that the distribution of the vapor was 
isotropic and that the foil had the density of the bulk 


11H. Kénig, Reichsber. Physik 1, 4 (1944). 
2 W. H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1 
(1953). 

13 W. C. Dash, General Electric Research Laboratories, Report 
No. RL-857, April 1953 (unpublished). 
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Fic. 1. Absorption curves for Si and SiO: in the neighborhood 
of the Lo; edge. The silicon absorbers used in obtaining the data 
for curves (a) and (6) had approximate thicknesses of 1200 A 
and 400 A, respectively. The SiOz specimen was about 2500 A 
thick. 


material. The thickness determinations are expected to 
be reliable to within 5%. A check on the consistency of 
thicknesses of various absorbers will be presented. 
For the thicknesses used, exposure times of 2 to 3 
hours yielded satisfactory spectrograms at a sparking 
rate of 16 sparks per minute. 

The M23 emission band of Ge is of low intensity. 
Reasonably good photographic densities were obtained 
in the course of 8 to 10 hour exposures using a target 
current of 200 ma with bombarding electron energies 
of 1200 ev. During the entire exposure, fresh german- 
ium layers were deposited on the target face at 
frequent intervals. Particular attention was paid to 
cleanliness of the x-ray tube which was operated at 
a pressure of 1X10~® mm of Hg throughout the runs. 


RESULTS 


1. Absorption by Si in the Neighborhood 
of the L.; Edge 


Typical absorption curves are reproduced in Fig. 1. 
For the three curves shown, the ordinate (each with 
its appropriate zero) represents the experimentally 
determined quantity In(Jo/J). In this expression J 
represents the beam intensity after passage through 
the absorbing layers of silicon and Zapon, while Jo 
stands for the intensity of the radiation emergent from 
a second absorber having a much thinner layer of 

4 The high-purity Ge (impurities less than a few parts per 
billion) was provided by Dr. W. W. Tyler of the General Electric 
Research Laboratories and was made available to us by Professor 
E. L. Jossem, 
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silicon, but otherwise similar to the first. (See D. 
Tomboulian, reference 7 for a discussion of the scheme 
adopted in arriving at the absorption due only to the 
additional amount of semiconductor present in the 
first absorber.) The abscissa gives the wavelength of 
the incident radiation in angstroms. For the spectral 
range of interest, degradation of the beam due to 
scattering may be ignored. Since surface effects are 
compensated for by comparing two similar absorbers, 
the quantity In(Jo/J) is equal to ux, where yp is the 
photoelectric linear absorption coefficient and x the 
absorber thickness. 

Curve (a) shows the results for a Si absorber whose 
approximate thickness was 1200 A. The sudden increase 
in absorption which sets in at about 124 A is identified 
with the Ls; discontinuity. Owing to photometric 
errors, which can run as high as 10% in the case of 
weak lines, and the difficulty of obtaining a sufficiently 
dense incident spectrum, the curve can only be relied 
upon to portray the general behavior of the absorption 
in the neighborhood of the L2 ; edge. The measurements 
for an absorber having a thickness of about 400 A 
are given by curve (6). The results displayed by the 
absorption curves of the two specimens are in reasonably 
good agreement as to the location of the edge and 
several other coarse structures. To test the influence of 
surface contamination by the oxide, the absorption 
spectrum of SiO, was also investigated. The absorbers 
were prepared in accordance with the previously 
described techniques, except that crystalline quartz 
was used in the evaporation. The measurements for a 
thick (~2500 A) quartz film are plotted in curve (c). 
The Le, 3 edge of Si in SiO: is clearly visible. Relative to 
the edge observed in the spectrum of the element, 
the 2,3 discontinuity in the oxide is shifted toward 
shorter wavelengths by about 6 A (5.i ev). A similar 
displacement in the wavelength position of the edge 
has been detected by Barton and Lindsay” in the K 
absorption spectrum of Si. (The K edge is located at 
6715.2 x units and the corresponding shift is 12.5 « 
units or 3.45 ev.) The study of the shift in absorption 
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Fic. 2. The Z2,; absorption spectrum of Si plotted as a 
function of the incident photon energy. 


18 V. P. Barton and G. A. Lindsay, Phys. Rev. 71, 406 (1947). 
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edges arising from chemical combination has received 
considerable attention.'® In the case of the oxides of 
the transition elements, the K absorption edge of the 
metallic component is shifted towards higher energies. 
The magnitude of the displacement is found to increase 
with increasing valence and decreasing atomic number. 
The oxides are semiconductors and the energy shift is 
associated with the energy gap between filled and 
unfilled states. 

Though the measurements on the high-energy side of 
the edge in the absorption curve of the oxide are 
uncertain, a comparison of curves (a) and (c) shows 
that, except in the extreme short-wavelength region, 
there is little similarity between the absorption spectra 
of Si and SiO». Indeed, the transparency of the oxide 
diminishes rapidly for wavelengths higher than that of 
the edge. It may therefore be concluded that the 
particular Si absorber, whose spectrum is shown by 
curve (a), was free from significant contamination by 
the oxide. 

We have also examined a large number of silicon 
absorbers which have been exposed to air from a few 
days to several weeks. In all instances it has been 
possible to observe the Le 3 discontinuity characteristic 
of the element. In several runs, the oxide edge did 
appear somewhat more prominently than in the data 
presented in curve (a). The absorption curve (6) for 
the thinner Si absorber gives little evidence for the 
presence of oxidation. This observation seems entirely 
reasonable if one assumes that the distribution of 
grain sizes in the absorbing layer is independent of 
the layer thickness. The oxidation of the grain surfaces 
would be expected to proceed at the same rate for 
grains of a given size so that the actual amount of the 
oxide diminishes with decreasing thickness. It is 
expected that ~90% of the initial Si deposit in the 
sample of curve (b) is unoxidized. 

The curve in Fig. 2 shows the absorption data 
presented in curve (a) of Fig. 1, here replotted as a 
function of the incident photon energy. Reference 
will be made to the contents of this plot in conjunction 
with Skinner’s’’ results on the intensity distribution of 
the Le 3 emission band of Si. 


2. M2; Spectra of Germanium 


Reports have recently appeared'*. on the studies of 
the M2,; emission bands of various transition elements 
of the iron group and nearby elements. Corresponding 
absorption measurements” in the vicinity of the M25 
edge have also been carried out in the case of Fe, Ni, 


16 See reference 7 for a summary. 

17H. W. B. Skinner, Trans. Roy. Soc. (London) 239, 95 (1940). 

18 Skinner, Bullen, and Johnston, Phil. Mag. 45, 1070 (1954). 

19 FE, M. Gyorgy and G. G. Harvey, Phys. Rev. 87, 861 (1952) ; 
93, 365 (1954). 

20 TD, E. Carter and M. P. Givens, Phys. Rev. 101, 1469 (1956). 

21H. W. B. Skinner and J. E. Johnston, Proc. Roy. Soc. 
(London) A161, 420 (1937). 

2 J. E. Johnston, Proc. Cambridge Phil. Soc. 35, 108 (1939). 
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Cu, and Zn. An"extrapolation of the existing data on 
the Mvo,3 emission edges of the elements V to Zn, 
indicated that the corresponding edge in Ge should fall 
at about 100 A. Actually the emission spectrogram 
revealed a characteristic double-peaked intensity distri- 
bution extending from 102 A to 108 A, while in absorp- 
tion the discontinuity appeared at about 101.5 A. 

The first order Ge M2; emission band was superposed 
on a background of continuous radiation. Because of 
the relatively high atomic number of Ge, it is believed 
that in the main the background radiation consists of 
the x-ray continuum appearing in the first order. This 
background may also contain shorter wavelengths, 
which appear in higher orders of diffraction. It may also 
include x-rays (of all wavelengths) scattered by the 
grating. (A relatively intense background radiation is 
known to accompany the M emission spectra belonging 
to the metals of the 3d transition group. However, the 
continuum is feeble in the case of the K and L bands of 
the light metallic elements.) 
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Fic. 3. Ms; absorption spectrum of Ge. The foils used in 
obtaining the data for curves (a) and (b) were presumably 
crystalline in nature. Curve (c) shows the results for an amorphous 
sample. In each case, x, the value of the absorber thickness is 
indicated on the graph. 


Similarly, the characteristic absorption by the 3p 
electrons of Ge appears as a small discontinuity in the 
general background absorption by the 3d and valence 
electrons whose binding energies are comparable. In 
the presence of a large background absorption, it is 
necessary to select the absorber thickness so as to 
achieve the maximum difference in transmitted intensity 
on either side of the discontinuity. Assuming that near 
the edge the background absorption can be accounted 
for by a constant coefficient yo, a simplified calculation 
leads to the result that «pt, the optimum absorber 
thickness, should be approximately equal to 1/yo. 
From an experimental estimate of yo, the calculated 
value of xop+ is seen to fall in the neighborhood of 1500 A. 

Sample absorption curves showing the behavior of 
ux in the vicinity of the Ge M2; edge are given in the 
plots of Fig. 3. Curves (a) and (5) depict the results for 
two different thicknesses of crystalline absorbers, 
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Fic. 4. A plot of ux versus x, the thickness of the Ge absorber. 
The points represented by triangles give the values of ux for 
incident radiation of \=99.6 A located on the short-wavelength 
side of the edge. The corresponding information at A=103 A, 
on the long-wavelength side of the edge, is shown by the squares. 
The values of » deduced from the slopes are indicated on the 
graph. 


while curve (c) shows the measurements for a granular 
or amorphous sample approximately 1000 A in thickness. 
In the case of the crystalline samples, whose thicknesses 
were not very different from x,»:, the Ms,3 edge may be 
recognized as the most prominent abrupt change in 
ux. The discontinuity is spread over a 2-ev range of 
incident photon energies and is centered at 123 ev. 
The location of the edge is also apparent in curve (c). 
However, without the data on crystalline absorbers 
it would not have been feasible to identify the feature 
with certainty since the jump in wx at this photon energy 
is not much different from other fluctuations which are 
present in the absorption curve. The values of ux in 
curves (a) and (6) are the averages of several reductions. 
Though the absorption on the high-energy side of the 
edge appears somewhat irregii/ar in the case of curve (a), 
several secondary absorption maxima occurring at 
photon energies of 128, 138, 152, and 159.5 ev are 
present in all three curves and must be regarded as 
repeatable. 

Measurements were also made on somewhat thinner 
absorbers. As a check on the consistency of the data, 
the magnitude of ux was plotted as a function of 
absorber thickness x, for two wavelengths, \=99.6 A 
and A=103 A, located, respectively, on the high- and 
low-energy side of the edge. The graph is shown in 
Fig. 4. The resulting plots are linear and pass through 
the origin. The departures observed for samples of 
small thickness are understandable, since these sample 
thicknesses must be regarded only as reasonable 
estimates. The values of u, at 99.6 A and 103 A, are 
found to be 1.75X10® cm™ and 1.45x10° cm”, 
respectively. 
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Fic. 5. The M2; emission and absorption spectra of Ge. The 
dotted curves show the component M, and M; emission bands. 
The ordinates of the individual bands are in the ratio of two 
to one. The indicated positions of the M2 and M; absorption 
edges were located by the method described in the text. 


Three spectrograms revealed the well-resolved M,» 
and M; emission bands. The result of the reduction of 
microphotometer traces is reproduced in Fig. 5, in 
which the relative intensity distribution within the 
M:2,; band is plotted as a function of the energy of the 
emitted photon. For theoretical reasons,’ the ordinate 
actually represents the quantity /(£)/v’?, where E is 
the photon energy and » its frequency. The intensity 
within the band was found by applying a constant 
correction for the underlying continuum whose intensity 
was comparable to that of the band. This mode of 
correction may lead to unsatisfactory results since the 
background intensity is not necessarily uniform over 
the width of the band. Furthermore, the shape of the 
band, particularly at low intensities, depends sensitively 
on the magnitude of the correction subtracted out. 
Consequently, the appearance of the band at high and 
low energies may be in error and in particular it is 
difficult to evaluate the high-energy limit accurately. 


DISCUSSION OF RESULTS 


The emission and absorption processes which 
underlie the observations depicted by the curves in 
Figs. 2, 3, and 5 are associated with transitions into and 
from the Le; and M2; bound states (for Si and Ge, 
respectively). In each case the emission bands corre- 
spond to the radiation emitted when a valence band 
electron drops into a vacant inner level. In the absorp- 
tion process, the final state of the photoelectrically 
ejected electron is a level in the conduction band. 
For the semiconductors of interest, there must be an 
energy gap between the filled and empty bands. If 
hv, is the minimum energy difference between the 
inner state and the state of lowest energy in the conduc- 
tion band, then photons whose energies are in excess 
of hv, may be absorbed (subject to selection rules) by 
electrons populating the inner state g. For less energetic 
photons, the absorption process may involve valence 
electrons. 

The experimental results may be interpreted with the 
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aid of the schematic partial energy level diagrams shown 
in Fig. 6. For clarity, widths and separations of levels 
are not drawn to scale. For the emission bands, limiting 
values of photon energies for a given band are rep- 
resented by the adjacent pair of downward arrows. 
Upward arrows of magnitude equal to hv, designate 
the onset of absorption. The sources of information 
not derived from the present measurements are given 
under the caption to Fig. 6. 


1. Emission Bands: Widths and Shapes 


On the basis of the 7 and / values of the initial states, 
the observed emission spectrum should consist of two 
overlapping intensity distributions whose ordinates 
are in the ratio of two to one. Skinner’s"” results for the 
Lz and L; silicon bands indicate the value of 3 for the 
L;/L2 intensity ratio. In the case of Ge, the observed 
M>,; emission band shown in Fig. 5 can be resolved into 
component M», and M; intensity plots of the same shape 
if corresponding ordinates in the individual curves are 
taken in the ratio of two to one. (A somewhat arbitrary 
procedure is involved in the resolution, consequently 
the addition of the component curves as shown in 
Fig. 5 does not quite reproduce the observed intensity 
variation.) In either case, the absence of a large intensity 
anomaly may be construed to mean that the de-excita- 
tion by an Auger process of the j=} level relative to 
the 7=3 level is not favored. (This does not preclude 
the possibility of an Auger process in which one of the 
two valence electrons makes a transition into a vacant 
j=} or j=} state, while the second is ejected into the 
conduction band. The effect of such a process would be 
to increase the width of each inner level.) 

The Ge M and Si L emission bands differ considerably 
in shape and width. According to the dipole selection 
rules, the shape of the observed intensity distribution 
should be related to N,,a(E£) partial level density 
function since, in each instance the final state is a p 
state. The “reduced width” of the Si L bands is equal 
to 16.7+1 ev, and the intensity over the low-energy 
portion of the band rises as E}, as is found to be the 
case in the L spectra of the preceding metallic elements, 
Mg and Al. On the high-energy side of the peak, the 
emission intensity falls off more gradually, a behavior 
which is characteristic of semiconductors. 

Because of the background correction and tailing 
effects, the shape of the Ge M bands cannot be deter- 
mined with certainty at the extremities of the spectrum. 
The band shape is asymmetric except in the region of 
the peak. The band width at half maximum is 1.3 ev. 
This figure includes the width of the M level. The 
terminations cannot be defined sharply, and the 
region near cutoff shown in the plot of Fig. 5 represents 
the average of two reductions. An over-all width of 
about 7 ev is indicated by inspection of the individual 
Mz or M; emission curves. This must correspond to 
the spread in energy “of the admixture of valence 
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states having s and d symmetry. Unfortunately, no 
information is available for the Ge Le 3 bands which 
should be comparable with the M23 bands in shape 
and width. 

The measurements of Bearden and Shaw” on the 
Ge Kz, Kgs lines (as reproduced by Beeman and 
Friedman™) show that the K band, as observed experi- 
mentally, has a full width of about 4 ev (at half- 
maximum) which includes the influence of the width 
of the K level. (The width of the K level is not known, 
but its value may be estimated to be 2 ev by extrapola- 
tion from the widths of neighboring elements.) The K 
band reflects the characteristics of N,(£), the partial 
level density of p states within the valence band, so 
that the energy spread of p states must be a few ev. 
The existing evidence therefore points to the conclusion 
that the valence band of Ge is narrower than that of 
Si—a feature which represents an intrinsic difference 
between the electronic level structure of the two 
semiconductors. Results derived by Herman® show that 
the wave function belonging to the highest state in 
the valence band has the character of atomic p orbitals 
with some admixture of d orbitals. If the contributions 
coming from the admixture of d states are sufficiently 
intense so as to be detected, then the observed width 
of the M bands and the width of the valence band 
should be equivalent. In any case, the results derived 
from the study of K and M valence spectra must be 
regarded as complementary information of an experi- 
mental nature. 


2. Estimation of the Energy Gap 


If the electronic band structure of a substance has an 
energy gap between filled and empty states, absorption 
should begin at a wavelength which is shorter than the 
wavelength corresponding to the end of the emission 
spectrum. However, the actual observation of the 
limiting wavelengths is complicated by a number of 
factors. These include (1) the lack of a sharp drop at 
the emission edge arising from characteristics of the 
valence band structure and a usually negligible tempera- 
ture broadening, (2) the total width (radiation and 
Auger) of the inner level involved, and (3) instrumental 
characteristics such as the finite line width of the 
spectrograph and the density of lines emitted by the 
source used for the absorption measurements. In 
addition, frequently the doublet character of the x-ray 
levels produces an overlapping of two individual 
emission and absorption edges. Difficulties may also 
arise from the presence of satellite bands, background 
continuum and self-absorption by the target. 

Ordinarily in the soft x-ray region the instrumental 
“window” can be made sufficiently narrow (half-width 
approximately 0.05 ev) so that the direct observation of 


23 J, A. Bearden and C. H. Shaw, Phys. Rev. 48, 18 (1935). 
2 W. W. Beeman and H. Friedman, Phys. Rev. 56, 392 (1939). 
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Fic. 6. Partial energy level diagram for Si and Ge. The lowest 
level of the conduction band is taken as the zero of energy. All 
numerical values are expressed in ev. Widths and separations 
not drawn to scale. The data representing the limiting transitions 
associated with the Ze and ZL; valence bands of Si are taken 
from Skinner.'? The indicated widths of inner levels must be 
regarded as estimates. The term values for the M,,; levels of Ge 
are taken from J. C. Slater, Phys. Rev. 98, 1039 (1955). 


the gap is obscured mainly by the intrinsic width of the 
inner levels. In the case of Si and Ge, the inner level 
separations are comparable to the width of forbidden 
energies. 

An examination of the energy diagram in Fig. 6 
indicates that A+d is equal to the energy interval 
between the ZL; emission edge and the L» absorption 
limit. Thus, the energy gap may be calculated if the 
spectral positions corresponding to these two edges can 
be established. In Si, Skinner’? has located the Zz and L; 
emission edges on the basis of small but sharp drops in 
the intensity near the high energy end of the band. 
His observations imply that it is reasonable to assume 
a width of about 0.02 ev for the Lz and J; levels. 

By introducing a number of simplifying assumptions, 
Richtmyer, Barnes, and Ramberg” have shown that in 
the neighborhood of an absorption limit, the frequency 
dependence of the absorption coefficient assumes the 


25 Richtmyer, Barnes, and Ramberg, Phys. Rev. 46, 843 (1934). 
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where » is the frequency of the incident photon, I’ the 
width of the x-ray level and vo is the frequency corre- 
sponding to the energy difference between the lowest 
state in the conduction band and the center of gravity 
of the inner state of width I'g. By adjusting the param- 
eters C’ and Ig, it is possible to find a curve of the 
above form which fits the observed absorption curve 
closely and thereby determine the value of Ig. The 
width of the absorption limit is defined as the frequency 
interval intercepted by ordinates whose magnitudes 
are equal to } and 3, respectively, of the asymptotic 
value C’. This interval is equal to I'z. 

For Si, ['g is known independently so that one can 
predict the widths of the individual LZ, and L; edges. 
Here '~0.02 ev, hence the widths of the individual 
absorption curves are correspondingly narrow. The 
observed absorption curve for Si (see Fig. 2) is found to 
be a superposition of steeply rising ZL; and ZL, compo- 
nents whose intensities are in the ratio of two to one and 
whose centers are shifted by the L;— Zz interval. The 
instrumental resolving power was more than adequate 
to show the individual edges. However, because of the 
insufficient density of the spectral lines, it was not 
possible to obtain sufficiently closely spaced values of 
of In(Jo/J) so as to determine the structure of the Ls ; 
edge with assurance. On the other hand, the observed 
discontinuity has an over-all spread of about 0.8 ev, 
which is nearly the separation of the L2 and JL; levels in 
agreement with expectation. 

By taking into account the intensity ratio, and by 
assuming abrupt rises at each edge, the position of the 
L, edge was located at 101.4 ev. The L; edge in emission 
is at 99.65 ev. Hence A(Si)+d(Si)=1.75 ev or A(Si) 
1.0 ev. Conductivity and Hall coefficient measure- 
ments give the value of 1.12 ev for the gap; while 
optical absorption data yield®* the value of 1.19 ev for 
A(Si). 

If the width of the M; level in Ge is taken as 0.2 ev, 
it is possible to reconstruct the observed shape of the 
initial portion of the absorption curve for Ge (see 
Fig. 5) quite accurately assuming the simple arctangent 
form. This process yields the value of 122.3 ev for the 
position of the M; edge. In addition, if the width of the 
M; level is also taken as 0.2 ev, it is possible to match 
the observed shape over its entire rising portion by 
combining a second arctangent curve with the first 
one in the appropriate ratio. The M:—M; interval 
determined in this manner has the value of 1.5 ev. 
The value of the same interval deduced from the 
peak-to-peak separation of the individual M2 and M; 
emission bands is 2.0 ev. The latter value must be 


K(v)=C’ 


26 See the article by H. Y. Fan in Solid State Physics (Academic 
Press Inc., New York, 1955), Vol. 1, p. 307. 
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considered as a reliable measure of the interval in 
question. The source of the discrepancy is probably 
associated with the process in which the theoretical M2 
curve, having the simple arctangent form, is combined 
with the asymptotic portion of the corresponding M3; 
curve. This portion of the M; curve derives its shape 
from the underlying assumption relative to the uniform- 
ity of the density of states—an assumption which is 
probably invalid in the case of Ge. Indeed, the fluctua- 
tions in the observed absorption curve just beyond the 
edge lend support to this view. Therefore, the location 
of the M» edge cannot be established independently but 
is best determined from more reliably known quantities 
such as the M,—M; separation and the position of the 
M; edge. 

However, over the region which follows the onset of 
absorption, the observed shape must be that of the M; 
absorption curve alone, since contributions from the M2 
edge first become effective at about 2 ev beyond the M; 
edge. Consequently the position of the M; edge (at 
122.3 ev) was arrived at by fitting an arctangent curve 
to the portion which corresponds to the initial rise in 
absorption. The estimated termination of the M; band 
occurs at 121.5 ev; this leads to A(Ge)+0.8 ev. For 
Ge, Fan lists the values of 0.74 ev and 0.77 ev as 
derived from electronic and optical measurements. 

The preceding spectroscopic procedure for evaluating 
the gap utilizes limiting transitions into and from an 
inner state with /=1. The energy interval labeled as 
the “gap” corresponds to the energy difference between 
a level near the top of the valence band and a level 
near the bottom of the conduction band. The wave 
functions belonging to these states in the electronic 
band must possess either s or d symmetry, but the 
states involved need not necessarily correspond to the 
highest valence of lowest conduction levels. 

In the existing theoretical models, the wave function 
of the lowest state in the conduction band is constructed 
from atomic s orbitals while the highest state in the 
valence band has the mixed character of s and d states. 
If the theoretical description represents the situation in 
the real crystal, then, in principle, the energy difference 
between corresponding emission and absorption edges 
as evaluated in the present case should give the width 
of forbidden energies. 

Similar qualifications accompany the method followed 
in determining the gap from optical absorption data. 
Here the selection rule requires that k remain un- 
changed. In Si and Ge, the top of the valence band 
corresponds to k=0, whereas the bottom of the conduc- 
tion occurs at a different value of k. As a result the 
observed gap may not represent the energy interval 
between the lowest conduction and highest valence 
levels. 

The relevant numerical information derived from 
the emission and absorption spectra of Si and Ge is 
summarized in Table I. 
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3. Additional Comments 


The M.—M; energy interval obeys the spin doublet 
law and should be essentially independent of Z. For 
the preceding elements V to Zn, the magnitude of 
this interval'* shows a slow increase from 0.9 ev at 
V to 2.5 ev at Zn. The value of 2.0 ev for the Mo.—M3 
interval in Ge is not unreasonable. High accuracy 
cannot be claimed either for the present determinations 
or those quoted for the neighboring elements of smaller 
Z. For elements of higher Z, such as Rb the magnitude 
of the interval is ~10 ev and shows a slow increase 
with increasing Z. 

The spectrograms obtained for the purpose of 
studying the emission band of Ge contain additional 
information which with reasonable certainty can be 
interpreted as M,—M>2,; and M2>M,,5 or M3>M4 5 
intrashell transitions. The M, emission band in Ge 
is expected to fall in the vicinity of 70 A. However, as 
in the case of the transition elements of the iron group, 
no emission band was observed corresponding to 
electron jumps from the valence band to the 3s level. 
It is likely that radiationless transitions of the type 
M,—M.V or M,;—>M;V materially reduce the probabil- 
ity of M,->V radiative transitions. 

Bearden and Shaw,” while examining the K lines of 
the elements extending from Ti to Ge, have observed 
that at Cu(Z=29) the K-No3 and the K->M,5 
lines still form an unresolved doublet. The electronic 
transitions characterizing these lines are designated as 
valence—1s and 3d—1s, respectively. (The latter is 
not an electric dipole transition.) At Zn (Z=30) and 
at Ge (Z=32), the two lines appeared as distinct, 
although for the intervening element Ga (Z=31), 
the K->M,,; line is not in evidence. These observations 
imply that beginning with Zn, the 3d states no longer 
form a part of the valence band but appear as distinct 
M,,; levels below the valence band. 

In addition, in the case of Ge, Gwinner”’ has identified 
the x-ray transitions from the M,,5 levels into the L»2 
and L» levels. It was therefore possible to predict the 
spectral location (~450 A) of the M45 emission band 
of Ge. Accordingly the available spectrograms were 
examined in this spectral region but no trace could be 
found of the valence to 3d transitions. As is true for the 
K spectrum, such an emission band would have reflected 
the characteristics of V,(£), the partial level density 
of p states and would have confirmed the distinctness 
of the 3d levels. 


27 E. Gwinner, Z. Physik 108, 523 (1938). 
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TABLE I. Numerical information derived from Si L2,; and Ge M23 
absorption and emission spectra. All quantities are expressed in ev. 


Width 
of 


valence 
band 


16.7 1.0 


Emission edges Absorption edges 
Lsor Ms Lzeor M2 LsorMs Lor M2 


99.65 101.4 
121.5 


Gap 
100.38 100.7 
123.5 


Silicon 
Germanium 


122.3 (124.3) 7.0 08 


Several reasons might be advanced for our failure 
to detect the M45 emission spectrum. In order to excite 
the M2; bands, the x-ray tube was operated at a 
potential of 1200 volts, which is 12 times the threshold 
voltage required for the ionization of the M2,; levels. 
The M,,5 levels are expected to fall some 27 ev below 
the top of the valence band, so that the energy of the 
electrons bombarding the Ge target was 45 times the 
excitation energy of the M4, levels. This circumstance 
may have reduced the ionization probability of the 
levels in question. The de-ionization of the M4,5 levels 
by an Auger process involving valence electrons may 
further decrease the chance of radiative transitions. 
Because of the energies involved, such Auger transitions 
may be favored over the analogous process involving 
the de-excitation of the M2; states. Instrumentally, 
the reflecting power of the grating as well as the 
sensitivity of the emulsion response of the plates 
(Ilford Q-J) used, are known to drop off significantly 
in this spectral region. Or again the intensity of the 
M,,s5 spectrum could have been appreciably reduced 
owing to enhanced absorption at the target by impurity 
traces or by the Ge itself. Finally, there is a possibility 
that the 3d levels, though distinct, are separated from 
the valence band by an energy interval which is less 
than 27 ev. In this case the emission band could have 
fallen outside the spectral range covered by the spectro- 
graph used in this study. 

On the high-energy side of the Ge M2; edge there are 
a series of absorption maxima. The positions of these 
structures, measured in ev from the edge, occur at 
5.7, 15.7, 29.7, and 37.2. Marton and Leder*® have 
measured the energy losses of 30-kv electrons passing 
through thin films of Ge. They report two characteristic 
loss values of 16.0 ev and 30.1 ev, which are in close 
agreement with the positions of two of the peaks 
observed in the fine structure of the absorption 
spectrum. 

The authors wish to thank Professor E. L. Jossem 
for valuable suggestions and helpful discussions. 


81, Marton and L. B. Leder, Phys. Rev. 94, 203 (1954). 
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An upper limit of 15.7 for the ratio of longitudinal to transverse mass of conduction electrons at room tem- 
perature was determined by magnetoresistance measurements on n-type germanium single crystals. Experi- 
mental values of this ratio range between 7.0 and 11.4. 





HE constant-energy surfaces near the bottom of 
the conduction band in n-type germanium are 
believed to be ellipsoids of revolution along the (111) 
axes in the k space and they are entirely described by 
means of longitudinal (m,) and transverse (m;) masses. 
The ratio m:/m; of effective masses has been found at 
very low temperature (~4°K) by means of cyclotron 
resonance experiments.'~* The values obtained range 
between 15 and 19. 

The same ratio can be calculated from the results of 
magnetoresistance measurements. Abeles and Meiboom! 
developed theoretical expressions for magnetoresistance 
coefficients, M=(o0—a)/o at weak fields, for several 
directions of magnetic field and electric current in 
oriented single crystals. In their calculations they 
assumed the relaxation time proportional to E-} (E 
being the energy of carriers). The comparison with the 
experimental results available at that time® on oriented 
n-type germanium single crystals seemed to be satis- 
factory, if one assumed the value 20 for the ratio m,/m;. 
Recent research,’ however, has given experimental 
results that, compared with the theory of Abeles and 
Meiboom, suggest for the ratio a constant value of 
about 11.9 between 77° and 320°K. At the same time, 
analogous research was carried out in this laboratory 
on oriented n-type germanium single crystals of about 
11.8 ohm cm resistivity. The specimens, of rectangular 
cross section, had their length along (100) or (110) axes. 
The measurements were performed at room temperature 
(T~297°K) with magnetic field intensities between 
1500 and 6000 oersteds. Figure 1 gives some typical 
results of these measurements. 

The results were compared with the following rela- 
tions given by Abeles and Meiboom: 


M0 = (unH)?Z(K), (1) 
M10°"= (unH)*Y (K), (2) 


Mi0'”= 3M 100, 


M 440) = M 419+ M 00, 
M, 10° = M0™, 


1 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 

? Lax, Zeiger, and Dexter, Physica 20, 818 (1954). 

3 C. Kittel, Physica 20, 829 (1954). 

4B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 

5G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 

® C, Goldberg and R. E. Davis, Phys. Rev. 102, 1254 (1956). 


where the upper and lower indexes of M indicate the 
direction of the magnetic field and of the electric cur- 
rent, respectively, and where 
1 /K*(16—32)+K(16—6r)+4 

v(K)=—_(——— ap) 
3m K(K+2) 
8 (2K +1)(K—1)? 
2(K)=—(— a) (7) 

34 K(K+2)? 


K=m,/m. 
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Fic. 1. Magnetoresistance of two oriented n-type germanium 
single crystals for several directions of magnetic field and electric 
current. Specimens 1 and 2 were cut with length in the (100) and 
(110) directions, respectively, and current flows in these direc- 
tions. Curves A refer to rotation of the specimens around the 
directions of their length. Curves B and C refer to rotation around 
the directions of their{width, (010) and (110), and thickness, 
(001) and (001), respectively. 
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It is to be observed, however, that a better theory, 
which allows for anisotropic scattering, gives K 
= (m,/m,)(r:/71), where 7; and 7; are the relaxation 
times for the two principal axes of energy ellipsoids.’ 


The comparison between theory and our experiments ' 


allows one to reach the following conclusions: 


(a) There is good agreement between the experi- 
mental results and Eqs. (3), (4), and (5). 

(b) When the electric current is in the (110) direc- 
tion, the longitudinal coefficient Mj,0" is smaller than 
the transverse one M0". Then Eqs. (1), (2), and (3) 


7C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
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IN n-TYPE Ge 
give 
Z(K)<2Y(K), 


which is true for K smaller than 15.6. 

(c) The ratio My,0!°/My,0"" was calculated directly 
(curves B2 and C2) and indirectly [curves A1, A2, B1, 
B2, C1, C2, and Eqs. (1) and (5) ]. The values obtained 
range between 1.77 and 1.93; the average is 1.84. The 
corresponding K’s are between 7 and 11.4; the ratio 
8.3 corresponds to the average 1.84. These values are 
smaller than the value 11.9 found by Goldberg and 
Davis.® Our results, however, agree with theirs in 
showing that the ratio K in n-type germanium is 
smaller than ordinarily assumed (>15) at about 300°K. 
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Paramagnetic Resonance Investigation of Irradiated KCI Crystals 
Containing U-Centers* 


C. J. DeELBEcQ, B. SMALLER, AND P. H. YusTER 
Argonne National Laboratory, Lemont, Illinois 
(Received March 23, 1956) 


The effects of ultraviolet irradiation of KCI-KH and KCI—KD single crystals at 80°K and 300°K 
have been investigated using paramagnetic resonance and optical absorption techniques. KCI— KH crystals 
irradiated at 80°K have been found to exhibit, along with the usual F-center spin resonance, a resonance 
doublet with a splitting of 500+10 gauss and a line width of 68+5 gauss; the doublet is presumed to be 
due to hydrogen atoms in the crystal. This conclusion is substantiated by the fact that KCI—KD crystals, 
after a similar irradiation, exhibit a resonance triplet with a separation of outer components of 156+10 
gauss. Further results lead to the following conclusions: (1) that the hydrogen atoms produced by irradiation 
are located in interstitial positions in the lattice, (2) that these interstitial hydrogen atoms give rise to an 
optical absorption band (U2-band) located at 236 mu, (3) that a broad optical absorption band (U,-band) 
extending to the long wavelength side of the U-band is due to interstitial hydride ions. 


I. INTRODUCTION 


T has been known for some time that if an alkali 
halide crystal containing U-centers is exposed, at 
sufficiently high temperatures, to light absorbed by 
the U-centers, F-centers are formed.! Since a U-center 
is believed to be a hydride ion which has substitutionally 
replaced a halide ion in the lattice, the conversion of a 
U-center to an F-center must also produce a hydrogen 
atom. No experimental information is available regard- 
ing the state of the hydrogen atom thus produced. The 
present investigation was undertaken with the hope 
that paramagnetic resonance absorption measurements 
would yield information regarding the hydrogen atoms 
produced in the photodecomposition of U-centers. 
Parallel studies were also undertaken using optical 
absorption measurements in an attempt to obtain 
additional information. 


*Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 R, Hilsch and R. W. Pohl, Trans. Faraday Soc. 34, 883 (1938) ; 
N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, New York, 1940), p. 157. 


Il. EXPERIMENTAL PROCEDURES 
A. Paramagnetic Resonance Detection System 


The paramagnetic resonance detection system used 
was a conventional microwave system utilizing a 
reflection cavity placed in a static magnetic field. The 
microwave generator used was a Sperry 2K39 or Varian 
V-58 operating at 9100 Mc/sec. The power level at 
the crystal detector was adjusted to optimum by a 
magic tee bridge with reactive balancing arm. An auto- 
matic frequency control locked the klystron frequency 
with the cavity resonance, compensating for both 
oscillator frequency drift and cavity resonance shifts. 
The cavity was constructed as part of a low-temperature 
Dewar system (Fig. 1) so that phenomena down to 
80°K could be observed. The Dewar arrangement 
permitted easy exchange of samples, for the samples 
were placed in quartz tubes that could be lowered 
into the part of the Dewar extending into the cavity. 
No other adjustment was required other than pos- 
sibly retuning the cavity. The tapered joint permitted 
removal of the entire Dewar assembly for cleaning or 
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Fic. 1. Microwave cavity—Dewar assembly used in measuring 
paramagnetic resonance spectra at liquid nitrogen temperature. 


use of the cavity with larger samples at room tem- 
perature. Adequate vacuum conditions in the Dewar 
assembly without loss of rf power were obtained by 
using a Mylar window at the cavity entrance iris. 
The design was restricted by the necessity of mounting 
the entire assembly in the one-inch gap provided by 
the magnet pole faces. A dual modulation system 
previously described,” operating at 25 cps and 2 kc/sec, 
was also incorporated into the design to achieve better 
signal-to-noise ratio for the crystal detector, along with 
a reduction in microphonics. The latter is achieved 
by selecting the spectral region of observation to be 
2 kc/sec away from the carrier (i.e., 9100 Mc/sec+ 2000 
cycles/sec+25 cycles/sec) rather than that in the 
immediate region of the carrier frequency (9100 Mc/sec 
+25 cycles/sec). The 2 kc/sec coils were mounted 
directly into the sides of the cavity while the 25-cycle 
coils were mounted on the pole pieces of the magnet. 
The maximum field sweep for each coil was about 125 
gauss, which was considered adequate. With this 
arrangement the noise level at the 1N23 detector during 
operation was about 2X 10~* volt and corresponded to a 
limiting detectability of 1,1-diphenyl-2-picryihydrazyl 
of about 2X 10" spins at 80°K. 


B. Preparation of Crystals 


U-centers were introduced into potassium chloride 
in essentially the same manner as that described first by 


2 B. Smaller and E. Yasaitis, Rev. Sci. Instr. 24, 991 (1953). 
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Régener.’ Pure single crystals of potassium chloride 
were obtained from the Harshaw Chemical Company. 
Cleaved blocks (12X12X24mm) from these single 
crystals, along with distilled potassium, were sealed 
off under vacuum in a Pyrex tube with a nickel liner. 
This tube was placed in a furnace, heated to 750°C for 
one hour, and then quenched with air down to room 
temperature. At this stage the crystals were estimated 
to contain over 2X 10'§ F-centers/cc. These additively 
colored blocks were then placed in Pyrex tubes and 
evacuated, } atmosphere of Hz» was introduced, and 
the tubes were sealed off. These tubes were then 
heated at a temperature of 625°C for 24 hours at which 
time the crystals were essentially colorless to the eye. 
The crystals were quenched and removed from the 
tubes and were ready for use. Crystals prepared in this 
manner did not have a uniform distribution of 
U-centers. The outer parts of the crystal had the highest 
concentration and, since the samples used were never 
more than 3 mm thick, the outer 3 to 4mm was cleaved 
off and used. These pieces had a concentration of 
about 2X10'* U-centers/cc. The concentration was 
so high that the peak optical absorption of the U-band 
was beyond measurement even on the thinnest crystals 
measured. The foregoing estimate of the concentration 
was made using the optical absorption of the U-band 
at wavelengths that could be measured. 

Such KCI—KH crystals were cleaved into pieces 

approximately 3X3X12 mm for use in the magnetic 
resonance absorption experiments. The conversion 
of U-centers to F-centers at room temperature 
was accomplished by exposing the crystal to the 
“Mineralight”* for about 5 minutes on each of the 
- X12-mm sides. The conversion of U-centers to 
F-centers at liquid nitrogen temperature was ac- 
complished by exposing the crystal, which was im- 
mersed in a quartz Dewar containing liquid nitrogen, 
to the unfiltered light of a General Electric AH-4 
mercury lamp’ for about 45 minutes on each side; 
subsequently this crystal was exposed for about 2 
minutes on each side to the light of the AH-4 lamp 
filtered by a Corning 9863 filter. 

The optical absorption measurements were taken 
on crystals which were from 0.25 to 0.60 mm thick. 
These crystals were mounted in a special Dewar® so 
that experiments and measurements could be carried 
out at liquid nitrogen temperature. Optical absorption 
spectra were taken at 80°K in the range 206 to 800 my 
using a Cary Recording Spectrophotometer. 


3H. Régener, Ann. Physik 29, 386 (1937). 

4A low-pressure mercury lamp manufactured by Ultraviolet 
Products, Inc., Los Angeles, California. 

5 The outer Pyrex jacket of the AH-4 lamp had been removed, 
and the light was filtered by the inner quartz jacket only. 

6 Casler, Pringsheim, and Yuster, J. Chem. Phys. 18, 887 (1950). 
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Ill. EXPERIMENTAL RESULTS IN IRRADIATED 
CRYSTALS OF KCI—KH AND KCI—KD 


A. Paramagnetic Resonance Absorption 


Since both F-centers and hydrogen atoms might be 
stable products of the bleaching of U-centers, the 
primary aim of the paramagnetic resonance absorption 
measurements was to identify absorption lines which 
could be assigned to F-centers or hydrogen atoms. The 
paramagnetic resonance spectra of F-centers is well 
known,’ while that of free atomic hydrogen (J=}; 
S=}) would, for frequencies high in comparison with 
the hyperfine splitting constant of 1420 Mc/sec,® be 
expected to consist of a doublet (separation 506 gauss) 
symmetrically situated with respect to the free electron 
spin resonance. The effect of the crystal environment 
might modify this separation. 

A KCI—KH crystal was irradiated at room tem- 
perature with the “mineralight,” immediately cooled 
and observed at 80°K. The F-center absorption was 
readily observed; however, the expected absorption 
due to hydrogen atoms was absent. There still remained 
the possibility that the separation of the hydrogen 
doublet in the crystal was comparable to or less than 
the F-center line width. However, the line width of the 
F-center absorption was equal to that of the F-center 
absorption in an additively colored crystal, and a 
search for a narrow doublet masked by the F-center 
absorption showed no fine structure. 

Since at room temperature, any hydrogen atoms 
which are formed might diffuse to form hydrogen 
molecules and thus give no paramagnetic resonance 
absorption, KCI—KH crystals were irradiated at 
liquid nitrogen temperature where diffusion rates are 
much lower. Spin resonance spectra of such a crystal 
are shown in Fig. 2 where the line shapes represent the 
dispersion component of the susceptibility after dual 
phase—selective demodulation. The central peak in 
Fig. 2(a) is that of the F-center while the resonance 
lines on either side are presumed to be the doublet 
due to the presence of H®. That the F and H? species 
have a distinctive character was observed in their 
marked difference in relaxation time resulting in a 
different dependence on phase setting of the 2-kc 
selective amplifier. By adjusting the phase, the spectrum 
for each species can be preferentially suppressed. Thus 
in Fig. 2(b) the F-center resonance has been suppressed 
while in Fig. 2(c) that of the H® has been suppressed. 
At 80°K, the H® doublet splitting was found to be 
500+10 gauss; the line width was 68-5 gauss, equal 
to that of the F-center line width at the same 
temperature. 

To substantiate the association of the doublet 
structure with the presence of H®, similar experiments 
were performed using KCI—KD crystals. In the case of 
deuterium with S=}: J=1 and a hyperfine splitting 
constant of 327 Mc/sec,® one might expect from D® a 


7 Kip, Kittel, Levy and Portis, Phys. Rev. 91, 1066 (1953). 
8 P. Kusch, Phys. Rev. 100, 1188 (1955). 
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Fic. 2. Paramagnetic resonance spectrum, at 80°K, of a 
KCI—KH crystal after an irradiation, at 80°K, consisting of an 
exposure of 3 hours with the unfiltered AH-4 lamp followed by 
an exposure of 8 min with the AH-4 lamp filtered with a Corning 
9863 filter. Effect of phase (#) discrimination indicated. (a) 
=dopt(F); (b) 6=dopt(F)+7/2, ie., F-center resonance sup- 
pressed; (c) @=dopt(H®)+7/2, i.e., hydrogen atom resonance 
suppressed. 


triplet with separation of 156 gauss between outer 
components. The resultant experimental patterns are 
shown in Figs. 3(a) and 3(b) where the proper phase 
selection has been used to suppress the D® or F 
patterns, respectively. As expected, the separation is 
156 gauss, within experimental error. The increase in 
resolution due to phase selectivity is even more evident 
than in the case of the H® and F-center patterns. 
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Fic. 3. Paramagnetic resonance spectrum, at 80°K, of a 
KCI—KD crystal after an irradiation, at 80°K, consisting of an 
exposure of 3 hours with the unfiltered AH-4 lamp followed by 
an exposure of 8 min with the AH-4 lamp filtered with a Corning 
9863 filter. Effect of phase (@) discrimination indicated. (a) 
=%opt(D°)+7/2, i.e., deuterium atom resonance suppressed; 
(b) 6=¢opt(¥)+7/2, i.e., F-center resonance suppressed. 


In order to obtain information regarding the stability 
of the hydrogen atoms with respect to temperature, 
annealing experiments were run. Samples were pulse- 
annealed for two minutes at the indicated temperatures 
and returned to the resonance detection system at 
80°K for observation after each annealing. The maxi- 
mum rate of disappearance of the hydrogen resonance 
occurs at about 108°K, as shown in Fig. 4. Similar 
results were obtained with KCI—KD crystals, the 
annealing curve showing, within experimental error, 
the same temperature dependence. 


B. Optical Absorption 


Along with the study of the paramagnetic resonance 
absorption spectra in KCI—KH and KCI—KD crystals 
after various irradiations, a parallel study of the optical 
absorption spectra of such crystals was made. When a 
single crystal of KCI—KH is irradiated at liquid 
nitrogen temperature with the light from an AH-4 
mercury lamp of wavelength longer than 200 muy, the 
U-band (at 212 my) is observed to decrease relatively 
rapidly and can be almost completely bleached [Fig. 
5(a), (b), (c)]. As the U-band bleaches, a very broad 
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band, hereafter referred to as the U;-band, is formed 
which extends to the long wavelength side of the 
U-band. Upon prolonged irradiation, Fig. 5(c), the 
F-band (540 my) and a band, hereafter referred to as 
the U2-band (236 my), grow at about the same relative 
rates, but at rates much lower than the initial rate of 
disappearance of the U-band. If a crystal having the 
absorption spectrum of Fig. 5(c) is bleached with light 
(AH-4 lamp plus Corning 9863 filter) which is absorbed 
predominantly by the U,-band, the U;-band decreases 
somewhat and the F- and U:-bands increase propor- 
tionately and very rapidly, Fig. 5(d) ; continued bleach- 
ing affects the F- and U>2-bands very little, but does 
cause a slow rise of the U-band. If however, a crystal 
having the absorption spectrum of Fig. 5(d) is bleached 
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Fic. 4. Fraction of species remaining after annealing, I—as 
measured by intensity of hydrogen atom resonance, X%—as 
measured by intensity of absorption of the U2-band, plotted as a 
function of annealing temperature. The measurements were made 


at 80°K. 


at liquid nitrogen temperature with light of wavelength 
540 my, the F- and U>2-bands are decreased propor- 
tionately and very rapidly by about 50%, Fig. 5(e), but 
subsequent bleaching with F-light causes little change 
in the absorption spectrum. 

Irradiation of a KCI—KH crystal at liquid helium 
temperature with the light from an AH-4 mercury 
lamp of wavelength longer than 200 my produces 
changes in the absorption spectrum which are essen- 
tially the same as those obtained when the irradiation 
is carried out at liquid nitrogen temperature. In addition 
the rates of change are almost the same at the two 
temperatures. The only difference observed was that 
the ratio of the height of the U-band to the height of 
the F-band appears to be slightly greater when the 
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irradiation is carried out at liquid helium temperature. 

Upon warming a KCI—KH crystal, which has been 
treated to give an absorption spectrum similar to 
that in Fig. 5(d), it is found that the maximum rate 
of decay of the U:-band occurs at 108°K (Fig. 4). The 
U;-band was observed to disappear gradually in the 
temperature range 120-220°K with a maximum in the 
rate of disappearance occurring in the vicinity of 160°K. 
Very little change in the F-band occurred during the 
warmup to room temperature. 

The behavior of KCI—KD crystals, with respect 
to the optical experiments described in the foregoing, is 
identical with the behavior of KCl1—KH crystals except 
that the maximum rate of decay of the U»-band occurs 
at 113°K. This difference in temperature, which is 
thought to be greater than the experimental error in the 
temperature measurement, indicates that deuterium has 
a lower rate of diffusion at a given temperature than 
hydrogen, owing to the greater mass of the deuterium.’ 


IV. DISCUSSION OF RESULTS 


Thomas” has shown that, in KBr—KH crystals, 
irradiation at liquid nitrogen temperature in the U-band 
produces negative ion vacancies," decreases the 
U-band, forms very few F-centers, and produces an 
absorption band to the long wavelength side of the 
U-band. 

Figure 5(b) shows that in KCI—KH crystals after 
short irradiations with the AH-4 lamp almost all the 
U-band is destroyed, very few F-centers are formed, 
and the broad U;-band is formed. A crystal which 
has been treated, such as that described in Fig. 5(b), is 
found to display no paramagnetic resonance signal, 
thus indicating no unpaired trapped electrons. If a 
U-center is accepted as being a hydride ion in a negative- 
ion vacancy, then at this stage the important decom- 
position products may be negative-ion vacancies,” 
hydride ions not located in negative-ion vacancies, and 
hydrogen molecules and F’-centers or other electron- 
paired centers. Since optical absorption measurements 
show the absence of F’-centers and since no unknown 
absorption in the visible or near infrared is observed, 
it is assumed that the important products are negative- 
ion vacancies, and hydride ions. The most likely location 
for a hydride ion, not located in a negative-ion vacancy, 
would be an interstitial position," and, since the Uy-band 
is the only band present of questioned origin, it is 
assumed to be due to these interstitial hydride ions. 


® Tt will be shown in the next section that the U2-band is the 
result of interstitial hydrogen or deuterium atoms. 

10H. Thomas, Ann. Physik 38, 601 (1940). 

4 Delbecq, Pringsheim, and Yuster, J. Chem. Phys. 40, 746 
(1952). 

12 W. Martienssen, Z. Physik 131, 488 (1952). 

18 Unfortunately it is not possible with our spectrophotometric 
equipment to observe far enough into the ultraviolet to observe 
the a-band in KC]. Nevertheless, its presence is assumed on the 
basis of the work of Thomas” on KBr—KH 


14 F, Seitz, Revs. Modern Phys. 26, 90 (1954). 
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Fic. 5. Absorption spectra of a KCI—KH crystal, measured at 
80°K, as a function of the following irradiations at 80°K: (a) no 
treatment, (b) 5-min irradiation with the unfiltered AH-4 lamp, 
(c) repeat for additional 15 min, (d) 1-min irradiation (in U,- 
band) with the AH-4 lamp filtered with a Corning 9863 filter, 
(e) 5-min irradiation (in F-band) with the AH-4 filtered with a 
Corning 3389 filter. 


If a crystal having an absorption spectrum similar 
to that shown in Fig. 5(c) is now exposed to light 
absorbed in the U;-band and protected from F-light, 
the F-band absorption rises rapidly for a short time 
and the U;-band rises simultaneously. Upon continued 
irradiation no further change occurs in these two bands, 
but the interstitial hydride ions are now converted 
to U-centers at a slow rate. Further exposure to the 
unfiltered AH-4 lamp leads to an increase in intensity 
of the F- and U;-bands up to a point where the latter 
two tend to saturate. At this point it is estimated that 
the number of F-centers present is less than 20% of 
the number of U-centers originally present ; however the 
concentration of F- and U>-centers is sufficiently high 
that their spin resonance absorption is_ readily 
detectable. 

It has been found that the paramagnetic resonance 
absorption due to hydrogen atoms disappears at the 
same temperature, within experimental error, as that 
at which the U2-band disappears, from which it is 
concluded that the U»-band is due to the presence of 
hydrogen atoms in the crystal. The absorption process 
giving rise to the U;-band is thought not to take place 
within the hydrogen atom but rather to be the excita- 
tion of an adjacent halide ion in which the excited 
electron may be shared by the hydrogen and chlorine 
atoms. It has also been found that irradiation in the 
F-band decreases proportionately the height of the 
paramagnetic resonance signals due to the F-centers 
and hydrogen atoms and the optical density of the 
F- and U2-bands. These facts suggest that there are 
no other electron-excess or electron-deficient centers 
present and that F- and U;-centers are present in 
approximately equal numbers. The location of these 
hydrogen atoms in the crystal is indicated by the data 
presented in Fig. 5(d), (e). There it is seen that irradia- 
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tion in the F-band causes a decrease in the F- and 
U.-bands and an increase in the U;-band with a rela- 
tively small increase in the U-band. Thus, in the main, 
the electrons lost by the F-centers are captured by 
hydrogen atoms to form interstitial hydride ions 
(U;-centers), and it is concluded that the hydrogen 
atoms (U--centers) are located at interstitial sites in the 
lattice. This conclusion concerning the location of the 
hydrogen atoms in the crystal is supported by observa- 
tions on the inverse process—namely, irradiation in the 
U;-band causes a decrease in the U;-band and in- 
creases in the F- and U»-bands, Fig. 5(c), (d). 

The paramagnetic resonance experiments show that 
under the proper conditions H atoms are stable products 
in the photodecomposition of U-centers. The pulse 
annealing experiments show that at quite low tempera- 
tures (above 100°K) the hydrogen atom is mobile and 
pairs its free electron. The facts, that (a) the F-band 
drops only slightly at about this same temperature, (b) 
the U-band rises only slightly, (c) F- and U>2-centers 
are present in approximately equal numbers, and (d) 
all the hydrogen atoms disappear, indicate that the 
primary process responsible for the decrease in the 
number of hydrogen atoms is the formation of hydrogen 
molecules, while only a minor fraction of the hydrogen 
atoms are trapped at F-centers to form U-centers. At 
temperatures above 120°K, although hydrogen atoms 
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are probably formed as a product of the irradiation of 
the U-band, diffusion to form molecules is so rapid 
that no signal due to hydrogen atoms is observed. 

Arguments based on the optical data show the 
hydrogen atoms to be in interstitial positions, while the 
separation of the hydrogen resonance doublet indicates 
that there is very little perturbation by surroundings 
in the crystal. Since an interstitial “hole” in KCl has a 
diameter of about 2.3 A, it does not seem too unreason- 
able that the hydrogen atom in such a large hole is 
perturbed very little by the surroundings. The line 
width of the H® signal, equal to that of an F-center, 
may be, as in the case of the latter, the result of an elec- 
tron whose wave function is determined by a central 
potential perturbed by a crystal lattice potential. The 
resultant wave function could yield a value of ¥’ (the 
electron probability density) at the neighboring sites 
sufficient to account for the observed line width with 
only a slight deviation in its value at the hydrogen nu- 
cleus. The uncertainty in the doublet separation meas- 
urement may well contain this deviation from the free 
atom value. 
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Proposed Méchanism for the Conversion of U-Centers to F-Centers below 90°K* 


C. J. DELBEcQ AND P. H. YusTerR 
Argonne National Laboratory, Lemont, Illinois 
(Received March 23, 1956) 


Experiments with KCI-KH single crystals suggest the following mechanism for the production of 
F-centers from U-centers at temperatures below 90°K. The thermal spike, produced after excitation of a 
U-center, is sufficiently energetic to eject the hydride ion into an interstitial position. Excitation of an 
interstitial hydride ion (U;-center) may result in the transfer of the excited electron via a tunneling process 
to a negative-ion vacancy (a-center) forming an F-center and an interstitial hydrogen atom. Excitation of an 
F-center may reverse the latter process, also via a tunneling process. The tunneling probabilities for these 
processes vary with the tunneling distance, and experimental results indicate the existence of four distance 
intervals, about an @ center, each interval being characterized by the tunneling processes which can occur. 


HE preceding paper! presented data which estab- 
lished the nature of the U,- and U>-centers 
observed in irradiated KCI-KH crystals. The present 
paper will use these same data in making speculations 
concerning the mechanism for the conversion of U- 
centers to F-centers at temperatures below 90°K. It 
was shown! that irradiation, at 80°K, of a KCI-KH 
crystal in the U-band destroys U-centers, and that the 
hydride ion which is ejected from the U-center to an 
interstitial position gives rise to the U;-band. Seitz? has 
suggested that the excited hydride ion prefers an in- 
terstitial to a substitutional position, and consequently 
leaves the negative ion vacancy; on the other hand it is 
possible that the thermal spike produced after excitation 
of the hydride ion is sufficient to eject the hydride ion 
from its substitutional position. If we define 


C1 =negative-ion vacancy (a-center), 
[e]|=an electron trapped at a negative-ion vacancy 
(F-center), 
[H- ]=hydride ion substituted for a halide ion in the 
lattice (U-center), 
H;-=interstital hydride ion (U;-center), 
and 
H,’=interstitial hydrogen atom (U--center), 


then the destruction of U-centers, by light absorbed in 
the U-band, to form a and U;-centers may be repre- 


sented by 
hv(U) 
[I I-] ee H;-+ O . 


At 80°K, F-centers are formed as a result of excitation 
of U;-centers; it is proposed that this process is the main 
source of F-centers. Absorption of light by an in- 
terstitial hydride ion could yield a hydrogen atom 
(U2-center) and a conduction electron; subsequent 
capture of this electron by a negative ion vacancy would 
produce an F-center. However, irradiation in the U;- 
band yields F- and U,-centers for only a short time and 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Delbecq, Smaller, and Yuster, preceding paper [Phys. Rev. 
103, 599 (1956) ]. 

2 F. Seitz, Revs. Modern Phys. 26, 90 (1954). 


causes a small drop in the U,-band, continued irradi- 
ation causes a slow conversion of Uj-centers to U- 
centers. At this stage there is a great excess of negative 
ion vacancies, and if electrons were in the conduction 
band it seems probable that F-centers could be formed 
easily. It might be argued that the back reaction 
e+H,-H; has a much higher probability than 
e+O—[e] and therefore prevents further F-center 
formation. However, further treatment with the un- 
filtered AH-4 lamp increases the concentration of both 
F- and U.-centers without appreciably changing the 
concentration of negative-ion vacancies. It seems likely 
therefore that this explanation is not valid and that 
absorption by the hydride ion does not result in an 
electron being released into the conduction band. 
Another possibility is that the absorption of light by 
the interstitial hydride ion raises an electron to a bound 
excited state from which it can tunnel to a negative-ion 
vacancy to form an F-center and a U>2-center. However 
it would have to be proposed, in order to fit the experi- 
mental facts, that stable F-centers and U»-centers would 
result only in cases in which the U;-center and the 
a-center were separated by more than some minimum 
distance; when the U;-center and the a-center are 
separated by distances smaller than this minimum 
distance, the above tunneling process may be considered 
to occur but the reverse process in which the electron 
at the a-center tunnels back to the U2-center is highly 
probable and effectively prevents the formation of 
F-centers and U»-centers. This conversion, by a tunnel- 
ing process, of a- and U;-centers to F- and U>-centers 
by excitation in the U;-band may be represented by 


hv(U), p 
0+H;,; ——, H+[e], 
p 


where p indicates that the occurrence of the reaction 
depends on the distance of separation of the reactants. 
Thus in Fig. 1, where the a-center is located at the origin 
and p is the distance between the a- and U,-centers, 
tunneling from the excited U;-center to the a-center 
occurs when the U;-center is in regions A, B, and C 
but not in D; however, in region A the reverse tunneling 
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Fic. 1. Stability regions for U;-centers in the vicinity of a 
centers, and U2-centers in the vicinity of F-centers. 


process takes place and no F-center is formed, whereas 
in regions B and C a stable F-center is formed. In the 
case of an F-center excited by F-light, the electron is 
presumed to tunnel to a U,-center located in region B 
but not to one located at greater distances. This 
reaction may be represented by the expression 


hv(F), p 
H’+[e]—— H--+0D. 


The fact that F-centers bleach by absorption of light 
in the F-band at liquid helium temperature substanti- 
ates the proposal that a similar bleach at liquid nitrogen 
temperature takes place by a tunneling process. 

The experimental facts' can be explained as follows: 
(1) Irradiation of KCI-KH crystals with the unfiltered 
AH-4 lamp bleaches the U-band by exciting the 
U-center, the hydride ion being ejected into an in- 
terstitial position with high probability to give a 
U,-center. Light absorbed by the U;-center raises the 
electron to an excited state from which it can tunnel to 
an a-center and, provided the separation is greater than 
the minimum distance (regions B and C, Fig. 1), will 
give an F-center and U»-center. However some of these 
F-centers can be bleached with F-light since an electron 
in an excited state of an F-center can tunnel to give a 
U,-center and an a-center if a U2-center is sufficiently 
close (region B, Fig. 1). The thermal spikes produced 
after excitation of U;-centers and capture of electrons 
by Us-centers are believed to be sufficient to cause 
diffusion of Us- and U;-centers interstitially through 
the lattice. Thus during exposure to the unfiltered light 


of the AH-4 lamp there is a continual flux between 
U-, U;-, a-, F-, and U2-centers. (2) Irradiation (with 
AH-4 lamp and 9863 filter) in the U;-band immediately 
converts U;-centers to F- and U>-centers in the case in 
which the separation of the U;- and a centers is greater 
than the minimum distance (regions B and C, Fig. 1). 
Further irradiation slowly converts U,-centers to 
U-centers, by causing diffusion of U;-centers until 
captured by a centers, but changes the concentration of 
F- and U--centers very little. This lack of increase in 
the concentration of F- and U.-centers as the concentra- 
tion of the U,-centers decreases indicates that during 
irradiation very few U-centers migrate such that their 
separation from a@ centers permits the formation of 
F- and U>:-centers. Thus we conclude that there are 
very few U,-centers which are separated from a centers 
by distances so large that tunneling from the excited 
U,-center to the a center cannot occur (region D, 
Fig. 1); and further, that in the case of the large 
majority of U,-centers which are too close to a centers 
to form F- and U>2-centers (region A, Fig. 1) the direc- 
tion of migration of the U,-center upon excitation with 
light is predominantly toward the a center,’ and ulti- 
mately U-centers are reformed. (3) Irradiation of a 
crystal, which had been exposed at 80°K to the un- 
filtered AH-4 lamp followed by a short exposure to the 
AH-4 lamp plus a Corning 9863 filter, with light 
absorbed in the F-band causes a bleaching of a large 
fraction of the F-centers, namely those for which a 
U--center lies in region B, Fig. 1; if the crystal had been 
exposed to the unfiltered light of the AH-4 lamp for 
only a short time, only about one-fifth of the F-centers 
remain after bleaching with F-light, and if it had been 
exposed for a long time to the unfiltered light of the 
AH-4 lamp about one-half of the F-centers remain. The 
different stabilities of the F-centers could be accounted 
for by “V-centers”’ (in this case involving H atoms, not 
Cl atoms) of different stability ; however, since the shape 
of the U2-band does not change with irradiation and the 
U.-band seems to account for all of the “V-centers” 
this possibility has been discarded. The changing 
stability of the F-centers is interpreted as indicating 
that irradiation with the unfiltered AH-4 lamp causes a 
net motion of U;-centers away from the a centers until 
the separation is such that tunneling from the excited 
U,-center to the a-center will occur but tunneling from 
the excited F-center to the U2-center will not occur 
(region C, Fig. 1). Thus as the irradiation time increases 
the fraction of stable F- and U>2-centers increases. 


3 (L.e., the attraction between the U;- and a centers is large at 
these distances and random motion does not occur.) 
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The intermetallic compound, BiMn, has been studied by neutron diffraction at temperatures from 4.2°K 
to 733°K (460°C). In the temperature range 340-360°C to 445°C a disordered arrangement of Mn atoms 
on regular and interstitial lattice sites fits the data well if the Mn atoms are assumed to be in the para- 
magnetic state. This model conflicts with the suggestion made by Guillaud of an antiferromagnetic state 
in this temperature range. The temperature hysteresis associated with both magnetization and the large 
cell distortions are qualitatively explained by the disordering and recovery at the transformation tempera- 
tures. The effective moment per Mn atom below the transformation agrees with the magnetic measurements 
of Heikes within experimental error. Measurements of spin direction made at temperatures below 84°K 
show that only partial rotation occurs in zero magnetic field. 





INTRODUCTION 


HE stoichiometric alloy, BiMn, has been found 
to have several unusual magnetic properties. 
The extensive study of Guillaud! has shown that BiMn 
is ferromagnetic from very low temperature to 360°C 
with increasing temperature and upon cooling exhibits 
a hysteresis in the magnetization with recovery occur- 
ring at about 340°C. The loss and recovery of magnet- 
ization is discontinuous. Upon the evidence of the 
hysteresis and discontinuous drop in magnetization 
plus magnetic susceptibility measurements, which 
yielded a maximum at 445°C, Guillaud? proposed an 
antiferromagnetic state between 340-360°C, and 445°C 
and a paramagnetic state above this temperature. 
At room temperature BiMn was found by Guillaud to 
have the highest known magnetocrystalline energy, 
11.2X10® ergs/cc. This was confirmed by Williams, 
Sherwood, and Boothby® who found a value for K, of 
9.1 10° ergs/cc. The magnetocrystalline energy was 
found to decrease rapidly with decreasing temperature 
and to pass through zero at 84°K suggesting a rotation 
of the magnetic moments from along the co axis of the 
NiAs type hexagonal crystal structure to positions in 
the basal plane. The ferromagnetic arrangement is 
shown in Fig. 1. 

Guillaud‘ also obtained x-ray evidence for changes in 
cell edge dimensions of BiMn quenched from above and 
below the 340-360°C transformation temperatures to 
room temperature. Willis and Rooksby® obtained the 
cell edges at temperature and found nearly a 3% 
contraction of the co axis upon heating near the point 
where the magnetization drops discontinuously to zero. 
No apparent change in crystal symmetry occurred. 

*Neutron diffraction experiments were carried out at the 
Brookhaven National Laboratory Reactor, Upton, New York. 

1C. Guillaud, thesis, University of Strasbourg, 1943 (unpub- 
lished). 

2 C. Guillaud, J. phys. radium 12, 143 (1951). 

8 Williams, Sherwood, and Boothby, Bull. Am. Phys. Soc. 
Ser. IT, 1, 132 (1956). 

4C. Guillaud, J. phys. radium 12, 223 (1951). 

5B. T. M. Willis and H. P. Rooksby, Proc. Phys. Soc. (London) 
B67, 290 (1954). 


The magnetic moment per manganese atom of BiMn 
has been reported with a variety of moments due 
probably to the difficulty in preparation of a pure alloy. 
Thielmann® found 3.13u,; Galperin,’ 2.74y4,; Guillaud,' 
3.52uz; and recently Heikes® has found an extrapolated 
value of 3.9;ug for the moment at saturation. No 
discontinuity in the magnetization curve! was associated 
with the apparent change in easy direction of magnet- 
ization at 84°K. 

Heikes* has found BiMn quenched from above the 
transformation temperature to be ferromagnetic at 
room temperature with an approximate saturation 
moment of 1.74, per Mn atom and a Curie temperature 
near 200°C. Upon heating above 200°C, the saturation 
moment recovered to the equilibrium state value. 
Guillaud,? in contrast, observed no moment on samples 





Fic. 1. Structure of BiMn with interstitial positions indicated 
(NiAs type). Moments indicated along co. 
® K. Thielmann, Ann. Physik 37, 41 (1940). 
7F. Galperin, Doklady Akad. Nauk U.S.S.R. 75, 647 (1950). 
8 R. R. Heikes, Phys. Rev. 99, 446 (1955). 


607 





608 


quenched from above 340-360°C, but found recovery 
to occur near 200°C. The extrapolation of reciprocal 
susceptibility’ to ~170°C supports this observation 
of a metastable ferromagnetic phase with the para- 
magnetic state existing in the range where antiferro- 
magnetism was suggested by Guillaud. Susceptibility 
measurements by McGuire and Varela® on less pure 
BiMn alloy also suggest the paramagnetic state in this 
region. Upon heating above 200°C, the high-tempera- 
ture BiMn phase recovered to the stable phase with the 
equilibrium saturation magnetization value of 3.9;uz. 
Adam and Standley” have estimated a g value at 
— 180°C of 2.4 for BiMn. 

A combination of the very large magnetocrystalline 
energy plus a fine particle size has yielded material with 
both high coercive force and large energy product.}!-” 
BiMn has been assigned a very large magnetostriction 
constant® of 800X 10~* at saturation. 

In view of the conflict of evidence for the antiferro- 
magnetic state above the magnetic transition tempera- 
ture, the evidence for the rotation of moments at 84°K, 
the discontinuous loss in magnetization, and the re- 
maining unusual properties of BiMn, the following 
neutron diffraction experiments were carried out. 


EXPERIMENTAL 


Neutron diffraction data were obtained with a lead- 
crystal-monochromatized neutron beam and a high- 
resolution spectrometer similar to that described by 
Corliss and Hastings.” For low-temperature observa- 
tions a two-stage cryostat similar to that of Erickson" 
was used to obtain temperatures down to 4.2°K. 


SAMPLE PREPARATION 


Preparation of high-purity BiMn alloy is difficult, 
first because of decomposition above 445°C to molten 
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Fic. 2. Hysteresis demonstrated by (100) peak intensity. 

®T. McGuire and J. O. Varela, Naval Ordnance Laboratory, 
Silver Spring, Maryland (unpublished work). Also, see A. J. P. 
Meyer and P. Taglang, J. phys. radium 12, 63S (1951). 

0G. D. Adam and K. J. Standley, Proc. Phys. Soc. (London) 
A66, 823 (1953). 

4 Adams, Hubbard, and Syeles, J. Appl. Phys. 23, 1207 (1952). 

#2 E. V. Shtolts and Ya. S. Shur, Doklady Akad. Nauk U.S.S.R. 
95, 781 (1954). 

8 Corliss, Hastings, and Brockman, Phys. Rev. 90, 1013 (1953), 

4 R, A. Erickson, Phys. Rev. 90, 779 (1953). 
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bismuth and a-Mn and secondly because below 445°C 
complete reaction of Bi and Mn to form BiMn is 
hampered by the greatly reduced diffusion through the 
BiMn after formation. A recent phase diagram study 
by Seybolt et al.!* discusses these difficulties. The BiMn 
sample used principally in this study, hereafter denoted 
“NOL” was kindly supplied by Mr. Edmund Adams 
of the Naval Ordnance Laboratory. The BiMn was 
hot-pressed" into cylinders of approximately 2-cm 
diameter and 1.5-cm length in zero magnetic field to 
avoid magnetic orientation effects. An intrinsic coercive 
force of 2400 oersteds was measured on a sample 
pressed from the same powder, which suggests an 
effective average particle size of 28 microns. Chemical 
analysis made after all experiments were carried out 
yielded the weight percent composition in Table I. 
An independent composition check made by comparing 
the initial neutron intensities observed at room temper- 
ature is also shown. A small increase in MnO content 
is noted. No evidence for preferred orientation of the 
sample was found when neutron intensities from the 
cylinders stacked as a flat sample were compared to 
intensities observed from the vertical cylinder array. 
The MnO present appeared to be distributed through- 
out the cylinders. The presence of free Bi and MnO 
with the BiMn must be considered in the following 
observations. 


DEMONSTRATION OF MAGNETIC HYSTERESIS 


A highly oriented bar of BiMn alloy with excess Mn 
and Bi was prepared by heating pressed powders at 
320°C for 25 hours while held in a magnetic field of 
approximately 9000 oe. The average BiMn grain size 
was 200 microns. The resulting field-oriented BiMn 
sample was mounted on the neutron spectrometer with 
Cy axis vertical and the (100) reflection maximized. 
Growth in the magnetic field controlled only the orien- 
tation of the magnetic axis (co) so that the ao axes were 
directed at random in a plane perpendicular to co. The 
peak intensity was studied with the sample in air as a 
function of temperature as illustrated in Fig. 2. Upon 
passing through the melting point of Bi (271°C), a 
small discontinuity is observed which suggests a small 
dissolution of BiMn or some loss of crystallite orien- 
tation. As T increases, the (100) peak intensity drops 


TABLE I. Composition by weight of BiMn (NOL) sample. 








Chemical analysis 
73.5% 


23.4 
3.1 


Neutron diffraction analysis* 


Bi 75.4% Bi 
Mn 22.1 Mn 
oO 25 16) 











® The neutron diffraction analysis gave BiMn—65.6%; Bi—23.5%; 
MnO—10.9%; Mn—nil. a 

> Difference of % Bi+% Mn from 100% assumed to be oxygen. This is 
high. 


15 Seybolt, Hansen, Roberts, and Yurcisin, J. Metals 8, 606 
(1956). 
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Fic. 3. BiMn cell edges, volume and Mn—Mn distances measured at temperature. 


rapidly near 360°C, upon cooling recovers at 330°C and 
then slowly approaches the initial intensity after disso- 
lution. The time intervals between points were about 
3 min. Small scattering-angle adjustments were made to 
compensate for cell edge changes. The qualitative 
hysteresis shown here is broader than that found by 
Guillaud because of the large specimen mass. 


CELL EDGES VS TEMPERATURE 


Figure 3 shows the cell edges of hexagonal BiMn 
observed at temperature by neutron diffraction. X-ray 
data taken at room temperature are shown for com- 
parison. The high-temperature portion of the curves 
agrees well with x-ray diffraction data of Willis and 
Rooksby.® No significant volume change is observed at 
the transition temperature. The 340 and 360°C trans- 
formations were discontinuous within 5°C as found by 
Heikes* and the co axis contracts 3.0% upon loss of 
magnetization. This contraction is orders of magnitude 
greater than that observed at the Curie temperature 
for other ferromagnetic materials. The c/a ratio from 


these data varies from 1.42) to 1.42s from liquid helium 
temperature to 360°C and above 340°C is close to 1.37, . 


iA 


showing a decrease of 4.2% at the transition. 


ROOM TEMPERATURE MAGNETIC STRUCTURE 


Figure 4(a) is a trace of the NOL BiMn sample 
taken at room temperature with the sample in rotation. 
Evidence for small amounts of crystalline Bi and MnO 
is present. Fortunately, a separation of these impurity 
diffraction effects could be clearly made. The intensities 
attributed to BiMn are shown in Table II as Ps with 
data essential for calculation of relative intensities. No 
attempt to place the following observations on an 
absolute basis was made because of the presence of Bi 
and MnO. The predicted coherent nuclear and magnetic 
neutron scattering is given by: 


(F?+F mag’ Pq’) 


cale~ 


g siné sin20 


Xexp[—(C cos’g+2B)(sin*)/d?], (1) 
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Fic. 4. Neutron diffraction traces of NOL BiMn. (a) Room teraperature; (b) at 380°C. 


where k=constant, j= multiplicity, A (ur) =cylindrical 
absorption correction, 1.=linear absorption coefficient, 
r=sample radius, 92= Debye angle, F=crystal structure 
factor >>, b,e°"**=+#v+!®) 6, = scattering amplitude for 
neutrons (d\4,=—0.368X10-" cm, 6p;=0.85010-” 
cm for this study), Finag= magnetic structure factor, 
g@=sin?(e- K), e=unit scattering vector, K= unit vector 
parallel to spin direction, C=empirical constant for 
directional temperature factor, B=conventional tem- 
perature factor, A=neutron wavelength, g=angle 
between cy axis and crystal plane normal. The magnetic 
moment amplitude # is given by 


p= (ey/me*) fS=0.538 fSX 10-” cm, (2) 
where y is the neutron magnetic moment, f is the 


magnetic form factor, and S is the electronic spin. 
The observed intensities at 25°C may be interpreted 


by picturing ferromagnetically aligned moments on 
each manganese atom of magnitude 3.80.34, which 
are directed along the co axis. The orbital moments are 
considered to be quenched. The crystal structure is of 
NiAs type. In Table II, the calculated magnetic 
intensities are listed under Peaic”. The major magnetic 
intensity is in (100) with significant contributions from 
three lesser reflections. Peaic gives the combined nuclear 
and magnetic intensities and good intensity agreement 
is observed. The calculated and observed intensities are 
normalized at the (101) reflection which is solely nuclear 
in origin. 

Use of the form factor of Shull’*® for the state Mn++ 
yields for these data an apparent moment per manga- 
nese atom of 4.34, at room temperature. This value is 
in conflict with existing room temperature moment data, 


16 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 





NEUTRON 


the most reliable of which is that of Heikes,® 3.6u%. To re- 
solve this discrepancy we have chosen a form factor, 
Curve (b), Fig. 5, which yields a moment of 3.84, at room 
temperature for BiMn. Curve (a) is the form factor 
attributed to the Mn** state and Curve (c) is the form 
factor found for MgFe2O, and NiFe2O,. A fit of the 
BiMn neutron data could be made using the Heikes 
moment of 3.6u,, but the form factor would be unusual 
in shape being close to unity out to the first observed 
point. The experimental error limits on the Mn++ form 
factor would overlap but the mean positions at points 
of observations are always greater by more than 10%. 

To demonstrate qualitatively the required shift of 3d 
electron density to effect the difference in form factors 
plotted in Fig. 5, the electron density distributions 
were calculated using!*17 


u(r) ~- 4 sin(rx)dx, (3) 


where x=4n(sin@)/, f, is the form factor at x, and r 
is the radius in angstroms. 

Figure 6 [Curve (a) ] shows the 3d electron distri- 
bution of Mn** as found by Shull, Strauser, and 
Wollan.'* Curve (6) is the distribution calculated in 
the same manner for the Mn in BiMn form factor 
except that u(r) has been multiplied by 0.8 to approxi- 
mately normalize the curves having assumed five 3d 


TABLE IT. BiMn neutron data. 25°C. 








Prato 


0 0 

570 0.885 987 
0 520 < 

0 209 

99 0.49 100 

85 0.34 136 

0 


0 
145 
760 


Peaic pif? 








0 
505 


1 
300, 114 ie 45 
005 sie 0 
301 mie 0 
(204, 105, 213, 302) oes 396 
220 3 13 
115, 303, 221 
(214, 310, 205, 006, 311, 222) 


ao=4.287A, co=6.126A, 
2B=0.5A2, ur=0.4, 


0 
474 


A=1.014A, C=2.5A?, 
n=3.8+0.3up. 








« “Nil” indicates no evidence for a reflection ( <10). 


G. E. Bacon, Neutron Diffraction (Clarendon Press, Oxford, 
1955), p. 142. 
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Fic. 5. Magnetic form factor curves of (a) Mn**; 
(b) BiMn; (c) MgFe2.0, and NiFe2O,. 


electrons present for the Mn** state and four for the 
state of Mn in BiMn. A slight shift to smaller radius 
of the 3d electron distribution is evident as would be 
suggested by the tighter binding of the 3d electrons in 
the assumed Mnt++ configuration. Because of the 
errors present, this comparison must be considered 
tentative. 
MAGNETIZATION CURVE 

The NOL BiMn cylindrical samples were hermetically 
sealed after flushing with He gas, into an aluminum 
container for high-temperature study. To obtain a 
magnetization curve, the (100) neutron intensity was 
studied as a function of temperature up to 420°C 
(693°K). A partial trace was made at 330°C (data 
given in Table III), just below the magnetic transfor- 
mation which along with the complete trace at 25°C 
allowed a careful comparison of nuclear and magnetic 
contributions to the (100) reflection as a function of 
temperature. In Fig. 7 is plotted the resulting curve in 
comparison with that observed by Heikes.* The magnet- 
ization curve determined by neutron diffraction parallels 
at high temperature that of Heikes measured directly 
by the gradient method. However, the neutron curve 
is roughly 10% greater at high temperature, slowly 
approaches Heikes’ magnetization curve near 200°K, 
and finally dips below at very low temperature. The 
low-temperature observations will be discussed later. 

Data were taken from the sample cooled into the 
hysteresis region as shown by the points denoting zero 
effective moment. The dotted curve denotes the exten- 
sion of a J=} Brillouin function above the magnetic 
transformation indicating a virtual Curie temperature 
of about 750°K. The (100) reflection has the peak 
shape normally observed with this spectrometer at all 
temperatures studied. 


HIGH-TEMPERATURE BiMn STRUCTURE 


A complete trace of the NOL BiMn sample was 
obtained at 380°C as shown in Fig. 4(b). The Bi peaks 
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Fic. 6. Qualitative comparison of electron density shift for 
(a) Mn**; (b) BiMn. 


are absent sincé the molten state gives rise to a liquid 
like scattering not in evidence here. The MnO impurity 
peaks are present. Table IV lists the observed integrated 
intensities with the assigned indexes. The lack of 
resolution at high angles plus temperature broadening 
requires the summation of many of the adjacent 
intensities. 

In view of the evidence for a paramagnetic state in 
the temperature range 340-360°C to 445°C, a paramag- 
netic model was attempted which yielded only nuclear 
intensities as shown in Table IV under P,ai-(para). 
Rough intensity agreement was found when a very 
large temperature factor was included. As shown in 
Eq. (1), the temperature factor has been made direc- 


TABLE IIT. BiMn neutron data at 330°C. 








Peaic 


0 0 
248 698 
0 525 

0 193 
43 42 
33 90 
0 0 

0 0 
121 


Peale 





646 
202 7 20 
4 Nil 
113 0 Nil 


ao=4.31A, 1.01,A, C=6.8A2, 2B=2.7A?, 
.6up; NiAs structure. 





tional in an empirical manner since no theoretical 
calculations for the thermal attenuation of intensities 
has been made for a uniaxial crystal (hexagonal, 
tetragonal, etc.). The temperature factor used is similar 
to that of Hughes'* and implies in this case a “soft” 
direction along the co axis with crystal planes perpen- 
dicular to the co axis exhibiting large thermal fluctua- 
tions or another type of directional loss of lattice 
perfection. The same temperature factors have been 
used for each of the three models. 

The major discrepancy in the paramagnetic model 
lies in the low value of the calculated (101) intensity 
and the (201, 103, 112) intensity group. 

In view of Guillaud’s predictions of an antiferro- 
magnetic state at high temperature and disregarding 
the negative susceptibility evidence, an attempt to fit 
possible antiferromagnetic models was made. Table V 
gives the possible magnetic reflections with their 
dependence on spin direction as shown by gq’. Since no 
(100) peak was observed, antiferromagnetic models 
with major moments along the [100] and [110] direc- 
tions are eliminated. No extra reflections are observed 
to suggest larger magnetic unit cells. However, a model 
with moments directed along the co axis remains and 


TABLE IV. Observed and calculated BiMn neutron data at 380°C. 





Peale 


(anti) 


(para) (Disordered)* Pobs 


0 0 0 Nil> 
428 <> 428 <— 428 <>» 428 
482 603 (121)¢ 603 603 
158 158 158 158 

1 2 <il 
44 49 44 
13 (13) 0 <10 
0 0 <10 
200 80 80 75 
201, 103, 112 J 438 (8) 
202 f 0.4 
004 2 
113 0.6 
210 69 
104, 211, 203 161 (2) 
212 F 0.4 
300 8 
301 0 
114 6 
005 0 
204, 213, 302, 105 ‘ 115 
220 5 





221 0 

303 0 

(115, 310, 214, 311, 110 117 
222, 205, 006) 

C (A’) 

2B (A?) 6.3 6.3 6.3 

1.8, 0 


co=6.006A, ur=0.4. 


8.5 8.5 8.5 


Nett (UB) 0 
A= 1.01,A, ao= 4.38;A, 








* 0.901 Mn in 000,00 4; 0.099 Mn in } 3 3, $43; Biin} 44,742. 
b “‘Nil”’ indicates no evidence for a reflection (<10). 
¢( ) denotes magnetic intensity contribution. 





s “Nil” indicates no evidence for a reflection ( <10). 


18 E, W. Hughes, J. Am. Chem. Soc. 63, 1737 (1941). 





NEUTRON 


DIFFRACTION STUDY 


OF BiMn 





I 
wae mene we 
A 


“=== CURVE ADAPTED FROM HEIKES’ 
MAGNETIZATION MEASUREMENTS, 


DIRECTIONS. 





! 


O——o NEUTRON DIFFRACTION DATA. ZERO MAGNETIC FIELD. 
MOMENT DERIVEO FROM (100) REFLECTION, 


~t#-— MODEL WITH MOMENTS ASSUMED ALONG BOTH do AND co 


soeeeeese ved BRILLOUIN FUNCTION EXTENSION, 


-"— DECOMPOSES TO a-Mn AND Bi 











| 





1 
200 300 


400 


| ! 
500 600 


T°k 


Fic. 7. BiMn magnetization curve by neutron diffraction. 


of the first four reflections, only the (101) combination 
will give a magnetic contribution. This model of an 
antiferromagnetic structure with moments along the 
Co axis of effective moment of about 1.8uz is seen to 
correct for the low (101) calculated intensity and to 
give fair agreement with P.».. Some deviation from 
moment direction along ¢o could be tolerated since the 
multiplicity of (100) is small and the minimum ob- 
servable peak is about 10 intensity units. 

This antiferromagnetic model is unlikely to be the 
true state for several reasons. The drop of effective 
moment from close to 4ug to 1.8ug at the magnetic 
transition would suggest an unusual atomic state of 
Mn. The three measurements of magnetic susceptibility 
which suggest a paramagnetic state for this temperature 
range are available even though the temperature range 
of measurement is small. Guillaud’s? susceptibility maxi- 
mum of 445°C might be explained by the peritectic 
reaction demonstrated in Fig. 8. At 460°C the BiMn 
sample has decomposed to a-Mn and molten Bi. 
Finally, the very large distortion of the unit cell edges 
would not necessarily be tolerated by such a magnetic 
transformation without some symmetry or structural 
change. 


TABLE V. Parameters for possible ferromagnetic 
and antiferromagnetic models. 





¢ 
[002] [100 Jay 


0 1 1 
1 0.500 0.500 
0.731 0.635 0.635 


0 
1.429 


[110 Jay 


1 1 
1.425 1.425 








DISORDERED STRUCTURE 


The NiAs unit cell, Fig. 1, has two interstices of 
symmetry similar to the Bi atom positions. Since one- 
half the closest interatomic distance in Bi metal!® is 
1.55A and in manganese one-half the separations vary 
from 1.18A in B-Mn to 1.25 to 1.48A in a-Mn,” it 
would appear that occurrence of interstitial Mn atoms 
would not be unreasonable at high temperature, and 
this has been proposed in unpublished work by R. R. 
Heikes. Such a model was attempted and yielded the 
intensities, Peaie (disordered), in Table IV. The number 


a-Mn 


Bi Mn = 460°C 
(a-Mn + MOLTEN Bi) 


—— (330) (441) 


—(!00) Bi Mn 
Af (200) 
— (332) a-Mn 





INTENSITY (COUNTS/ MIN ) 
1} — (442) a-Mn 
*-(510)(431) a-Mn 








26 


Fic. 8. Neutron diffraction trace of BiMn at 460°C. 
19. Pauling and P. Pauling, Acta Cryst. 9, 127 (1956) give the 
radius of Bi, valence 3, with twelvefold coordination as 1.691 A. 
20 J. S. Kasper and B. W. Roberts, Phys. Rev. 101, 537 (1956). 
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of interstitial Mn atoms, denoted Mn*, was determined 
by adjusting the usually low (101) reflection to the 
observed value. This requires 9.9% of the total Mn 
atoms present to be in the interstitial positions as Mn* 
atoms. Crystallographically this is a change from the 
NiAs-type structure to a disordered Niln:-type. It is 
noted that several additional groups of intensities 
have better agreement with P,,, than is obtained with 
the previous two models. 

The invariance within experimental error of ao and 
co of many samples of BiMn prepared by different 
procedures, plus the constancy of the magnetic transi- 
tion temperatures across the phase diagram,'* supports 
the assumption made throughout this study that BiMn 
is stoichiometric. 

Very good agreement of the neutron intensities is 
thus obtained with a disordered NiIng model with the 
assumption of a paramagnetic state for the Mn and 
Mn* atoms. Since fair agreement is obtained for an 
antiferromagnetic model as suggested by Guillaud? and 
Meyer, one seeks additional data in confirmation. 

Consider those atoms which lie on (110) planes in 
the NiAs-type structure as shown in Fig. 9. Columns 
of Mn atoms alternate with staggered arrangements of 
Bi atoms and interstitial sites. In the disordered 
(NiIn,) structure, the same arrangements of the Bi 
atoms persist but Mn atoms jump at random into the 
interstitial sites (Mn*). Roughly one Mn* atom is 
required out of ten starting Mn atoms to obtain neutron 
intensity agreement. Therefore, each column of Mn 
atoms over very long distances would be expected on 
the average to contract. In Fig. 3 an ~3% contraction 
with rising temperature and an equal expansion upon 
cooling of co is observed to coincide with the magnet- 
ization hysteresis. Thus qualitative agreement of the 
pronounced distortion of the lattice follows from the 
disordered model. It is noted that the ay axis changes 
such as to compensate and maintain a continuous 
volume through the transition. The presence of the 





























Ni ing (DISORDERED) 


Fic. 9. Atomic arrangement on (110) planes of NiAs 
and disordered NiInz models. 
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Fic. 10. Magnetocrystalline energy constant, K, as measured 
by Guillaud.! Possible nature of K from neutron diffraction 
observations made in zero magnetic field. 


hysteresis in both the magnetization and cell edge 
curves is explainable by the disordered model since one 
may postulate a strain energy to be associated with the 
motion of the Mn atoms to the interstitial sites. The 
strain energy would in effect raise the temperature of 
disordering (~350°C) and upon cooling depress the 
recovery temperature as observed in the 340-360°C 
hysteresis of the transition. Evidence for a measurable 
heat of transformation is found at 340° and 360°C by 
Guillaud.' 

Indirect evidence for the disordered model lies in the 
need for a highly directional temperature factor. The 
exponential constant C+2B observed for planes lying 
perpendicular to the co axis is greater than twice the 
constant 2B associated with planes parallel to co. This 
anisotropy in apparent atomic displacements could 
well be explained by frozen-in regions of distortion™ 
around a Mn* atom which would tend to give more 
attenuation of the coherent reflections of planes perpen- 
dicular to the co axis in the same manner as the prefer- 
ential temperature motion of atoms causes variations 
in attenuation. Diffuse scattering effects would be 
different for temperature motion and distortion type 
attenuation but are not easily measurable with a 
powder specimen. 

The abrupt contraction of the co axis with onset of 
disorder would appear to coincide with the change from 


21K, Huang, Proc. Roy. Soc. (London) A190, 102 (1947). 





NEUTRON DIFFRACTION 


a ferromagnetic to paramagnetic state. The dyn—mn 
distance along the cp axis abruptly contracts ~3% at 
the transition between the magnetic states while the 
distance between a Mn site and an interstitial position 
denoted as dmn—mn* in Fig. 3 is essentially continuous. 
Kasper and Roberts” have found that spin coupling 
arrangements in antiferromagnetic a-Mn depend upon 
both interatomic distance and the necessity of a 
physically consistent arrangement of spins. Spacings 
>2.96A in a-Mn were found to be ferromagnetically 
coupled in agreement with BiMn up to 340-360°C. 
Above these temperatures dyn—mn is still >2.96A and 
the state is found to be paramagnetic. However, the 
presence of the interstitial Mn* atoms creates regions 
where no consistent arrangement of spins is possible 
and therefore no spin alignment would be expected on 
this basis. 

The ferromagnetic properties of BiMn quenched to 
room temperature from the disordered region, 340- 
360°C to 445°C, suggest a ferri- or ferromagnetic 
arrangement of Mn moments or an unusual Mn state 
as found by Heikes.* Correlation of his quenched cell 
edge parameters (co=5.964A, a9=4.339A) in the form 
of dmn—mn and dvn—mn*, aS shown in Fig. 3, definitely 
suggests that the disordered phase is being quenched 
to room temperature and that the Mn* atoms have 
not had time to relocate on their normal NiAs sites. 
The extrapolation of dyn—mn from high temperature 
parallel to that of the equilibrium structure, agrees 
well with the dyrn_mn of the quenched metastable phase. 

If a ferrimagnetic model is assumed for the quenched 
disordered model with an even 10% of Mn* atoms in 
interstitial positions with moments opposed to the 
usual magnetization direction, one has a resulting 
saturation moment of (0.9—0.1)4uz or 3.24% which is 
considerably above the 1.7u, per Mn found by Heikes. 
Roughly 29% interstitial Mn* atoms would be required 
to match the observed moment. 


TABLE VI. BiMn neutron data: 77.3°K.* 
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co 
hkl Pmag 
0 
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0 
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00 
201, 103, 112 
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004 

113 

104, 210, 203, 211 
212, 114, 300 


005 
(301, 204, 105, 213, 302) 





® Model: 34% of 3.942 moments along [001], 66% of 3.948 moments 
along [110]; ao=4.26A, co=6.061A, }=1.014A; ur =0.4; no temperature 
factor used, ‘‘Nil’’ denotes an intensity less than unity. 
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TABLE VII. Comparison of large particle BiMn 
intensities at low temperature. 


Pobs 
77.3°K 
Nil Nil 0 
83 72 44.9 
56 56 56.0 
)2 29.5 36 23.8 
(201, 112, 113) 86 83 85.5 


4,2°K 


Pralc®™®* 





* Calculated with Nz data. No temperature correction applied. 


When a Mn* atom moves to an interstitial site, five 
Mn—Mn* pairs are immediately created on the aver- 
age. If these five nearest neighbors plus the Mn* atom 
are considered to lose the ferromagnetic exchange 
necessary for moment alignment due to the unsym- 
metrical arrangement” and possibly to the local strains 
present, roughly 60% of the Mn atoms will not con- 
tribute to the saturation moment, leaving 0.4(4u,) or 
1.6uz to be associated on the average with each Mn 
atom. The moment of this model is of the same order 
as the ~1.7ug observed but requires further study to 
substantiate. 


SPIN ROTATION AT LOW TEMPERATURE 

The magnetic measurements of Guillaud show a very 
rapid decrease in magneto-crystalline energy with 
decreasing temperature as indicated in Fig. 10. The 
energy as deduced from magnetization curves, changes 
sign at 84°K indicating a change in the easy direction 
of magnetization from along the co axis to somewhere 
in the basal plane such as the [100] or [110] directions. 

A neutron trace taken at 77.3°K and zero magnetic 
field on the NOL BiMn sample indicates that only part 
of the moments rotate away from the ¢o axis. The data 
are listed in Table VI with intensities calculated for 
the following hypothetical model. Moments are as- 
sumed to lie along both the [001 ] and [110] directions. 
An intensity balance of the first three observed reflec- 
tions is then obtained by adjusting the ratio of moments 
directed along [001] and [110] assuming equal mo- 
ments for all. When about one-third are directed along 
[001 ] and two-thirds lie in the basal plane, the effective 
moment per Mn is found to be 3.9+0.5u,. The magnetic 
intensities originating from each orientation are shown 
in Table VI and a point is introduced for mer; in Fig. 7 
which extends the magnetization curve to low temper- 
atures with the assumption of this model. 

In view of the small mean particle size (28 microns) 
of the NOL BiMn sample, the possibility of a shape 
anisotropy effect was suspected. A sample of BiMn was 
then prepared by alloying small particles of Mn in 
molten Bi just above the melting point of Bi. The 
mean particle size of the resulting BiMn was roughly 
75u and was magnetically enriched before study. The 
BiMn content was finally 55% with adhering Bi the 
remainder. 

In Table VII are listed the observed neutron in- 
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tensities of the low-angle region which are to be con- 
sidered qualitative due to the low BiMn content. The 
reduction of the (100) intensity which signifies that 
fewer moments are directed along the co axis is noted 
at 78°K and a further reduction observed when the 
sample is cooled to liquid He temperature. Conversely 
the (002) intensity increases as the temperature is 
lowered in accord with more moments rotating to 
directions lying in the basal plane. The (101) reflection 
is used for normalization since only nuclear scattering 
is possible within the limits of no existing (100) reflec- 
tion as demonstrated in Table V. 

The nature of the ferromagnetic domain structure in 
BiMn at these low temperatures has not been observed 
and no obvious differences in the neutron diffraction 
results are observed between the two samples of differ- 
ent particle size. The incomplete rotation from the co 
axis of the magnetic moments at 77.3°K in both 
samples and at 4.2°K in one, however, is clear. The 
intensity fit noted in Table VI for the NOL BiMn at 
77.3°K is interpretable with moments assumed to lie 
in two specific directions of the lattice although models 
with all moments directed with the same fixed angle 
from the cp axis would be tenable within experimental 
limits since magnetic contributions to the (100) and 
(002) reflections are inversely related by the mode of 
¢ variation with moment direction. A loss of hexagonal 
symmetry would be expected if the moments lay along 
[101] for instance. It is therefore difficult to specify 
the exact moment arrangement. If the magnetocrystal- 
line energy is near zero so that continuous linkage of 
moments is possible throughout the lattice irrespective 
of the crystal axes, the coherent magnetic intensities 
would be greatly reduced and additional diffuse scat- 
tering due to the arbitrariness of moment directions 
would occur. Since the coherent intensities at 77.3°K 
are satisfied with a moment of 3.94, with a spin 
direction system assumed, the latter model would not 
appear tenable. 

The partial rotation of the magnetic moments as 
suggested by these measurements would not conflict 
with a magnetocrystalline energy curve which remained 
positive at low temperature as tentatively indicated in 
Fig. 10 by the dashed line. The moments would continue 
to retain the easy direction of magnetization along co 
but the low magnetocrystalline energy would permit 
rotation of spin moment directions of some particles 
into the basal plane. Closure domains” could be pictured 
to give such results, and the suggestion of shape 
anisotropy has been made by I. S. Jacobs and C. P. 
Bean of this laboratory to explain the rotation of 


085). Landau and E., Lifshitz, Physik. Z. Sowjetunion 8, 153, 
(1935). 
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moment directions based upon the appearance of torque 
curves made at low temperatures. 


CONCLUSIONS 


These neutron diffraction measurements on BiMn 
alloy in the presence of Bi and MnO confirm the 
magnetization measurements and magnetic structure 
generally accepted near room temperature. The mag- 
netic moment per Mn atom is found to agree within 
experimental error with the recent extrapolated value 
of 3.9;u, determined by Heikes on high-purity BiMn. 
The interpretation of the neutron data requires spin- 
only scattering and a magnetic form factor which is 
greater at given angle than that found for the Mn++ 
state and qualitatively suggests tighter binding of the 
3d electrons of the Mn in BiMn. 

The extrapolated moment near 4y,z is consistent with 
the state Mn***, which would suggest completion of 
the outer electron shells of the Bi atom. 

A fair match of the neutron intensities observed at 
380°C is obtained by assuming an antiferromagnetic 
arrangement of moments of magnitude 1.8uz. However, 
a better fit of intensities is obtained by assuming a 
disordered structure with no spin alignment of the Mn 
moments. The disordered structure involves random 
movement of about 10% of the Mn atoms into large 
interstitial sites available in the NiAs lattice. This 
model qualitatively explains the 3% contraction in the 
Co axis coinciding with loss of magnetization and by 
inferring that strain energy be associated with the 
displaced Mn atoms would suggest the origin of the 
magnetization curve hysteresis. The disorder model is 
in good agreement with the observations and, along 
with known magnetic susceptibility data, would rule 
out the antiferromagnetic model. 

The arrangement of Mn atoms in the disordered 
structure suggests an interpretation of the quenched 
magnetic phase of BiMn reported by Heikes in which 
4/10 of the Mn atoms would have aligned spins with 
the remainder being unaligned. 

The magnetic moments do not rotate completely 
from along ¢o into the basal plane at temperatures 
below 84°K under zero applied magnetic field. The 
data suggest the possibility of a positive magneto- 
crystalline energy at very low temperature. 
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Mechanism of Diffusion of Copper in Germanium 
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To explain the rapid diffusivity of copper in germanium and its dependence on structure, it is proposed 
that the copper be dissolved in two states, interstitial and substitutional. It is deduced that in the interstitial 
state the solubility of copper is about 10~? times less and the diffusivity many orders of magnitude greater 
than in the substitutional state. Conversion from the interstitial to the substitutional state is effected by 
lattice vacancies which are generated at free surfaces and dislocations; this accounts for the structure de- 
pendence of the diffusivity observed by Tweet and Gallagher. 





HE remarkably rapid penetration of copper into, 


germanium, first studied by Fuller ef al.,! has¥# 


been found by Tweet and Gallagher? to be structure- 
sensitive. In gross, the depth of penetration to half- 
concentration, in 15 minutes at 710°C, is raised from 
4X 10~ cm, in samples of high perfection, to 0.2 cm in 
samples which contain many small-angle boundaries or 
are deformed. The latter value corresponds to a dif- 
fusivity of about 4X10~-> cm?/sec, comparing with 
(3.2+0.8)X10-> cm*/sec (practically independent of 
temperature from 700°C to 900°C) found by Fuller 
el al. In crystals of moderate perfection the distribution 
corresponds to Fick’s law only at smaller depths than 
those stated. At greater depths there is a level of copper 
concentration which rises with time and is relatively 
independent of distance. A decrease of concentration 
with depth at 4 mm is appreciable in the 15-min run, 
but inappreciable at this depth in runs of longer du- 
ration. The measurements of Fuller et al. show evidence 
of a similar deviation from the Fick’s law distribution. 
In closer detail, when copper diffuses into n-type 
germanium, converting it to p-type, the p-n junction is 
found to be at a shallow depth (of the order 4X 10~* cm) 
in perfect regions of the crystal, as judged from etch 
pits, with long protuberances of about the same radius, 
evidently along dislocation lines. 

The immediate interpretation is that most of the 
copper is transported along the dislocation lines, but 
this raises serious difficulties. The apparent over-all 
diffusivity when there are about 10° dislocations/cm? 
is about 4X10-° cm?/sec. The interpretation then 
implies either that the diffusivity close to the dislo- 
cations is incredibly large (requiring mean free paths 
of many interatomic distances), or that the dislocations 
raise the diffusivity to a credible value at an inexplicably 
large distance from themselves. 

We propose an alternative explanation which appears 
to be in agreement with all the known facts. This 
involves that copper dissolves in germanium in two 
states, which we suppose to be interstitial and sub- 


* Permanent address: H. H. Wills Physical Laboratory, 
University of Bristol, Bristol, England. 

1Fuller, Ditzenberger, and Wolfstirn, Phys. Rev. 93, 1182 
(1954). 

2 A. G. Tweet and C. J. Gallagher, Phys. Rev. 103, 828 (1956). 


617 


stitutional, respectively. In interstitial solution it has a 
very high (but not incredibly high) diffusivity. Sub- 
stitutionally, its diffusivity is low, but its solubility 
higher. Conversion from the interstitial to the sub- 
stitutional state requires a supply of vacancies, which 
is not available except near to dislocations or the free 
surface. 

Van der Maesen and Brenkman’® had already pro- 
posed that copper dissolves both interstitially and 
substitutionally in germanium and that the rapid 
diffusion, reported by Fuller e al., is effected by 
interstitial copper. However, they did not recognize the 
necessary provision of vacancies and the consequent 
importance of processes of vacancy diffusion from 
dislocations and free surfaces. 

We attribute the deep penetration, substantially 
uniform to 4 mm after a diffusion run longer than 10° 
sec, to pure interstitial diffusion, and from this estimate 
the interstitial diffusivity D; to be about 100 times the 
apparent diffusivity in imperfect crystals‘ (i.e., D; 
=4X10-* cm?/sec). This is about what would be ex- 
pected for a process of diffusion in a lattice when the 
activation energy is negligibly small. 

In the presence of a high density of dislocations, we 
suppose that the concentrations of substitutional and 
interstitial copper, ¢, and c;, maintain equilibrium with 
each other in the ratio of their solubilities c,’ and c,’. 
Then each copper atom spends only a fraction c;’ 
(c,’+c;’) of its time in the state of high diffusivity, and 
the effective diffusivity becomes 


Dett = Dic? ‘(c,’+c;'). 


Identifying the observed diffusivity in relatively im- 
perfect crystals, 4X10-° cm?/sec, with Derr, we infer 
that the solubility ratioa=c,'/c;’ is about 100. The total 
solubility being about 10-7? (atoms per atom), the 
interstitial solubility at this temperature is estimated 
as 10-*. The concentrations ¢,, c; of substitutional and 
interstitial copper and ¢, of vacancies (¢,’, c;’, and ¢,’ 
being their equilibrium values) will be related by an 


3 F. van der Maesen and J. A. Brenkman, J. Electrochem. Soc. 
102, 229 (1955). 

* Numerical estimates in this note are significant only as to 
order of magnitude. 
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equilibrium equation: 
G=Kctp, (1) 
where 
K=c,'/¢i'¢e' =a/¢»'~100/c,’. (2) 


With an initial concentration of vacancies ¢,’, and 
introduction of copper with no immediate supply of 
furth: r vacancies, we have 


Oto=c’, (3) 
and hence 


C=C,’ /(1+Ke;). (4) 


Thus the vacancy concentration will be temporarily 
depressed by a factor of more than 2 provided that 
ci>1/K=c,'/a=c;'c,'/c,'; i., essentially, if c,’<c,’ 
~10~". This requirement for the interpretation is 
almost certainly met. 

If we estimate that the activation energy for self- 
diffusion in germanium, 73.5 kcal, can be divided as 
50 for vacancy formation and 23.5 for vacancy mi- 
gration,® the equilibrium vacancy concentration at 
710°C will be about 10-, and therefore, as required, 
will be substantially suppressed by the interstitial 
copper concentration when it is near to its equilibrium 
value c,;’~10-. 

In the light of this theory, the principal mechanism 
for diffusion of substitutional atoms of copper will be 
that they dissociate into vacancies and interstitial 
copper atoms, which diffuse independently. Compared 
with this, we can neglect the “genuine”’ diffusivity of 
substitutional copper which is likely to be of a similar 
order of magnitude to the self-diffusion coefficient of 
germanium, Dge~6X10- cm?/sec. For diffusion by 
this dissociative mechanism, we shall have 


D,= Dy Co/(Co+6s); (5) 


the migration rate being that of the slower moving 
species, the vacancies, multiplied by a factor repre- 
senting the proportion of time that the vacancies are 
free (from combination with copper). Thus 


D, yD, Dee 
D,=——__ = —___ = —_. (6) 
1+- Ke; Cy tac; Cy’ tac; 
This diffusivity is thus not a constant, but diminishes 
with the interstitial copper concentration. If the latter 
is very low, D, becomes equal to D,, about 610-5 


5 Letaw, Slifkin, and Portnoy, Phys. Rev. 93, 892 (1954). 
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cm*/sec hypothetically. When the high interstitial 
diffusivity maintains c; near to its equilibrium value 
c;’, we have essentially 


De~Dee/C’~6X 10-/10-7 cm? sec= 6X 10-8 cm?/sec. 


This value (giving an effective penetration of 8X 10~* 
cm in 10* sec) agrees in order of magnitude with the 
distribution of acceptors around dislocations, and near 
the surface of perfect regions of crystal. 

The estimated value, 100, for the solubility ratio, a, 
is sufficiently high to explain the substantial agreement 
between radioactive and electrical assessments of copper 
content if we assume that each substitutional copper 
atom is an acceptor, whatever the electrical behavior of 
interstitial copper. It is reasonable to suppose that the 
interstitial copper atoms are donors, and this is sup- 
ported by the observation® that at 800°C copper mi- 
grates electrolytically as a positive ion. 

A qualitative prediction from this theory, that 
acceptors are produced around dislocations having no 
close connection with the surface source, is verified in 
A. G. Tweet and C. J. Gallagher’s’ observations that, 
after diffusion, certain regions having no apparent con- 
nection with the surface are marked by radiocopper. 

The mechanism of diffusion of copper into silicon 
appears to be similar. Phenomena of this kind in crystals 
of relatively high perfection are to be anticipated, in 
pronounced form, whenever the solubility is smaller, 
but the product of solubility and diffusivity larger, for 
the interstitial than for the substitutional state, and 
at the same time the total solubility exceeds the equi- 
librium vacancy concentration. 

The present interpretation helps to explain the 
observations of Dash* with regard to the formation of 
copper precipitates at dislocations in silicon. The copper 
migration for precipitate growth is no doubt interstitial, 
but silicon atoms must also be removed to make space 
for the precipitate. The necessary vacancy supply is 
available close to dislocations, where the precipitation 
is observed, and is less easily available from screw 
dislocations, where precipitation either does not occur, 
or occurs to a smaller extent than at other dislocations. 
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The phenomenon of hole-electron recombination at dislocations is examined, and it is demonstrated that 
the space charge barrier surrounding the dislocation may have a dominant effect in determining the charac- 
teristics of recombination. In particular, the inclusion of the space charge effect leads directly to the slow 
decay phenomena observed in silicon and n-type germanium. The characteristics of electrical fluctuations 
due to trapping at these levels are discussed on the basis of the model. 





A. INTRODUCTION 


—— recent experimental results suggest that 
electron-hole recombination in certain cases cannot 
be described wholly on the basis of the Shockley-Read 
theory.! It has been observed in many investigations? 
that under certain conditions instead of the simple 
exponential decay of injected carriers, a much slower 
decay is found. This deviation from the Shockley-Read 
theory arises in silicon at temperatures up to room 
temperature, and in germanium at temperatures the 
order of —80°C and lower. In order to account for the 
slow, nonexponential behavior of the recombination of 
excess holes and electrons at low concentration, it has 
been suggested* that deep trapping centers are present. 
These traps communicate primarily with only one band, 
and act as a storehouse of injected carriers. When the 
cause of excess carriers is removed, there is immediate 
recombination of the added carriers present in the 
conduction and valence bands. However, excess holes 
or electrons remain in the deep center. These are ejected 
at a very low rate, and the corresponding photocurrent 
decays very slowly. 

Another anomalous experimental result which we 
believe may be related is the recently observed 1// 
noise, attributable to dislocations, which has been 
found under certain conditions in germanium at room 
temperature.‘ This latter result indicates that there is a 
slow decay process associated with dislocations, which, 
if expressed in terms of time constants, has time con- 
stants the order of 0.02 second (as the 1/f noise ex- 
tends down to 10 cps at least). Thus dislocations have 
characteristic times at least up to the order of 0.02 
second. In fact, from noise theory,‘ and the limits of 
present experiments, trapping at dislocations must be 
described by a spectrum of time constants 7, with 
spectral density g(r), where g(r)=1/r from r=0.02 
second or higher to r= 10~ second or lower. 

It is apparent that time constants the order of 0.02 
second and possibly higher, associated with dislocations, 
are the right order of magnitude to explain the slow 
decay processes observed in lifetime experiments. How- 


1 W. Shockley and W. T. Read, Jr., Phys. Rev. 87, 835 (1952). 
2 Fan, Navon, and Gebbie, Physica 20, 855 (1954). 

3 J. R. Haynes and J. A. Hornbeck, Phys. Rev. 90, 152 (1953). 
‘J. J. Brophy, Phys. Rev. 100, 1261(A) (1956). 


ever, it cannot be assumed that levels at dislocations 
can only communicate with one band, as it is well 
known’ that dislocation levels are probably the major 
contributing factor in bulk recombination of electrons 
and holes. 

In this paper we will suggest a model to explain the 
various experimental results which does not depend on 
levels of unknown origin which can communicate with 
only one band. It will be shown that the barrier around 
the dislocation® or around an agglomerate of levels will 
cause such an effect. It will be found, using such a 
model, that although for large density of excess carriers 
the lifetime is low, at low density the apparent lifetime 
is sometimes high. In n-type germanium, at low in- 
jection density, excess holes may be “trapped” at the 
dislocation, and the recombination rate will be slow due 
to the fact that the rate of recombination is proportional 
to the density of holes left in the valence band, a much 
smaller density than the total injected carrier density. 
Thus the “trapping” of injected holes, which explains 
so many of the observed characteristics, is found in the 
present model also. A comparison of the theoretical 
predictions for germanium with the experimental ob- 
servations will be shown to yield good agreement. 


B. ANALYSIS OF RECOMBINATION AT 
DISLOCATIONS IN _ GERMANIUM 

Consider the band structure about a dislocation or 
agglomerate of levels, as in Fig. 1. We can estimate the 
rate of capture of electrons and holes as a function of Z, 
the charge on the levels per unit length, or per agglomer- 
ate. The rate of capture of electrons and holes will be 
affected by the distorted band structure. We will 
analyze for the case of a dislocation in m-type 
germanium. 

We can easily estimate the rate of electron capture if 
we assume that the important variable is the barrier 
height. It will be the number of electrons with sufficient 
energy to cross the barrier multiplied by a propor- 
tionality factor 1/7». The height of the barrier at some 
small distance \ will be, from the solution of Poisson’s 
equation, 

V=—(eZ/2rK) In(r0/X), 
5 Kulin, Kurtz, and Averbach, Phys. Rev. 101, 1285 (1956); 


98, 1566(A) (1955). 
6 W. T. Read, Jr., Phil. Mag. 45, 775, 1119 (1954). 
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Fic. 1. Energy band diagram at a dislocation in germanium. 


where 2 pro?=eZ, Np the donor density. Thus the rate 
of electron capture can be approximately written 


R.=(1/ta)[m exp(—bZ)—m exp(—bZo)], (1) 


where b= (e?/2rKkT) log(ro/A), 4 being some small 
length related to the electronic wavelength. So 6 is the 
order of 10-7/kT cm, where &T is in electron volts. The 
quantity Z should also appear in the coefficients of the 
exponentials. However, from Read’s analysis® we find 
bZ,>1 for T less than room temperature. We will 
therefore assume that the variation of the exponential 
factor with Z is much more rapid than the variation of 
the coefficients with Z. 

The rate of electron capture can be alternatively 
calculated assuming a tunnelling process is the dominant 
mechanism. The expression obtained is similar, the 
constant being the same order, as it turns out that the 
energy of the incident electrons must be very close to the 
barrier height for tunnelling to occur. Another method 
which can be used to obtain the rate of electron capture 
is to use Read’s® expression for the barrier height 
midway between two of the trapped electrons. By using 
the barrier height so obtained, a similar relation is 
again obtained, with again approximately the same 
value for 6. 

The rate of hole capture can be approximated by the 
expression 


Ri=(1/7p){p— po explb(Zo—Z) ]}, (2) 


with po the equilibrium hole density, p the hole density, 
and where the last term, describing the rate of hole 
ejection from the levels, involves the barrier height 6Z, 
the depth of the well in Fig. 1. Here again some simpli- 
fying assumptions have been used. The first is that there 
are essentially no holes trapped in the levels provided by 
the potential well shown, as in Fig. 1, to arise in the 
valence band. Thus the trapping of holes by the dis- 
location level arises chiefly by the direct transition of 
electrons in the dislocation to free holes in the valence 
band rather than the possible two-step process involving 
transitions first to a hole trapped in the potential well, 
and then to a free hole in the valence band. The validity 
of this latter assumption is questionable without a 
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quantum-mechanical analysis of the number of levels in 
the potential well. It is apparent that if the well were 
truly three-dimensional, as arising from an agglomerate 
of impurities, the approximation would be excellent, as 
only one level of importance would exist for each 
trapped electron (using the hydrogen atom quantum- 
mechanical treatment), and the probability that this 
level is occupied by a hole is close to zero, the Fermi 
level being too high in the m-type material. Thus when 
the density of trapped electrons, Z, on the dislocation is 
small, so that approximately a Coulomb potential can 
be used for each, expression (2) is relatively accurate. 
With low temperature, hence high Z, and high injected 
hole density lowering the quasi-Fermi level, then the 
approximation may fail. A second approximation in 
(2) is that the exponential factor varies more rapidly 
with Z than the coefficients, so the latter are again 
assumed independent of Z. 

A third approximation is that the capture cross 
section for holes is independent of the energy of the 
dislocation level, which varies with respect to the 
valence band as the barrier changes. An analogous 
approximation is inherent in the argument leading to 
Eq. (1). It is of interest to observe that with these 
approximations, the values of 7, and r, can be related 
to the Shockley-Read! lifetimes 7,0 and 70, obtaining 
for strongly n-type material tn0=Tn, Tpe=TpXZ/d, 
where d is the number of states per unit length of 
dislocation. From experimental values’ of tno and Tp 
and estimated values® of Z/d, we can colclude that r, 
and 7, are the same order of magnitude. 

For simplicity we will set 7,=7,)=7 and un=up=u 
throughout most of the manuscript. Until other details 
of the model can be described more accurately, there 
seems no advantage in a distinction between these 
similar constants. The important formulas will be 
repeated at the end as they would appear without the 
above simplification. 

The rate of hole capture in steady state must equal 
the rate of electron capture, whence, from Eqs. (1) 
and (2), 


exp(—bZ)=[p+no exp(— Zo) ]/[n+ po exp(6Zo) J. (3) 


Substituting to obtain the rate of recombination, using 
no>p, we find 


R= (Ap/r) {no/[n+ po exp(bZo) ]} 
= (no/r)[exp(— Zo) [exp(6AZ)—1]. (4) 


Here Ap= p— po, AZ=Zo—Z, and AZ is always positive 
in an injection process, corresponding to a net increase 
in hole density at the dislocations. In obtaining the last 
form in Eq. (4), 2 was set equal to mo in Eq. (1). 
For this approximation, it can be easily shown that 
T» exp(—bZo) must be much less than rp. If rp is the 
same order as Tp, as indicated above the approximation 


7 Burton, Hull, Morin, and Severions, J. Phys. Chem. 57, 102 
(1953). 
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is obviously valid. If 7, is much greater than 7,, the 
approximation should be valid at some low temperature. 

If holes are injected into n-type germanium, then, 
some of the injected holes will be in valence band (at 
a given instant), and some in the dislocation levels. If 
Ap; holes are injected per unit volume, 


Api=Ap+N AZ, 


where NV, is the number of dislocations per unit area. 
The excess conductivity arising from the injection will 
arise from the Ap, electrons which are added to the con- 
duction band (to neutralize the injected holes) plus the 
Ap holes added to the valence band. Thus 


Ao/eu=2Ap+N,AZ. (5) 


If V,AZ>Ap, a simple exponential decay will not be 
observed. For, from (5) and (4), 


7 (eu)! (dAa/dt)=no exp(—bZp) 
XLexp(bAc/euN,)—1]. (6) 


If, on the other hand, V,AZ<Ap, a simple exponential 
decay will be observed and the Shockley-Read theory 
will be obeyed. From (5) and (4), 


t(dAc/dt)=Ac. (7) 


Here the expression for Z) developed by Read® has 
been used. With this expression, and the estimated 
value for 6, it is found than m exp(—bZ»)>p for all 
temperatures in a 2 ohm cm n-type sample. 

It remains to establish the value of N,AZ/Ap, to 
determine whether (6) or (7) holds under given condi- 
tions; that is, whether slow or fast decay will be ob- 
served. From Eq. (3), relating AZ to Ap, 


N,AZ/Ap= (N,/bAp) 
XIn{1+Ap/[mo exp(—bZ0)+po]}, (8) 
whence with Ap low 
N AZ/Ap=N e*”°/bno, (9) 


which is a function of temperature and the density of 
donors and dislocations. As the temperature increases, 
bZ, decreases, and the exponential term decreases 
rapidly. So at sufficiently high temperatures, the value 
of V.AZ/Ap is always less than unity, and a simple 
exponential decay is obtained. 

To obtain an order of magnitude for the critical 
temperature above which the slow decay is not ob- 
served (experimentally occurring at about 200°K for 
n-type germanium), we will take N;, the order of 
10°/cm?, m the order of 10'*/cm’, 6 the order of 6X 10-8, 
whence at the critical temperature exp(bZ») = 6X 10° or 
bZ)=8.7. Using the values for Zp» calculated by Read,® 
it turns out that the critical temperature is the order of 
200°, which is fortuitous agreement with experiment, 
considering the approximations we have used. This 
excellent agreement tends to supply more confidence in 
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the value of the sensitive parameter 6, which was esti- 
mated from purely theoretical considerations, when 
used in the further comparisons with experiment below. 
Note that the parameter NV; occurs in the logarithmic 
form in this calculation, so the critical temperature is 
rather insensitive to \;. 

If the temperature is low enough so that slow decay 
is possible, it is apparent, from the inequality (NV ,/bmo) 
XexpbZ)>1, and from Eq. (8), that for slow decay, 
the inequality Ap<N,/b must hold. Thus in order that 
a slow decay be observed, the injection must be small 
and the temperature low, in agreement with experiment. 
A more quantitative comparison with experiment of the 
predictions of the theory is presented in the next section. 


C. VARIATION OF PHOTOCONDUCTANCE WITH 
INTENSITY OF ILLUMINATION 


As the rate of hole capture in steady state must equal 


the rate of hole generation, we have, from Eq. (4), 
al=Ap/r, (10) 


where mo>po expbZo, following Read’s analysis, a is a 
proportionality constant. From (4) and (5), we find 
the relation between Ao and Ap: 


Ac/eu=2Ap+ (N;/b) In{1+Ap/[m0exp(—bZ0)]}. (11) 
Combining (10) and (11), we obtain 


Ao/eu=2r(al)+(N,/b) 
XIn{1+ (ral)/[no exp(—bZo)]}. 
It is seen there are three characteristic regions as J 


increases from zero. If the former term is dominant, as 
at high intensity of illumination (fast decay), 


al = Ao/2rep, 


(12) 


(13) 


whereas if the latter is dominant, in particular for very 
low intensity, Eq. (12) reduces to 


al =[2bno/N, exp(bZo) |Ao/2rep. 


It is seen that this is independent of the dislocation 
density, as V7 is approximately a constant. From Eq. 
(9) the bracketed factor must be less than unity for a 
slow decay, so the photoconductance is much higher for 
a given intensity of illumination. Comparing (14) and 
(13), the ratio of “lifetimes” at high vs low intensity is 
given approximately by the bracketed factor in (14). 
The predictions of the model can now be compared 
with the results of Fan et al.? Consider first the tempera- 
ture dependence of the slow lifetime [Eq. (14) ] Fan 
and his co-workers found an activation energy of 0.29 ev 
controlling the increase in 7 as the temperature was 
lowered, over a temperature range between 180° and 
230°K. From Eq. (14), the factor in the expression for 
the apparent lifetime which is most sensitive to tem- 
perature is exp(bZo), where b=10-7/kT, Zo can be 


(14) 





622 Ss. 


approximated from Read’s analysis as Zo=3X 10°—0.8 
X10‘T. The apparent activation energy should thus be 
about 0.3 ev, in good agreement with experiment. 

Below 180°K, Fan et al. found the activation energy 
begins to decrease with decreasing temperature. Our 
simple model does not predict such behavior at low 
temperatures, but indicates the activation energy 
should be roughly constant to temperatures below 
40°K (applying Read’s analysis of Z) vs T). The 
disagreement may arise due to the neglect, in the simple 
model presented, of the potential well in the valence 
band. At extremely low temperatures, where Zo is 
correspondingly high, an appreciable density of holes 
may be trapped in this well when holes are injected, 
thus increasing the rate of hole capture and lowering 
the apparent lifetime. 

Fan and his co-workers have obtained a plot of the 
photoconductance against intensity of illumination 
which can be compared directly with Eq. (12). With 
the exception of the quantity (ar) in Eq. (12), all the 
quantities can be estimated. The quantity (a7) can be 
obtained for Fan’s sample by considering the photo- 
conductance at high intensity (no slow-decay effects). 
The two linear regions of the curve, represented in the 
theory by Eqs. (13) and (14) are apparent in the 
experimental results. Quantitatively, the predictions 
of the theory are in good agreement. The ratio of the 
slow to fast lifetimes at 210°K, given by the bracketed 
factor in Eq. (14), can be calculated as 3, if one uses 
N,=10°/cm?, and Read’s value of Zo, together with 
b=10~*kT cm. Experimentally the ratio turns out to be 
about 9. The range of photoconductance where the 
decay cannot be considered a simple exponential 
function, can be compared with experiment as follows. 
The value of the photoconductance where the contribu- 
tion of the two terms in (12) is equal can be calculated. 
This corresponds experimentally to the case where the 
photoconductance is double that to be expected on the 
basis of the fast lifetime. If one uses our estimated 
values for the parameters in (12), the two terms are 
equal when Ap=10", or Ac/o=2.8X10-*. The corre- 
sponding experimental value is about 2X 10-%, in close 
agreement, considering the approximations which have 
been made. 

For completeness, the formulas obtained without the 
simplifications +,=7T, and y»a=y, are listed below. 
Equation (6), describing the rate of the “slow’’ decay, 
becomes 


Tn(€un) dAdo /dt 
=o exp(—bZ)[exp(bAc/N eun)—1], 
while Eq. 


becomes 


(en) tAo= (1+pp/un)Tp(al)+ (N./d) 
Xlog{1+[7,(al)/n] exp(—bZ»)}. 


(15) 


(12) describing the photoconductance 


(16) 
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D. NOISE DUE TO DISLOCATIONS 


Small fluctuations of the value of Z from the equilib- 
rium value Zo will occur at a dislocation. When such a 
fluctuation occurs, the rates of hole and electron 
capture, as given by Eqs. (1) and (2), will become 
different from zero. Thus the concentrations of electrons 
and holes will vary due to the fluctuations in the value 
of Z. The decay of a fluctuation in Z will have the form, 
from Eqs. (1) and (2), 


dAZ/dt= B(e42—1), (17) 


where B and b depend on whether equilibrium is being 
restored by hole or electron capture processes. The two 
processes can be considered independently in connection 
with noise, the resulting concentration fluctuations each 
giving rise to its own characteristic noise spectrum. 

It has been shown by Morrison® that a decay law of 
the form of (17) may give rise to 1/f noise. The inverse 
frequency spectrum will be observed to an angular 
frequency w>bB. For electron capture this corresponds 
to w> (bmo/Nir) exp(—bZo) and for hole capture 
o> bpo/Ner. 

From Read, who calculated the equilibrium value of 
Zo, it is apparent that hole capture is the more promising 
mechanism to explain low frequency 1/f noise, as 
po<mo exp(—bZ»). However, even in this case, the lower 
limit to the 1/f spectrum at room temperature appears 
too high, for using Kulin et al.’s estimate® of N»r=300 
sec/cm, together with b= 10~-7/kT cm, it turns out that 
at room temperature w>10~*p sec, where po is the 
order of 6X10"/cm*. Experimentally, at room tem- 
perature 1/f noise has been measured‘ down to w= 60 
sec, two orders of magnitude lower, on a bent germa- 
nium sample. A possible reason for the discrepancy is 
more complicated behavior of the dislocations if the 
space charge cylinders overlap, or if a large density of 
impurities is trapped at the dislocations. At somewhat 
lower temperatures, of course, 1/f noise over a wide 
frequency range is predicted, as po decreases rapidly 
with temperature. 


E. DISCUSSION 


In the above analysis it has been shown that the 
unique characteristic of dislocations in n-type germa- 
nium can give rise to the observed slow-decay 
phenomena, both in lifetime and noise measurements. 
The slow-decay phenomena is not predicted for p-type 
germanium, in agreement with experiment. The re- 
quired characteristic is the presence of a space charge 
region around the dislocation which does not occur in 
p-type germanium. It must be emphasized that an 
agglomerate of impurity levels will produce a completely 
analogous situation. This latter case cannot be analyzed 
completely at this time as there are too many unknown 
variables associated with the problem, such as the 


8S. R. Morrison, Phys. Rev. 99, 1904 (1955). 
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number of impurities to be expected per agglomerate 
and the depth of the energy levels. 

The analysis performed has been based on two im- 
portant conditions. The first is that hole capture is the 
rate-limiting step in recombination, that is, p<n 
Xexp(—bZo). This was assumed following Read’s 
analysis for dislocations in germanium. If this is not 
true, as may be the case for other materials, and in 
n-type germanium for high resistivity material, a some- 
what different analysis must be performed. The second 
condition is that the potential well for minority carriers 
at the dislocation is essentially unoccupied by minority 
carriers. This condition may fail at extremely low 
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temperatures and high injection concentrations. But at 
moderate temperature or low injection, it appears from 
a rough estimate of the density of levels in the well, 
that few holes will be trapped in the well. 
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Antiferromagnetism and Antiferromagnetic Resonance in CuBr.:2H.O at 9800 Mc/sec 
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Antiferromagnetic resonance was observed in a single crystal of CuBr2:2H:0 at liquid helium tempera- 
ture. This crystal shows an isomorphous structure with that of CuCl.-2H20 and the experimental results 
are analogous to those for the latter. However, the resonance field shifts to the higher field side and this is 
considered to be the result of a stronger molecular field than that of CuCle-2H.O. The Néel point of 
CuBr,:2H:0 was inferred to lie between 5°K and 6.5°K. 


E have recently observed antiferromagnetic reso- 

nance absorption in hydrated copper bromide 
CuBr2:2H,0 at liquid helium temperature. As is well 
known, the antiferromagnetic substances whose reso- 
nance absorption can be observed under readily real- 
izable experimental conditions are limited to a few 
appropriate antiferromagnetics. The difficulties usually 
encountered are that for most antiferromagnetic sub- 
stances, one must use the microwaves in the sub- 
millimeter region or magnetic fields as high as 10°-10° 
oersteds. Accordingly, in spite of the considerable 
success of the theory of antiferromagnetic resonance,'~® 
the experimental work has been performed only with 
CuCl,:2H,0,’-" and more recently with MnBr2:4H,0." 
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The former sample was thoroughly investigated by the 
Leiden group. Many other antiferromagnetic substances 
have been also investigated'*!”; however, the results 
observed are not true antiferromagnetic resonance 
absorption but rather show the quenching effects 
of paramagnetic resonance just above the Néel tem- 
perature. 

We prepared a single crystal of hydrated copper 
bromide CuBr2:2H:O, which is isomorphous with 
CuCl,:2H,0, by slowly growing it from the aqueous 
solution at room temperature. Considerable care must 
be devoted to prevent the precipitation of the anhydrous 
salt. The measuring microwave circuit is the usual one 
of the reflection type and can be employed for obser- 
vations in the temperature range between 1.39°K and 
300°K, and the frequency used is about 9800 Mc/sec. 

The experimental results are summarized as follows: 


1. CuBr2:2H,O shows antiferromagnetic resonance 
in the temperature range of liquid helium and shows 
paramagnetic resonance near 6.5°K. Accordingly, it 
may be inferred that the Néel point lies in the tem- 
perature range of about 5-6.5°K which is higher than 
that of CuCl,-2H,0. It is noteworthy that the Néel 
temperatures of bromides are higher than those of 
chlorides both for the cupric and for the manganous 

16 Trounson, Bleil, Wangsness, and Maxwell, Phys. Rev. 79, 
542 (1950). 

16. R. Maxwell and T. R. McGuire, Revs. Modern Phys. 25, 
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Fic. 1. Angular dependence of the resonance magnetic fields in 
the a-b plane at 9800 Mc/sec and 1.39°K. The abscissa represents 
the angle between the a axis and the static magnetic field. The 
resonance field curve for CuCl:-2H:0 is also shown for the sake 
of comparison. 


hydrated isomorphous salts (MnCl:-4H,0:1.62°K; 
MnBr,-4H,0: 2.14°K). 

2. The antiferromagnetic resonance observed in the 
case in which the magnetic field is set parallel to the 
a-b plane is illustrated in Fig. 1. This curve is almost 
independent of temperature below 3°K. For comparison, 
the resonance curve of copper chloride in this plane is 
also depicted. Though we did not succeed in showing 
the closed curve in the case of copper bromide, because 
of the lack of data for the high-field side, it would not 
be unreasonable to deduce that the resonance curve 
observed in the a-b plane corresponds to the lower field 
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branch, if reference is made to the case of copper 
chloride; for that branch the resonance formula valid 
for H <H, is applicable. This is also borne out by the 
similarity of the temperature dependence of both 
resonance points. If this is true, it must be noticed that 
the resonance absorption in this plane is similar to the 
case for copper chloride except that the resonance field 
shifts to the higher field side; and this fact can be 
anticipated by considering the stronger molecular field 
corresponding to the higher Néel temperature. 

3. The resonance curves are asymmetric and broad 
compared with those for copper chloride. Although the 
cause of this is not certain, there is a possibility that 
crystal imperfection might play, to some extent, the 
role of an unexpected disturbance. 

4. As described above, the temperature dependence 
of the resonance patterns is analogous to that of copper 
chloride below 3°K. However, considerably different 
patterns appear near 4.22°K. 

Detailed investigations are in progress together with 
the preparation of experiments at higher frequencies; 
measurements of the susceptibility and of the specific 
heat of the salt in question will also be made in due 
course. It may also be interesting to investigate a 
mixed crystal of CuCl:-2H,O and CuBr: 2H20 because 
of the isomorphous character of both crystals. 

Full reports will be published in the Journal of the 
Physical Society of Japan and Science Reports of the 
Research Institutes, Tohoku University. Finally the 
author wishes to express his cordial thanks to Dr. T. 
Fukuroi, professor of low-temperature physics, for his 
encouragement during the course of this work. 
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Ferromagnetic Curie Temperatures by the Kramers-Opechowski Method 


H. A. Brown 
Department of Physics, University of Miami, Coral Gables, Florida 


(Received November 30, 1955; revised manuscript received March 16, 1956) 


The method of Kramers and Opechowski for obtaining the partition function of a magnetic lattice with 
nearest-neighbor interaction as a power series in inverse temperature is extended to the fifth degree for the 
body-centered and simple cubic and the quadratic layer lattices. Curie temperatures inferred from the 
behavior of the susceptibility demonstrate the internal consistency of the approach and show satisfactory 
agreement with the results of the Bethe-Peierls-Weiss method. 


HE Kramers-Opechowski method! has been ex- 
tended to the fifth approximation for the body- 
centered cubic (b.c.c.) simple cubic (s.c.) and quadratic 
layer lattices (q.1.). The ferromagnetic susceptibility is 
written as a power series in 1/t=J/kT: 


gBS(S+1)_ an 
x= D—. 
3kT 4g 


The coefficients a) through a, have been found previ- 
ously for the above lattices and the face-centered cubic 


1 W. Opechowski, Physica 4, 181 (1937). 


and hexagonal layer lattices.? The value of as has been 
found to be 
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2H. A. Brown and J. M. Luttinger, Phys. Rev. 100, 685 (1955). 
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where §?=5(S+1), and the numbers, reading from top 
to bottom, refer to the b.c.c., s.c., and q.l. lattices, 
respectively. The numerical results for the Curie 
temperatures found in Table I of reference 2 are then 
extended by the addition of the column for n=5. The 
additional results are listed in Table I. 

All of the numerical results are presented in Fig. 1, 
in which the values of kT./J are plotted on a logarithmic 
scale. For each lattice the result of the first approxi- 
mation is given on the extreme left and that of the 
fourth or fifth approximation on the right. The broken 


TABLE I. Values of kT, fifth approximation. 








b.c.c. vs ql. 


2.79 (1.01), (1.005)* 
2.74 1.09 





Roots 
Ratios 


8.18 
8.20 


Roots 
Ratios 


15.84 
15.91 


25.72 
25.84 


37.79 
37.97 


52.07 
52.31 


Roots 
Ratios 


Roots 
Ratios 


Roots 
Ratios 


Roots 
Ratios 








® The numbers in parentheses are the absolute values of complex roots. 
(This remark also applies to the table in reference 2.) 
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lines connect the points which are the roots of x-'=0 
and the dash-dot lines connect values on the ratios 
a,/an-1. For comparison, the results of the Bethe- 
Peierls-Weiss method? are indicated by the short hori- 
zontal lines at the right of the columns for the b.c.c., 
s.c., and q.l. lattices, the solid lines referring to the 
quantum-mechanical result and the broken lines, the 
classical. 

The rapid convergence of the successive approxi- 
mations and the uniqueness of the convergence limits 
are evident from the figure. The general pattern of the 
predictions of successive approximations is evident at 
this point and it appears that the oscillating sequences 
are more reliable if cut off at an odd step. 

The improvement in convergence effected by the 
fifth approximation is evident for the cubic lattices, 
but the series for the q.l. lattice still show, for small S, 
an unwillingness to converge. In addition, for S=}, 
the fifth approximation to the inverse susceptibility 
has two roots that must be considered. This is the only 
occurrence of such an ambiguity and it is fortunate 
that similar numerical coincidences were not more 
common. For large S, the convergence is improved and 
seems to support the Bethe-Peierls-Weiss prediction of 
a transition in the limit of classical spin.? The results 
for both the two-dimensional lattices point up a weak- 
ness inherent in the Kramers-Opechowski method ; v7z., 
its inability to predict with certainty the existence of 
a transition temperature. 
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Low Temperature Release of Stored Energy in Cold Worked Copper* 


J. W. Henversonf AND J. S. KoeHLer 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received July 27, 1956) 


Pure polycrystalline copper and alpha-brass specimens were deformed in compression at temperatures 
near —185°C. The release of stored energy was observed during subsequent warmups to room temperature 
and above. The annealing spectrum of pure copper shows prominent peaks at —25°C and —90°C, and 
smaller resolvable peaks at lower temperatures. The total energy release was about 0.17 cal/g for a specimen 
strained to 0.65. In contrast to pure copper, the spectrum for brass shows only one clearly resolvable peak 
at —10°C and extends to higher temperatures. The energy release was almost three times that of pure 
copper for comparable strains. 

The sensitivity of the experimental method is about 10~ cal/g per degree centigrade, and the results are 
believed to be accurate to about thirty percent. The apparatus was calibrated by measuring the known heat- 
of-fusion of mercury. 

A tentative theory of the multiple peaks in the rate of energy release below —70°C is given. This theory 
supposes that the moving imperfections in this temperature range are divacancies and that the energy of 


motion of a divacancy is different depending on its orientation in the internal stress field. 





I. INTRODUCTION 


HEN a metal has been deformed plastically it 

contains many structural defects which were not 
present in the unstrained lattice. These defects are 
responsible for observable changes in many of the 
physical properties of the metal such as electrical 
resistivity, elastic constants, and internal friction. They 
also increase the total energy content of the deformed 
metal. This additional energy, of course, results from 
the work done in the deformation process and repre- 
sents only a part of that work, the remainder being 
directly converted into heat. When possible, the lattice 
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Fic. 1. Schematic diagram of the experimental apparatus. The 
unit has cylindrical symmetry about a vertical axis. The external 
hydraulic system which supplies the working force is not shown. 
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t This paper is based on a thesis submitted to the Graduate 
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Hughes Research and Development Laboratories, Culver City, 
California. 


moves towards states of lower free energy releasing the 
stored energy as heat. Many of the effects of the defor- 
mation can thus be annealed out by raising the tem- 
perature of the metal sufficiently to allow thermally 
activated processes to proceed with appreciable 
velocities. 

It is generally believed that the principal defects 
produced by plastic deformation are dislocations, 
interstitials, vacancies, and clusters of vacancies or of 
interstitials. In many metals, such as copper, the an- 
nealing spectrum includes processes observed below 
room temperature. In fact, investigations of copper in 
the related area of radiation damage where only inter- 
stitials and vacancies are thought to be produced show 
that these defects are largely removed by annealing at 
temperatures below 20°C. Previous studies'-* of the 
release of the stored energy of cold work have all been 
carried out at room temperature and above, and give 
no information about the processes which occur at 
lower temperatures. It is evidently desirable to sup- 
plement these studies with measurements of the stored 
energy released below room temperature. 

In the present investigation, 99.999% pure poly- 
crystalline copper specimens were deformed in com- 
pression at temperatures near that of liquid nitrogen. 
They were then allowed to warm up at a controlled 
rate of about 2°C per minute to temperatures somewhat 
above room temperature. The stored energy released 
during the warmup was measured as a function of 


1G. I. Taylor and H. Quinney, Proc. Roy. Soc. (London) 
A143, 307 (1934); A163, 157 (1937). 

2T. Suzuki, Science Repts. Research Inst. Téhoku Univ. 1, 
193 (1949). 

3H. Kanzaki, J. Phys. Soc. Japan 6, 90 (1951); 6, 456 (1951). 

‘ Borelius, Berglund, and Sjoberg, Arkiv Fysik 6, 143 (1952). 

5 Clarebrough, Hargraves, Michell, and West, Proc. Roy. Soc. 
(London) A215, 507 (1952). 

6 Clarebrough, Hargraves, and West, Phil. Mag. 44, 913 (1953). 

7™W. Boas, Bristol Conference on Defects in Crystalline Solids 
(Physical Society, London, 1954), p. 212. 

8 P. Gordon, J. Metals 7, 1043 (1955). 
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temperature. The differential technique employed for 
these measurements is an adaptation of the method 
used by Overhauser to measure the release of stored 
energy due to radiation damage in a similar temperature 
range.* Briefly, this technique consists of a measurement 
of the temperature difference between a specimen 
containing stored energy and a similar dummy specimen 
containing no stored energy as they move through a 
temperature interval in which one or more annealing 
processes occur. Quite obviously the method is neither 
isothermal nor adiabatic. Copper was chosen for this 
study because of the existence of related information 
and because it is believed that dislocations play a 
secondary role in the low-temperature annealing 
processes. 


II. DESCRIPTION OF THE APPARATUS 


The experimental apparatus is shown schematically 
in Figs. 1 and 2. The outer vacuum jacket is a steel 
cylinder with cover plates. It supports a pair of plungers 
which are used to compress the specimens, and has 
vacuum ports for admitting the copper cooling tubes 
shown. In addition, it has other ports which are not 
shown in the figure and which connect to the vacuum 
pumps, the vacuum gauges, and to a line used to admit 
dry nitrogen gas to the system. The top cover plate 
supports a liquid nitrogen flask which in turn supports 
the calorimeter. The solid copper cylinder which con- 
nects the flask to the calorimeter is wound with a 
nichrome heater which is used to control the warmup 
rate of the calorimeter. The remaining volume within 
the vacuum jacket is filled with glass wool. 

The calorimeter was machined from copper bar stock. 
When assembled as in Fig. 2 it consists of two con- 
centric cylindrical tubes with closed ends. The inner 
tube is connected to the outer by an annular ring just 
below the midpoint. The upper and lower parts of the 
calorimeter may be separated at this point to give 
access to the inside. All bolts used to fasten the calo- 
rimeter are spring-loaded with lock washers so that 
thermal expansions cannot loosen the joints. Holes 
necessary to admit the plungers are drilled perpen- 
dicular to the axis of the calorimeter. 

Although the measurements are made under a gas 
pressure of one atmosphere, it is necessary to remove 
gases such as carbon dioxide and water vapor from the 
system. Such gases would condense on the specimens 
and cause spurious signals during the data-taking 
warmups. The system is therefore evacuated to a 
pressure lower than one micron before cooling. This 
moderately good vacuum was found to be adequate for 
the purpose. 

The plungers used to compress the specimens are 
stainless steel rods fitted with tips machined from drill 
stock. They are each free to move parallel to their 
common axis so that they may be withdrawn from the 


9A. W. Overhauser, Phys. Rev. 94, 1551 (1954). 
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Fic. 2. Schematic diagram of the cylindrical copper calorimeter. 


calorimeter. As shown in the figure, a turn of copper 
tubing is soldered to each plunger near the tip. Liquid 
nitrogen is forced through these tubes before and during 
the compression so that the specimens are cold worked 
at a temperature of about —185°C. The tips of the 
plungers which engage the specimens are lubricated with 
graphite to allow the area of the specimen ends to 
increase as their length decreases and to prevent the 
specimens from adhering to the tips. When the plungers 
are withdrawn from the calorimeter after the com- 
pression, a gate consisting of a copper ring drops to 
cover the openings necessary to admit the plungers. A 
hydraulic ram is used to supply the force which is 
applied to the plungers during the deformation. 

The specimens are machined from 0.99999 pure 
copper obtained from the American Smelting and 
Refining Company. They are in the form of short 
cylinders and each has a small (No. 74) hole drilled 
perpendicular to its axis. The specimens are poly- 
crystalline with a grain size of about 0.1 mm. They are 
nominally 3 in. long and 3 in. in diameter, and thus 
weigh about 0.38 gram. Prior to use they are cleaned 
and then annealed in vacuum for 2 hours at 500°C. 
For a given experimental run one of the specimens is 
suspended in the calorimeter by a 10-mil copper wire 
which is inserted into the hole in the specimen. A 
similar dummy specimen is also suspended in the 
calorimeter at a symmetrical location and the two are 
connected by a 10-mil constantan wire which is also 
inserted into the holes. To insure good electrical and 
thermal contact, the dummy is then compressed at 
room temperature and annealed at 100°C. The wires 
form a differential thermocouple and the copper wires 
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Fic. 3. Schematic of the measuring circuits and 
differential thermocouples. 
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are brought out of the vacuum system through wax 
seals. Another constantan wire connects the dummy 
to the calorimeter wall, and a copper-constantan 
thermocouple with an external ice-bath junction is 
used to measure the temperature of the calorimeter 
wall. The wiring schematic is shown in Fig. 3. Po- 
tentiometers (Leeds and Northrup, Type K) are used 
to measure the thermoelectric potentials developed by 
the wall temperature, Tw, and the wall-to-dummy 
temperature difference, Tw—Tp. The specimen-to- 
dummy temperature difference, T7s— Tp, which is no 
larger than one degree, develops a thermoelectric 
potential smaller than about 30 microvolts. This signal 
is amplified by a Leeds and Northrup breaker type dc 
amplifier and then measured using a potentiometer. 
The output of the amplifier was found to obey an 
equation of the form Euu=A(Ein+«), where x is a 
fluctuating error of about 0.3 microvolt. Rubicon 
thermal-free reversing switches were therefore inserted 
in the input and output circuits of the amplifier and all 
measurements are taken with the error-voltage x 
alternately added to and subtracted from the desired 
signal. 

Once the specimens are mounted in the calorimeter, 
the system is evacuated and then liquid nitrogen is 
added to the flask. When the calorimeter is cold, the 
plungers are cooled. After the observed temperature of 
the specimen, which is in contact with the plungers, 
reaches a steady value, the specimen is compressed 
slowly enough that its temperature does not rise more 
than a few degrees. It was observed that a rapid com- 
pression could raise the specimen temperature an un- 
desirable amount in spite of the good thermal contact 
with the liquid nitrogen in the cooling tubes. Following 
the compression, the plungers are withdrawn and dry 
nitrogen gas is admitted to the system through a cold- 
trapped line. In order to insure reproducible starting 
temperatures and to allow the specimen to assume its 
final position, the liquid nitrogen is not removed from 
the flask until a half hour has elapsed. The glass wool 
was found necessary to prevent the calorimeter tem- 
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perature from rising during this time. Power is supplied 
to the heater at the time that the liquid nitrogen is 
removed from the flask, and the calorimeter starts 
warming at a rate of 2°K per minute. At intervals of 
about two minutes, the three difference temperatures 
are simultaneously measured. At predetermined values 
of the calorimeter wall temperature, the power supplied 
to the heater is increased to maintain the warmup rate. 
Because the specimen and dummy have a moderately 
good thermal contact with the calorimeter, they remain 
about three degrees colder than the calorimeter during 
the entire warmup. The temperature difference between 
the specimen and dummy is less than one degree. 


III. THEORY OF THE MEASUREMENT 


In analyzing the data, it is assumed that Newton’s 
Law of Cooling is valid for each specimen and that any 
interaction between the dummy and the specimen can 
be ignored. Under these assumptions, one can write: 


dTs 1 
———m A (Ty~T'¢)+— —, 
dt mc dt 


dTp A 
—=——(Tw-—Tp). 
dt 1+8B 


Here Ts, Tp, and Tw are the temperatures of the 
specimen, the dummy, and the calorimeter wall, 
respectively. The term involving U accounts for the 
release of stored energy in the specimen whose specific 
heat is c and mass is m. If thermal contact A is elimi- 
nated between the equations and Tp replaces the time 
i as the independent variable, one obtains 


1 dU Ts- Tp d Tw—Ts 
=——_+—(Ts— Tp) — B——_. 
mc dTp Tw—Tp dTp Tw—Tpb 


Here (1/mc)dU/dTp is expressed in terms of the 
measured temperature differences and the quantity B. 
Under ideal conditions of similarity between dummy 
and specimen, B would be zero and a single warmup 
would be sufficient to determine (1/mc)dUdT. In 
practice, however, it is necessary to determine B as a 
function of temperature from an additional warmup in 
which dU/dT can be assumed zero as a result of the 
previous annealing warmup. Thus the first or primary 
warmup during which the stored energy is released 
results in a curve which contains a contribution from 
(1/mc)dU/dT and an unknown contribution from the 
unbalance term B. The next or background warmup 
determines the contribution of B only, and the differ- 
ence between these curves gives (1/mc)dU/dT as a 
function of Tp. Since it is essential that B be reproduced 
accurately on the background warmup, precautions are 
taken to assure that all experimental conditions are 
reproduced as accurately as possible. In each experi- 
mental run, a third warmup was taken to verify the 
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reproducibility of B. Unfortunately, because of its 
dependence on geometry, it is not possible to determine 
B before cold-working the specimen. It was found that 
the reproducibility of the background was good when 
the warmup rates were nearly identical and when the 
gas pressure in the calorimeter did not differ appreciably 
from atmospheric. 

The thermocouple wire used was calibrated to fit an 
equation of the form E= aT+6T?+cT* which was then 
used to convert the measured voltages to actual tem- 
perature differences. Because of the need to solve this 
equation for T by numerical methods, and in the interest 
of accuracy and economy, the arithmetical treatment 
of the data was performed by the University of Illinois’ 
digital computer, ILLIAC. The calculation is made in 
two parts. 

The first of these gives (T's—Tp)/(Tw—Tp)+d(Ts 
—Tp)/dT as a function of Tp and is calculated directly 
from the data for each warmup. The second calculation 
gives (1/mc)dU/dT as a function of Tp by interpolating 
all necessary factors to a fixed set of temperatures and 
then subtracting the average value of the two back- 
grounds from the primary. Since the data are taken at 
arbitrary values of Tp, the interpolation is necessary 
for making direct subtractions. This calculation also 
numerically evaluates the integral of this difference and 
thus gives the value of the energy released. The values 
of the specific heat of copper used in the integration are 
calculated from an empirical equation which fits 
published values” in the temperature range required. 

As a means of checking the foregoing analysis (and 
the apparatus in general), a measurement of the heat of 
fusion of mercury was taken. For this purpose, a pair 
of steel containers weighing about 3.4 grams was pre- 
pared and 0.0217 gram of mercury was placed in one 
of them. They were then suspended in the calorimeter 
in the usual manner. While warming through the 
melting temperature of mercury, the temperature dif- 
ference between the dummy and specimen was observed 
to increase suddenly and then recover its initial value 
slowly. A routine analysis of the data resulted in the 
solid curve shown in Fig. 4. Also shown in the figure 
as a dotted curve is the difference temperature T's— Tp. 
In this particular case it is not possible to obtain a 
background warmup since the mercury will change 
state each time it passes through the melting tempera- 
ture. Since the signal was of short duration, however, 
the background could easily be extrapolated through 
this region. The finite width of the peak is due to the 
use of the dummy temperature Tp rather than the 
specimen temperature as abscissa. It is interesting to 
note that, whereas the sudden rise of the curve is a 
result of the sudden increase in the difference Ts— Tp, 
the rapid decrease to the original value is not so ob- 
viously related to the data, but instead is due to the 


0 F, W. Giauque and P. F. Meads, J. Am. Chem. Soc. 63, 1897 
(1941). 
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Fic. 4. Energy absorption curves for a specimen containing a 


small quantity of mercury. The dotted curve illustrates the 
behavior of the measured difference temperature. 


change in the derivative d(T!'s—Tp)/dTp. The entire 
experiment was repeated using the same mercury and 
containers and resulted in a similar curve. However, 
in this case the warmup rate was increased and resulted, 
as expected, in a lower and broader peak which was 
somewhat displaced toward higher temperatures. An 
integration of the area enclosed by these peaks and the 
extrapolated backgrounds, i.e., the shaded area in the 
figure, gave values of the energy absorbed which agreed 
to better than five percent. The average value was 
about 0.016 cal/g. The heat of fusion of mercury, 
calculated from this average value and the measured 
mass of the mercury, was about ten percent lower than 
the published value of 2.82 cal/g. This discrepancy is a 
measure of the error introduced by neglecting the 
interaction between the dummy and the specimen. 
Actually, part of the heat, which is either released in 
annealing processes or absorbed in the change of state 
of the mercury, is transferred between the dummy and 
the specimen and thus not accounted for in the analysis. 
This heat transfer takes place through the connecting 
constantan wire and through the nitrogen gas in the 
system. A calculation of the heat transferred by the 
constantan wire accounts for an error of about five 
percent while an estimate of the heat transfer in the gas 
accounts for an additional error of about the same 
magnitude. Thus the observed error seems to be well 
understood. An attempt was made to reduce this error 
by using 2-mil constantan (cupron) wire, but the results 
were erratic, presumably due to inhomogeneities in 
this wire. It is evident that this error, while reducing 
all measured values of released energy, will not sig- 
nificantly alter the characteristics of the observed 
annealing spectra. 

For the cold-worked specimens, three other sources 
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Fic. 5. Energy release spectrum for a copper specimen before 
subtracting }the background contribution which is also shown. 


of systematic error must be considered. The first of 
these is due to the altered thermoelectric power of the 
cold-worked thermocouple junction. Blatt" has esti- 
mated this effect to be about 1 microvolt per degree for 
a defect concentration of 1 atomic percent in copper. 
The fact that the junction in question, which is the first 
point of contact of the copper and constantan wires, is 
not as severely cold-worked as the specimen, together 
with an estimate of the defect concentration, result in 
an estimate of about one percent for the error due to 
this effect. The second source of error results from the 
possibility that the presence of defects may significantly 
alter the specific heat of the specimen. If this is true, 
the thermal behavior of the specimen containing defects, 
whether mobile or not, would be different from that of 
the annealed specimen. Such a difference would be 
misinterpreted by the present analysis as a release of 
stored energy. Overhauser has discussed this possi- 
bility and estimated the magnitude of the error to be 
expected.® He concludes that the error is probably small 
enough to be ignored. Furthermore, the integrated 
energy release is not influenced by this effect. The 
annealing spectra, as calculated here, would require 
some reinterpretation if this effect is not negligible, but 
peaks in the annealing spectra would still correspond to 
annealing processes. 

Another source of error results from ignoring the 
energy release in the constantan wire which actually 
formed a part of each specimen. Since the ratio of 
volumes was greater than 200, the energy release per 
gram in the constantan would have to be an order of 
magnitude larger than that of the copper to contribute 
five percent of the observed energy release. Also, any 
processes attributable to constantan should be observed 
in other specimens containing constantan wire. A 
comparison of the annealing spectrum of a brass 
specimen with that of the copper specimens shows no 
such correlation. 

In addition to the errors discussed, many other 


uF, J. Blatt, Phys. Rev. 100, 666 (1955). 
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possible sources of systematic errors have been con- 
sidered. Among these are the following: stray thermal 
potentials in the lead wires to the difference thermo- 
couples, variations in the mean gain of the dc amplifier, 
potential gradients in the calorimeter walls and in the 
specimens, variations in the ice bath temperature, and 
deviations of the thermoelectric powers of the thermo- 
couples from that assumed in the calculation. All such 
errors are believed, on the basis of measurements and 
estimations, to be quite small. The net contribution to 
the total error is estimated to be a few percent at most. 

Random errors due to many sources, such as the 
fluctuating gain of the amplifier, all contribute to the 
point scatter in the annealing curves. An examination 
of this point scatter indicates that the sensitivity of 
the measurement is about 10~ cal g“ deg". The 
measured rate of energy release was about an order of 
magnitude larger than this and could thus be in error 
by as much as ten percent. On the basis of a random 
walk approximation, the integrated total energy release, 
as calculated, is expected to contain an error of about 
two percent due to these random errors. 

Note added in proof.—Mr. J. H. Bredt points out that 
error may result from heat conducted in from room 
temperature along the copper thermocouple leads. This 
error may amount to 25%. 


IV. RESULTS 


Measurements were made on three high purity copper 
specimens and one specimen in which the 0.99999 copper 
was alloyed with 4.53 atomic percent of zinc to make an 
alpha brass. The three copper specimens were deformed 
to different strains and the brass was deformed to a 
strain comparable to one of these. The data were 
processed numerically as described in the preceding 
section. The points computed in the first calculation are 
plotted in Fig. 5 for the copper specimen having the 
least deformation. This figure shows only those alternate 
points which were taken with the same input polarity 
to the amplifier. The other set of alternate points, 
taken with the opposite polarity, result in similar 
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Fic. 6. Energy release spectra for three high-purity 
copper specimens. 
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curves which are displaced vertically. Figure 5 shows 
clearly the extent to which the background is repro- 
ducible. This is typical of the other similar graphs 
which are not shown. 

The quantity of physical interest is (1/mc)dU/dT 
which is essentially the difference between the primary 
curve and the background curve. This quantity is 
obtained from the second part of the calculation. The 
average of the two background curves is used for each 
set of alternate points, and then the average of the two 
sets of alternate points is plotted. The use of these 
averages may reduce the point scatter by a factor of 
two. The results of this calculation for the three copper 
specimens are shown in Fig. 6. It is seen that the 
annealing processes in the temperature range investi- 
gated result in at least three resolvable peaks. The most 
prominent of these centers at — 25°C and is separated 
from another peak at —90°C by a minimum occurring 
at a temperature Tynin. Bredt’s correction may modify 
the annealing structure observed, particularly below 
T min. However, energy is definitely released over the 
broad region from —150°C to Tin. The calculated 
values of the released energy, corrected for the 10% 
error discussed in the foregoing, are given in Table I. 

The annealing process observed near — 25°C is seen 
to contain about half of the released energy. The overlap 
of this process and the one in the vicinity of —90°C 
makes it difficult to measure the individual contribution 
of either process. This probably accounts for the ap- 
parent anomaly in the values of energy released below 
T mia: 

Figure 7 shows the energy release spectrum for the 
brass specimen which was deformed to a strain of 0.58, 
and reproduces the curve for the pure copper specimen 
having a strain of 0.59. The total energy released in the 
brass specimen in the temperature range shown in 0.33 
cal/g. The addition of zinc to the pure copper clearly 
modifies the annealing spectrum. The prominent peak 
is now observed at —10°C and the details of the low- 
temperature processes have been lost. Furthermore, the 
spectrum extends to at least +80°C which was the 
maximum temperature at which observations were 
made. Evidently the presence of chemica] impurities 
results in significant changes in the annealing processes. 
This would indicate a need for caution when comparing 
results obtained from specimens of varying purity. 

After one month at room temperature, one of the 
copper specimens was examined by x-rays for evidence 
of recrystallization. No such evidence was observed. 


TABLE I. 








Energy 
released 
above T min 
cal/g 


0.06 


0.08 
0.11 


Total 
energy 
released 
cal/g 


0.13 
0.17 
0.19 


Energy 
released 
below Tmin 
cal/g 


Strain 
AL/Lo 
0.59 
0.65 
0.71 





0.07 
0.09 
0.08 
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Fic. 7. Energy release spectrum for an alpha brass specimen 
compared with that of a copper specimen having a comparable 
strain. 


An estimate of the fraction of the total work done 
which is released from —160°C to +20°C was made. 
The calculation assumed a linear stress strain curve 
and negligible volume change on compression. For 59% 
compression, the energy released amounts to about 2% 
of the total work done. 

The vacancy concentration produced by deformation 
can be estimated if it is assumed that the —25°C 
process involves vacancies and if it is supposed that the 
entire vacancy energy of 1.4 ev is given up in the 
process.” For 65% compression, C= 1.6 10~. 


V. DISCUSSION 


The most interesting feature of the annealing spec- 
trum in pure copper is the multiplicity of low-tempera- 
ture processes. Observations of the resistivity recovery 
spectrum of cold-worked copper have disclosed only 
two distinct processes, one of which is certainly the 
process centered at — 25°C in the present investigation. 
The other process according to Manintveld" occurs at 
— 100°C in copper and is associated with an activation 
energy of about 0.25 ev. 

Bartlett and Dienes“ estimate that the activation 
energy required to move a divacancy is a half or a third 
of the energy to move a single vacancy. If we suppose 
that the annealing at — 25°C represents vacancies and 
use Overhauser’s’” measurements of the activation 
energy for the process, the activation energy for 
divacancy motion ranges from 0.34 to 0.23 ev. Hence, 
present theoretical estimates suggest that divacancies 


” The activation energy for self diffusion in copper is 2.07 ev. 
M. S. Maier and H. R. Nelson, Trans. Am. Inst. Mining Met. 
Engrs. 147, 39 (1942). The energy to move a vacancy is probably 
measured by investigations of the annealing at —25°C and is 
0.68 ev. A. W. Overhauser, Phys. Rev. 90, 393 (1953), Hence the 
formation energy Er should be 1.39 ev. 

18M. J. Druyvestyn and J. A. Manintveld, Nature 168, 868 
(1951); J. A. Manintveld, Nature 169, 623 (1952); see also J. A. 
Manintveld, thesis, Delft, 1954 (unpublished). 

4 J. H. Bartlett and G. J. Dienes, Phys. Rev. 89, 848 (1953). 
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Fic. 8. Showing the influence of internal stresses on divacancies. 
In polycrystals most grains are compressed along the cube diagonal 
through A. Note that the divacancies are either perpendicular or 
make a 35° angle with the stress axis. 


should anneal with an activation energy of about a 
quarter of an electron volt. 

Let us therefore tentatively assume that the multiple 
peaks bound in the release of stored energy below 
—70°C are associated with divacancy motion. It is 
still necessary to explain why three peaks occur in the 
release of stored energy whereas only one appears in 
the recovery of resistivity. It will be assumed here that 
this difference arises from the presence of residual 
internal stress which is present in the massive energy 
specimens but not in the thin resistivity samples. 

Consider things in more detail. According to Bar- 
rett,'® the preferred orientation produced during wire- 
drawing in copper is that in which most grains have a 
[111]-+type direction parallel to the wire axis. Some 
grains have a [100] direction along the wire axis. Let 
us suppose that a compressive stress exists parallel to 
the [111] direction; the divacancies are then divisible 
into two classes, one class which is perpendicular to the 
stress axis and another which makes an angle of 35}° 
(see Fig. 8). Of the six possible divacancy axes, three 
are perpendicular and three are “slant.”’ Consider next 
divacancy motion. Three possibilities exist: l—L, 
/—/, and /—L. One might suppose that the migration 
energy for 1—/ could differ from that of /—L, in 
which case there would be four possibilities. Such a 
difference can only exist if the energy of a | divacancy 
differs appreciably from that of a /. An order of mag- 
nitude calculation indicates that the energies do not 
differ appreciably. For example, if the internal stress is 
of order 2X 10° dyne/cm? and if the divacancy volume 
changes by about a tenth of an atomic volume in going 


16 C.S. Barrett, Structure of Metals (1952), second edition, p. 443. 
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from / to 1, then the work done is very roughly 
pAV=1.4X 10 ev. Suppose that the activation energy 
is linearly related'* to the absolute temperature at 
which the annealing occurs most rapidly during a 
warmup at uniform rate. If the one constant in this 
relationship is evaluated by using Manintveld’s data 
(which shows that the 0.25 ev process occurs at about 
173°K), then the difference in the activation energies 
giving peaks in energy release at —150°C and at 
—120°C is of the order of 4X10~ ev. (A somewhat 
different method of chosing the linear relation gives 
2X10 ev.) Hence the | and the / energies do not 
differ appreciably and there are thus three types of 
migration energy. 

Experimentally the three peaks become more distinct 
as the amount of deformation increases. This is just 
what should occur since the internal stress increases. 
The fact that considerable background exists, so that 
nowhere is the rate of release equal to zero, is not 
surprising since some [100 ]-type grains exist and also 
since the internal stresses are certainly not uniform 
over the specimen. 

Two other points should be examined. First, in what 
order should the migration energies be arranged? 
Second, what are the relative intensities of the peaks? 
Consider the 1—1 migration. This will have a large 
migration energy because two atoms (i.e., A and H of 
the figure) are pushed by compression closer to the 
saddle point position of the migrating atom (which in 
the figure is roughly the midpoint of the line BC for 
the case in which divacancy BD-CD). 

In the case /—+/, such as AB—AC, the atom A is 
missing so that the migration should be easy. The 
atom H is, of course, still pushed into the migration 
path. 

In the case 1-—/, such as BC-—AC, the atom A 
moves roughly along the line AB. The two atoms in 
the vertical front face centers above the top of the cube 
will be pushed down into the path of the moving atom. 
It is therefore difficult without detailed calculation to 
decide whether 1—>1 or 1-—/ has the higher acti- 
vation energy. 

There is still the intensity question to be examined. 
If we assume that all orientations of divacancies are 
equally likely, then the intensities of the various types 
of jump are as follows: 

LL: 12, 
//: 12, 
1-/ or />1: 24. 


In the case of grains oriented with their [100] di- 
rection parallel to the specimen axis, there exist | and 
/ type divacancies. In this case, only /—>/ and />1L 
transitions are possible. In the same notation as before, 
the intensities associated with the two possible transi- 


16 C, Wert and J. Marx, Acta Metallurgica 1, 113 (1953). 
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tions are 


/-/: 16, 
/-L or 1L-/:16. 


Thus, it is quite possible that one of the transitions is 
associated with the [100 ]-type grains. 

It is fortunate that so many possibilities are available 
since the following difficulty arises otherwise. Suppose 
that only [111 ]-type grains were available and that the 
migration energies were in the order EF); < 2,4, <E/,. 
One would suppose that the first two transitions would 
get rid of all divacancies in [111 ]-type grains and hence 
no /—>.L transition would be seen. In the [100] case, 
both transitions appear to have the same migration 
energy. If so, this could be the large peak appearing 
at the highest temperature. These proposals could be 
checked by making energy release measurements on 
polycrystals having different fractions of [111]- and 
[100]-type grains. 

There are several ways in which the suggestion made 
above can be checked. Some of the things which are at 
present being done to determine the validity of the 
proposal are: 

1. The energy release from compressed copper single 
crystals is being measured. Since the final orientation 
in compression is near the [110] direction, it is to be 
expected that the energy release spectrum will differ 
from that of a polycrystal. 

2. Attempts are being made to find a complex low- 
temperature annealing structure by electrical resistance 
measurements. On rolling polycrystalline copper, the 
[110] direction is found preferentially normal to the 
sheet with the [112] direction along the rolling 
direction. 

For a compressive stress in the [110] direction, there 
are three types of divacancies: |, /, and parallel 7. 
A preliminary estimate indicates that the scattering 
cross sections of these three types of divacancy for 
electrical resistance are nearly equal, the smallest value 
being about 80% of the largest. The relative size of the 
various drops of resistivity which occur on annealing 
will therefore be mainly determined by the relative 
numbers of divacancies annealing out in each step. 

An examination of how the nearby atoms are pushed 
into the divacancy by a stress indicates that there will 
be three different migration energies for a rolled sheet. 
The relative size of the drops in resistivity, supposing 
that all orientations are equally likely, would be 1, 1, 
and 3 where the two small drops should occur at 
temperatures below that of the large drop. 
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3. Small-angle x-ray scattering from the divacancies 
would appear to be a way of obtaining very direct 
evidence about the imperfection responsible for these 
effects. The concentration of the defects appears to be 
so small that it is doubtful that observable effects 
would be produced. The concentration can be estimated 
from the measurements of the total energy released 
below —70°C if it is assumed that about 2.3 ev are 
required to make a single divacancy. The total energy 
released in the low-temperature region is 0.09 cal/g or 
2.110" ev per cc. Thus since there are 0.8510" 
atoms per cc, the concentration of divacancies is about 
10~*. This is rather small for x-ray measurements. The 
predicted resistivity change if one assumes that a 
divacancy produces twice the resistivity of a single 
vacancy is about 3X10-* ohm cm. Blewitt, Coltman, 
and Redman" found changes of the order of 1 10-* 
chm cm or less on annealing single copper crystals 
pulled in tension at 4°K. Since fewer slip systems are 
active in single crystals than in polycrystals, the results 
seem reasonable qualitatively. 

Manintveld'* found somewhat larger changes in 
electrical resistance on annealing polycrystalline wires 
rolled at 78°K. For 65% reduction in cross-sectional 
area, the amount annealing out in the divacancy region 
is about 6X 10~-* ohm cm. Manintveld’s specimens were 
about 99.95% pure. It is not known whether these 
differences in resistivity result from a difference in the 
type of deformation or from some difference in the 
nature of the specimens. 

4. Theoretical calculations are under way to deter- 
mine whether internal stresses can change the diva- 
cancy migration energy by about the observed amount. 

In conclusion, it is suggested here that the presence 
of internal stresses in cold-worked specimens can alter 
the migration energy of a divacancy. If this is so, it is 
important because it may enable one to decide beyond 
all doubt the nature of the annealing process which 
occurs at about — 100°C in cold-worked copper. 

We would like to thank Dr. A. W. Overhauser for 
suggesting the problem, and Professor C. A. Wert for 
suggesting the calibration of the apparatus using 
mercury. We are also indebted to many members of 
the Illinois Radiation Damage Group for aid in taking 
data and to Mr. J. H. Bredt for the ILLIAC coding of 
the data processing. 

17 Blewitt, Coltman, and Redman, Bristol Conference on Defects 


in Crystalline Solids (Physical Society London, 1954), p. 369. 
18 J. A. Manintveld, thesis, Delft, 1954 (unpublished). 
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This paper presents experimental data on the anisotropy constants and g value of nickel ferrite from 
4°K to 300°K over a frequency range of 7900 to 11 500 Mc/sec. The observed anisotropy constants agree 
with those measured by Yager, Galt, and Merritt at K band on the same crystal. Previous measurements 
by Healy at X band are considerably different, presumably as a result of variations between different 
single-crystal samples representing the same ferrite. The measured g values show a significant variation 
with frequency. This has not been observed in previous measurements on single crystals. 





INTRODUCTION 


HE purpose of work described here was to extend 

the measurements made on the g value and 
anisotropy constants of nickel ferrite down to liquid 
helium temperature, to examine an apparent incon- 
sistency between anisotropy constants measured at X 
band and K band frequencies, and to test for the 
possibility of the dependence of these quantities on 
frequency. The principal study was made on a single 
crystal loaned us by Dr. John Galt of the Bell Telephone 
Laboratories. This crystal is one on which he and his 
colleagues! have made extensive measurements at 
K-band frequencies. 


II. EXPERIMENT 


Since it is well known that the ferromagnetic reso- 
nance phenomenon provides a convenient and accurate 


TABLE I. Nickel ferrite single crystal data 
[NiOo.0s(FeO)o osFesO} 


means of measuring the g value and magnetic anisotropy 
constants of ferrites, it does not seem desirable or 
necessary to discuss the method here.?-* However, for 
purposes of evaluation it may be useful to mention 
certain details of the experimental procedure. 

The sample to be studied (diameter=0.010 inch) was 
mounted adjacent to the end wall of a rectangular 
cavity excited in a TE,o, mode. Here m was so chosen 
that the cavity could resonate at eight frequencies 
between 7900 and 11 500 megacycles per second. This 
offered the advantage of being able to produce a 40% 
change in frequency without otherwise altering the 
experimental conditions to which the ferrite was sub- 
jected. The cavity was undercoupled to the wave 
guide, and electronic resonance in the sample was 
observed by adjusting the applied steady magnetic 
field to that value which produced the maximum power 


TABLE II. Critical field above which complete alignment of the 
magnetization is to be expected. 














Hett 


2447 
2585 
2751 
2911 
3095 
3276 
3475 
7917 


2397 
2547 
2709 
2876 
3067 
3265 
3463 
7942 


2425 
2615 
2794 
2955 
3545 
7743 


K:/M g 


2.317 
2.314 
2.300 
2.301 
2.291 
2.290 
2.281 
2.196 


2.374 
2.356 
2.343 
2.336 
2.326 
2.300 
2.297 
2.198 


2.41 
2.37 
2.35 
2.35 
2.31 
2.202 





—30 
—35 
—30 
+15 
+20 
— 100 


—30 
—5 
—406 —25 
—402 —40 
—435 10 


23 880* —392 —120 








® Data taken by Yager, Galt, and Merritt, Phys. Rev. 99, 1203 (1955). 


* This research was supported by the U. S. Air Force through 
the Office of Scientific Research, ARDC under contract with 
Syracuse University Research Institute. 

1 Yager, Galt, and Merritt, Phys. Rev. 99, 1203 (1955). 


Direction of applied field, Ho Critical conditions 


001] axis 
—110] axis 
—111)} axis 





H oM = —2K, 
HoM the larger of 2K, or 2K,+4Ki 
HoM =12K,+ (4/9)Ke 








reflection from the resonant cavity containing the 
sample. 

The accuracy of the experiment is critically dependent 
on the measurement of magnetic field, so that care was 
taken in measuring the field at the location of the 
sample. It proved most convenient for us to do this by 
using the free radical “DPPH” (aa diphenyl-8-picryl- 
hydrazl) for calibration purposes.® 

The measurements at liquid helium temperature 
were made by completely immersing the wave guide 
and cavity in the liquid helium. The helium was 
contained in a glass double Dewar flask and heat loss 
was minimized by including a glass section of wave 
guide in the heat conduction path between the air and 


?L. R. Bickford, Jr., Phys. Rev. 78, 449 (1950). 

’ Galt, Yager, Merritt, and Wood, Phys. Rev. 80, 744 (1950). 
‘D. W. Healy, Jr., Phys. Rev. 86, 1009 (1952). 

°T, Okamura and Y. Kojima, Phys. Rev. 86, 1040 (1952). 
°C. H. Townes and J. Turkevich, Phys. Rev. 77, 148 (1950). 
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the liquid helium.! This permitted ample time (nearly 
5 hours per filling) to take data before the level of the 
liquid helium in the Dewar dropped too low. 


III. RESULTS 


In Table I we show the value of anisotropy constants; 
spectroscopic splitting factor, g, and H.¢¢ as measured 
at various X-band frequencies and at three different 
temperatures, 4°K, 77°K, and 300°K. We also include 
in this table the results of measurements by Yager, 
Galt, and Merritt! on this particular crystal at K-band 
frequencies. The principal effect to be noticed here is 
that whereas the anisotropy constants do not vary 
appreciably with frequency, the g values certainly do. 
This is illustrated by Fig. 1. The variation observed is 
greater than the experimental error involved and the 
trend of the data seems particularly convincing. At 
least two effects exist which could possibly give rise to 
an apparent variation of g with temperature. When 
ferrous ions are an important constituent of the crystal, 
an electron interchange between ferric and ferrous ions 
occurs at high temperatures, producing an effective g 
value which could vary with frequency. We do not 


TABLE III. Values of H;, y’, and g’ determined by assuming 
w=’ (Hett+Hi). 








, 


Hi oe 


90+40 
280+40 
340+ 60 


y’ rad/sec oe g 


19.64 10° 2.230.02 
18.70 10° 2.130.02 
18.58 X 10° 2.11+0.03 


Temperature 
300°K 
77°K 
4°K 











believe this to be true here. We base this judgment on 
the observation that the variation of g with frequency 
is observable even at low temperatures. A second 
possible source of explanation for the existence of a 
frequency-dependent effective g value is based upon 
the supposition that the magnetization is not complete 
in the single-domain sense and parallel to the applied 
field. There are two reasons why we do not believe this 
is important here. The first is based upon an analysis 
of the value of critical field above which complete 
alignment of the magnetization is to be expected. The 
results of this analysis are shown in Table II while the 
analysis itself is discussed in the Appendix. 

Referring to Table II, we find that, for our data, the 
static field was in all cases greater than the critical field. 
The second reason for doubting the existence of incom- 
plete magnetization is based upon our experimental 
observation of this very effect at much lower fre- 
quencies. We have made a series of resonance obser- 
vations from S to C to X band employing coaxial 
cavities and, at frequencies below 5000 Mc/sec, we 
believe we can observe the effect produced by the 
existence of several magnetic domains.’ These effects 


7p. E. Tannenwald, Phys. Rev. 100, 1713 (1955). 
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2.42 


226 
7.0 8.0 99 


Frequency, 


Fic. 1. Spectroscopic g value vs frequency in 
(NiO) .95(FeO) o.0sFe20s. 


10.0 11.0 
kilomegacycles /sec 


disappear as we go to higher frequencies and therefore 
higher magnetic fields. 

The effect on g of adding a phenomenological con- 
stant, H;, to the effective field, H.¢, required for reso- 
nance was examined.’ Specifically, we assumed the 
following expression for the ferromagnetic resonance 
frequency : 


w=Y' (Hetr+ Hi). (1) 


A least-squares fit of the data to this expression gives 
rise to the values for H;, y’, and g’ shown in Table III. 

In Fig. 2 we plot g’ as calculated from the experi- 
mental values of w and H.+¢ and the value of H; deter- 
mined from the least-squares fit. Using our values of 
H; and the values of w and H.¢¢ measured by Yager 
et al.,1 we find the results given in Table IV. It is 
evident that our results, when extrapolated to K-band 


2.26 


es 
+ 


8.0 9.0 10.0 1.0 12,0 


Frequency, kilomegacycles /sec 


Fic. 2. Derived g’ vs frequency in (NiO)o.95(FeO)o.0sFe203 
[w=-' (Het t+Ai)]. 


8 Okamura, Torizuka, and Kojima, Phys. Rev. 88, 1425 (1952), 
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Taste IV. Comparison of g’ values obtained from 
K-band and X-band data. 








8’ # 
Temperature (K-band data) (X-band data) 


300°K 2.17 2.23 
77°K 2.12 2.13 
4°K 2.11 2.11 











frequency according to Eq. (1), yield values consistent 
with experimental data taken at those frequencies. 


Iv. CONCLUSIONS 


The measurements at liquid helium temperature show 
no significant changes from those made at higher 
temperatures. The first order anisotropy constant K; 
which we measured agrees very well with that measured 
by Yager et al. There is a slight inconsistency between 
their measurement of Ke and ours, however, even here 
the disagreement is not serious since the discrepancy is 
just about equal to the limit of error. These results 
differ quite appreciably with the earlier results of 
Healy,‘ where Ky was an important term in the ani- 
sotropy energy even at liquid nitrogen temperature 
and was significant at room temperature. We must 
conclude that the observed difference is attributable to 
some difference between the sample crystals both of 
which were nominally single crystals of nickel ferrite. 

We also conclude from our data that the measured g 
varies with frequency. McGuire’ at the Naval Ordnance 
Laboratory has informed us that he has made measure- 
ments on another sample of nickel ferrite and did not 
observe any change in g with frequency. Measurements 
made on manganese ferrite also give rise to a g inde- 
pendent of frequency.* However, in this ferrite, since 
the measured g is essentially 2.00, it is not likely that 
its behavior is typical of other binary ferrites. 

The addition of the constant H; seems to indicate 
that such a term can account for a frequency variation 
of g. However, our results are not sufficiently accurate 
to establish the fact that a linear addition of a constant 
term to Hs is correct and unique. Other phenomeno- 
logical equations may also lead to a frequency-inde- 
pendent effective g value. 


APPENDIX 


In analyzing the resonance condition without the 
assumption of parallel alignment of the magnetization 
and applied field, the equilibrium position of the 
magnetization may be determined as a function of the 
magnitude of the applied field and its orientation 
relative to the crystal axes. This is most easily done by 
finding the orientation (or orientations) of the magnet- 
ization which are energetically stable. The total 


*T. R. McGuire, Naval Ordnance Laboratory (private com- 
munication). 
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magnetic energy of a sample may be written: 


E= E.sie— H-M 
= Kot Ki (aa? +a2a3'+a1'a3*)+ Kravrarras 
— HoM (0181+a282+a383). (1) 


Here, K, are the anisotropy constants: a; are the 
direction cosines of the magnetization vector, M; and 
8; are the direction cosines of the applied field Ho. 
Note that this expression for energy implicitly makes 
the following assumptions: 


(a) We have a perfect ferromagnetic single crystal. 

(b) The sample shape is spherical (with equal de- 
magnetizing factors in all directions). This then makes 
the energy associated with the demagnetizing field a 
constant independent of the orientation of M. 

(c) We have magnetic saturation in the sense that 
the sample consists of a single domain with M equal to 
the saturation value. 

(d) The crystal has cubic magnetic symmetry and 
therefore cubic magnetic anisotropy. 

(e) Two anisotropy terms are sufficient to specify 
the anisotropy energy. 


The problem of finding the stationary values of the 
energy for a given applied field is somewhat simpler if 
we make the substitutions: 


ai=p COS, 
a2=p sing, 0< |p| <1, (2) 
as=+(1—p*)!, O<¢<r. 

The energy then becomes 


E= Ko+Ki{p’—}p'| 7+ cos4¢| } 
+$K2(o'— p*)(1—cos4¢) 
— HoM[fip coso+ fp sing+f3(1—p*)#]. (3) 


Inserting the magnitude (Ho) and orientation (8,) of 
the applied field, we can then find the values of p and @ 
which make E stationary. 

In general we find a number of energetically stable 
orientations, and the actual direction of the magnet- 
ization will depend on its original orientation as well as 
the magnitude and direction of the applied field H. 
For H along the principal axes (i.e., cube edge, face 
diagonal, and body diagonal), the parallel alignment 
of M and H is always an orientation of stable equi- 
librium for very large H. As H is decreased, the parallel 
alignment becomes an orientation of unstable equi- 
librium at a critical field which depends on the magni- 
tude and sign of the anisotropy constants. These are 
the fields listed in Table IT above which the alignment 
is expected to be perfect. These criteria for stability 
are experimentally meaningful since the conditions may 
be readily satisfied. In performing the resonance 
experiment here, the field, Ho, was sufficiently large 
that no difference was noted as the resonance value 
was approached from above or from below. 
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INTRODUCTION 


N a de magnetic field, free charges spiral about the 
direction of the magnetic field H with angular 
frequency given by 


w= +eH/mce. (1) 


w- is conventionally called the cyclotron frequency, e is 
the particle’s charge and m is its mass. If an rf electric 
field of angular frequency w is applied perpendicular 
to H, resonant absorption of energy from the electric 
field may occur when w=a,. 

The resonance is not well resolved unless the par- 
ticle’s mean free path is a significant fraction of the 
circular path it tends to make about the magnetic 
field. That is, for resonance wrS1, where 7 is the 
average time between collisions. 

Although this is a familiar classical phenomenon, it 
was pointed out only recently by Dingle! and Dorfman? 
that measurement of the effective mass of charge 
carriers in solids might be accomplished directly by 
cyclotron resonance experiments. Shockley* pointed out 
that conditions were suitable for resonance experiments 
in germanium and silicon. All three authors discussed 
the importance of resonance measurements for obtaining 
information about the band structure of solids. 

The first successful cyclotron resonance experiment 
in solids was carried out on germanium by Dresselhaus, 
Kip, and Kittel,‘ and was followed by more complete 
experiments on germanium and silicon by present 
authors*-* and the Berkeley group.’ We will frequently 
refer to the papers by Dresselhaus, Kip, and Kittel’ 


* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force under contract with the 
Massachusetts Institute of Technology. 

t Now at the Department of Physics, University of Wisconsin, 
Madison, Wisconsin. 
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and Zeiger, Lax, and Dexter!’ as DKK and ZLD, re- 
spectively. 


I. EXPERIMENTAL PROBLEM 


The basic problem of the experiment is to produce a 
combination of long mean free path and high angular 
frequency of the electric field, w, such that wr S 1, where 
7 is the average collision time for the free carriers.!? 
For microwave frequencies of 24000 Mc/sec, 7 must 
be of the order of 10~!! second. In semiconductors at 
present, such values occur only at very low tempera- 
tures where the lattice scattering frequency is small. 
Moreover, high crystal purity and perfection is required. 
By 1953, purification techniques developed for ger- 
manium and silicon had produced the perfection 
required for a successful resonance experiment. This 
fact was pointed out by Shockley.* 

At very low temperatures, germanium and silicon 
are essentially insulators with the carriers frozen into 
impurity levels or into the bands and not free to con- 
tribute to conduction processes or to resonance. Three 
methods for producing free carriers have been used in 
germanium for the resonance experiments. They are: 
breakdown of the impurity levels by the microwave 
field (in analogy to microwave breakdown of gases 
during cyclotron resonance"), breakdown of impurity 
levels by an applied dc electric field, and excitation 
with light. In silicon, only the photoexcitation has been 
useful since the levels lie lower than in germanium and 
are difficult to break down. 

In the electric breakdown it is possible to give energy 
to the few carriers remaining in the bands such that 
some of them are able to ionize a neutral impurity 
when they collide with it. Such breakdown phenomena 
occur in both dc and microwave observations on 
germanium. 

Measurements of the real and imaginary parts of the 
rf conductivity of the sample, a, and o;, respectively, 
in the prebreakdown region (from changes in cavity Q 


1! Zeiger, Lax, and Dexter (to be published). 

122 The complicating effects of high carrier densities have not 
been found at liquid helium temperatures in germanium and 
silicon. They are discussed in Dresselhaus, Kip, and Kittel, Phys. 
Rev. 100, 618 (1955). 

8 Lax, Allis, and Brown, J. Appl. Phys. 21, 1297 (1950). 

( “ > Burstein, Turner, and Davisson, Phys. Rev. 91, 215 
1953). 
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and frequency) gave the number of carriers as a function 
of microwave power. This was done as follows: 


ne*r 


m(1+w*r?)’ 


far? 


AQ=Co,=C 


Af/f=Coi=C 


m(1-+e%r?) 


The ratio AQ/(Af/f)=wr. Since the frequency is 
known, the collision time is then determined. From the 
known geometry of the cavity and sample, the constant 
C was calculated. By varying the rf field strength from 
very low values (where »~0) to prebreakdown value, 
n was calculated from the measured frequency shift 
assuming the average value of m* from the cyclotron 
resonance experiments. Approximately 10" electrons 
could be produced by rf ionization of impurity levels in 
germanium (p~1 ohm-cm at room temperature) at 
power levels of about 100 milliwatts. The corresponding 
electric field was 10 volts per cm (7 was found to be 
~10-™" to 10- second). 

Measurement of the real and imaginary parts of 
rf conductivity has been used by several research 
groups!*-'’ in attempts to determine the effective mass 
of carriers in germanium with microwaves at tempera- 
tures where cyclotron resonance is not resolved. 

The advantage of rf or electric breakdown is that it 
permits only one type of carrier to be excited into a 
conducting state, and allows some control of carrier 
density. Disadvantages are: 

(1) The effective temperature of the free carriers 
may be raised well above the lattice temperature into 
a region of higher scattering frequency. 

(2) At high rf levels, carriers may be distributed over 
a wide energy range. If the energy has a quartic de- 
pendence on momentum, the effective mass will depend 
on the energy. Thus, a distribution in energy might 
obscure the resonance anisotropy. Moreover, at high 
powers, the average carrier may move between colli- 
sions from its orbit on the constant energy surface to a 
higher energy surface and an orbit (with the same 
momentum along the magnetic field direction) which 
has a different periodicity. These two effects are prob- 
ably important for holes in germanium. 

(3) The numbers of carriers in rf breakdown depends 
on the magnetic field, making line shape studies im- 
practical. Such effects, called enhancement, arise when 
the magnetic field is adjusted to resonance, since the 
carriers in the bands then gain energy and produce 
ionized carriers most efficiently. Unusually sharpened 
resonance peaks can occur in this fashion. 

Excitation of carriers by light is the most versatile 
method. Suitable filtering of the light can give excitation 


18 T, S. Benedict and W. Shockley, Phys. Rev. 89, 1152 (1953). 
16H. Suhl and G. L. Pearson, Phys. Rev. 92, 858 (1953). 

17 F, A. D’Altroy and H. Y. Fan, Phys. Rev. 94, 1415 (1954). 

18 J. M. Goldey and S. C. Brown, Phys. Rev. 98, 1761 (1955). 
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Fic. 1. (a) An experimental arrangement for cyclotron reso- 
nance studies at 9000 Mc/sec. (b) An experimental arrangement 
for cyclotron resonance studies at 24000 Mc/sec and higher 
frequencies. 





CYCLOTRON RESONANCE EXPERIMENTS 


only from impurity levels and thus produce only one 
type of carrier. The number of carriers remains constant 
as the magnetic field is varied and simplifies line-shape 
studies. Low rf power levels may be used, thus per- 
mitting an approach to equilibrium of carrier and 
lattice temperatures. 

As discussed in ZLD, the measurement of the reso- 
nance line width AH yields the collision or scattering 
time 7. The relation for spherical or ellipsoidal constant 
energy surfaces is AH/H)=2/wr, where Hy is the field 
for resonance. Typical values of 7 were found to be 
about 6X10-" second. Thus, at 4°K, carriers with 
thermal velocity and effective mass m*=0.3mpo (mo is 
the free electron mass) have a mean free path of about 
1.5 microns. In a field of 2500 oersteds, the radius of 
their circular orbit is about 0.3 micron. 


II. EXPERIMENTAL APPARATUS AND 
TECHNIQUES 


Resonance experiments have been carried out by 
using microwave frequencies of 9000, 23 500, 35 000, 
and 47 000 Mc/sec. The bulk of the observations were 
made at 23 500 Mc/sec. The only difference in technique 
occurred in the manner of producing photoexcitation. 
At 9000 Mc/sec, as shown in Fig. 1(a), light entered the 
wave guide above the Dewar through an E-plane bend 
and illuminated the disk shaped sample through the 
cavity coupling iris. The cavity was a \/2 rectangular 
wave-guide resonator with the sample mounted in the 
geometrical center and the plane of the disk normal to 
the long axis of the cavity. The sample could be rotated 
by a gear arrangement connected to the sample by 
means of a teflon mount which entered the end wall of 
the cavity through a tapered plug. The static magnetic 
field (for transverse cyclotron resonance) was per- 
pendicular to both the rf electric field and the axis of 
rotation. 

At the higher frequencies, as shown in Fig. 1(b), light 
was sent down a quartz rod tapered from 3% in. to § in. 
on which the disk-shaped sample was mounted in a 
hollow Teflon holder. The holder entered a hole in the 
side of the cavity at the equator of a TE,1; cylindrical 
cavity. The quartz rod behaved like a light pipe and 
could be rotated from outside the Dewar system by a 
calibrated gear train. Moreover, by pulling the rod 
from the Dewar, samples could be efficiently moved or 
changed during a liquid helium run. Radiation trans- 
mitted by the quartz usually gave about equal numbers 
of holes and electrons. The rf electric field was parallel 
to the axis of rotation and perpendicular to the static 
magnetic field. The hole in the side of the cavity 
(0.22 in. at 23 500 Mc/sec) behaved like a wave guide 
below cutoff and did not seriously perturb the cavity. 
At frequencies above 23 500 Mc/sec, we found it useful 
to fill the cavity with Polyfoam to avoid the cavity 
frequency shifts produced by the formation of bubbles 
of helium gas. At all frequencies, the cavities were 
immersed in liquid helium and were connected to the 
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Fic. 2. Block diagram of,the experimental system. 


microwave setup with thin-walled stainless steel wave 
guide which had been silver-plated. A double glass 
Dewar system used liquid nitrogen in the outer Dewar. 
Temperatures down to 1.3°K could be reached by 
pumping on the helium vapor. 

In the resonance experiments using photoexcitation, 
the light was totally amplitude modulated at 90 cps. 
This produced a total amplitude modulation of the 
number of carriers and of the absorption they pro- 
duced.’® The modulated absorption signal was sent 
through a narrow band amplifier and lock-in detector. 
The reference signal for the lock-in detector was ob- 
tained from a phototube receiving a chopped light beam 
from a second source. The detector output was a dec 
signal proportional to the absorption and was recorded 
as a function of the magnetic field. The field was swept 
by a slowly varying dc signal fed into the regulation 
circuit of the Varian 12-in. magnet. Magnetic field 
measurements were made with a proton resonance 
magnetometer and with a rotating flip-coil magnetom- 
eter calibrated against proton resonance. With the 
flip-coil system, markers were manually placed on the 
recorder to produce an absorption trace plotted against 
magnetic field. A block diagram of the system is shown 
in Fig. 2. 

The microwave circuit was conventional, similar to 
one used for paramagnetic resonance. The klystron 
source was normally stabilized to the sample cavity 
frequency by application of a small frequency modula- 
tion with phase detection to produce a stabilizing feed- 
back signal ; 2K25, 2K50, 0K291, and second harmonic 
generation from 2K33 klystrons were used at the 
different frequencies. The microwave power was fed 
into a hybrid junction having two of its side arms 
terminated with the sample cavity and matching sec- 
tions, respectively. A crystal detector in the fourth arm 
was connected to the narrow-band amplifier. A very 
similar arrangement was described by the Berkeley 
group.” 

For the resonance experiments in germanium and 
silicon it is essential that oriented single crystal samples 

19 Recombination times were usually small compared with 1/90 


second. 
2% A. F. Kip, Physica 20, 813 (1954). 
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be used, because of the striking anisotropies. A disk- 
shaped sample with dimensions about 4 mmX4 mm 
X} mm with the disk face being a (110) plane, was 
found to be most useful. Since the sample was rotated 
about the normal to the disk, [001], [111], and [110] 
directions could be made parallel to the magnetic field 
in this plane. These three orientations provide the most 
useful anisotropy data. Typically, the samples were 
etched with a CP-4 solution. The etching influenced 
only the photoconduction efficiency; we could see no 
effect of the etching on the measured scattering fre- 
quency. 


III. CYCLOTRON RESONANCE OF ELECTRONS 
IN GERMANIUM 


Four separate resonance peaks due to electrons may 
occur for arbitrary alignment of magnetic field and 
crystal directions, as initially reported by Lax, Zeiger, 
Dexter, and Rosenblum.® One resonance is seen* when 
the magnetic field is parallel to the [100] axes. The 
symmetries of the resonances indicate that the electrons 
move on four or eight equivalent constant energy 
surfaces which are ellipsoids of revolution along the 
body diagonals or [111] axes. If the energy surfaces 
are at the zone edges, four ellipsoids are involved, 
otherwise, four pairs occur. There is no apparent way 
to distinguish the true situation from the resonance 
results. There is evidence from magnetic susceptibility 
studies”? and other data®® that the minima occur at 
the zone edges. 

Shockley*® derived the equation for the resonance 
effective mass m* for ellipsoidal surfaces as follows: 





(3) 


( mymoms ) 
m* = 
myo? +-mf*+-mzy" 


where m, m2, and m; are the effective masses along the 
three principal axes of the ellipsoid and a, 8, y are the 
direction cosines of the angles the magnetic field makes 
with these axes. From measurements of the anisotropy 
of the effective mass for resonance, it is simple to 
evaluate the effective-mass values associated with the 
constant energy ellipsoids. Resonance effective-mass 
values are shown in Table I. These resonances were 
originally recognized as due to electrons by observing 
resonance of carriers produced by rf breakdown of 
impurity levels in n-germanium. At 4°K, the principal 
mass values of the constant energy surfaces are 


TABLE I. Resonance effective-mass values of electrons in 
germanium for various directions of the magnetic field. 








[100] 
0.164+0.001 


(111) 


0.208 +0.001 
0.0819-+0.0003 


[110] 


0.368+0.005 
0.138+0.001 











1 Stevens, Cleland, Crawford, and Schweinler, Phys. Rev. 100, 
1084 (1955). 
2B. Lax and J. G. Mavroides, Phys. Rev. 100, 1650 (1955). 
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m= (1.640.03)mo and m.=m;= (0.0819+0.0003)mo, 
where mp is the mass of the free electron. The errors 
arise largely through difficulty in correctly orienting 
the sample in the magnetic field. A small angular error 
can produce a significant error in the apparent axial 
ratio of the energy ellipsoids. The error in alignment 
was responsible for the somewhat smaller axial ratio 
quoted in our preliminary report.’ DKK have found by 
cyclotron resonance measurements that m,= 1.58m, and 
m2=m3=0.082mo, with which our present results are 
in close agreement. 

The constant energy surfaces are prolate or needle 
shaped ellipsoids of revolution with axial ratio of ~20 
pointing along the body diagonals. The interpretation™ 
of magnetoresistance measurements on n-germanium™ 
yielded results indicating ellipsoids along the [111] 
axes with axial ratio of perhaps twenty. Piezoresistance 
measurements also indicated the [111 ] ellipsoid model.* 

When the dc magnetic field is parallel to the rf 
electric field, longitudinal cyclotron resonance may be 
studied. In comparison with the transverse cyclotron 
resonance it is found that for some directions certain 
resonance peaks disappear. When the magnetic field is 
perpendicular to a principal plane of a constant energy 
ellipsoid, longitudinal resonance does not occur for elec- 
trons on that ellipsoid. This is a theoretical result 
checked by experiment. Thus, when the magnetic field 
and electric field are along a [111] direction, resonance 
occurs (with reduced intensity) for the three pairs of 
ellipsoids lying with their long axis 70° from the mag- 
netic field and does not occur for the pair of ellipsoids 
lying with their long axis along the magnetic field. 
Actually, when cyclotron resonance can be resolved, the 
transverse orientation is much easier to study because 
the intensities remain substantially constant, and be- 
cause of the difficulty in closely aligning the electric and 
magnetic fields in the longitudinal resonance. 


IV. CYCLOTRON RESONANCE OF ELECTRONS 
IN SILICON 


The constant energy surfaces in silicon are three or 
six equivalent prolate ellipsoids pointing along the cube 
edges or [100] directions of the Brillouin zone.*.*5.?6 
Experiments on magnetoresistance of n-silicon** yielded 
a mass ratio of 5 for the energy ellipsoids and indicated 
their [100] orientation as did the piezoresistance meas- 
urements of Smith.” 

Cyclotron resonance measurements*® showed that for 
arbitrary orientation three resonance peaks may occur 
and these peaks merge into one when the magnetic 
field is parallel to [111] directions. When the magnetic 
field is in the (110) plane, two ellipsoid pairs present 
the same aspect to the magnetic field direction and at 


23S. Meiboom and B. Abeles, 1a Rev. 93, 1121 (1954); 
M. ; Shibuya, Phys. Rev. 95, 1385 (19 
%G. L. Pearson and H . Suhl, on I fev. 83, 768 (1951). 

25 C, S. Smith, Phys. Rev. 94, 42 (1954 
% G. L. Pearson and C, Herring, Physica 20, 975 (1954). 





CYCLOTRON RESONANCE 


TABLE II. Effective masses of electrons in silicon for 
various orientations of the magnetic field. 


EXPERIMENTS IN Si 


AND Ge 641 


TABLE III. Experimental values of effective masses for 
cyclotron resonance of holes in germanium. 








[100] (111) (110) 


[100] (111) (110) 





0.430.02 
0.24+0.01 


0.430.02 
0.19+0.01 


0.27+0.02 


0.0426+0.002 
0.376 +0.001 


0.0430+0.003 
0.352 +0.004 


mL 0.0438+0.003 
MH 0.284 +0.001 








most two electron resonances are observed. Although 
cyclotron resonance does not distinguish the k value at 
which the band minima lie, there is reason?’:?8 to believe 
that the minima do not occur at the edge of the 
Brillouin zone. Thus, there are probably three pairs of 
constant energy ellipsoids. 

In Table II are listed effective masses for resonance 
for various orientations of the magnetic field. Using 
Eq. (3), we may solve for the mass parameters of the 
constant energy surfaces. The longitudinal mass is 
m= (0.98-+-0.04)my and the transverse mass is m.= m3 
= (0.19+0.01)mp, as originally reported® and confirmed 
by DKK.” It was originally possible to ascertain the 
ellipsoid model through selective excitation of electrons 
by the infrared and relative suppression of the hole 
resonances. The ellipsoids were associated with electrons 
by assuming the results of the piezoresistance®> and 
magnetoresistance*® experiments. 


V. CYCLOTRON RESONANCE OF HOLES IN 
GERMANIUM 


At the top of the valence band near k=0, the valence 
energy band structure of germanium can be described 
by the two functions®® 


2 


h 
«(k) = rand RAL BR +C2 (kathy? 
m 
: +htk?-+hyk2)}}, (4) 


where A, B, and C are constants. The derivation of this 
expression is due to Dresselhaus, Kip, and Kittel.?? 
Holes normally reside in these two bands and possess 
effective masses of approximately m,0.043mo and 
my =0.34my. The anisotropy which is introduced by 
the constant C affects the heavy or slow holes more 
importantly than the light or fast holes. The experi- 
mental anisotropy of cyclotron resonance of holes when 
the magnetic field is in the (110) plane is indicated in 
Table III. 

A third valence band” probably exists with an energy 
~0.3 ev below these two valence bands at k=0. Its 
energy should be! e= — (#?/2mo)Ak*. This band is not 
normally occupied, and no cyclotron resonance has 
been detected for it. 

The experimental data used for determining the 
parameters A, B, and C were the magnetic field values 
for the heavy mass hole peaks with H along the [001] 


27 W. Kohn, Phys. Rev. 98, 1561(A) (1955). 

28 G. G. MacFarlane and V. Roberts, Phys. Rev. 98, 1865 
(1955). 

”R, J. Elliott, Phys. Rev. 96, 266 (1954). 


and [111] directions; and the field value for the light 
hole with H along the [111]. For the two heavy mass 
hole peaks, corrections must be applied to the experi- 
mental peak positions, as discussed in ZLD, to obtain 
the resonance magnetic field values for the center 
contour about the constant energy surface. The center 
contour cyclotron resonance fields are functions of A, B, 
and C, which can be obtained as power series expansions 
from the Shockley integral. The corrected values of 
A, B, and C obtained by this method are: A= —13.1 
+0.4, |B|/=8340.6, |C|=125+0.5. The quoted 
errors include an estimate of the effect of possible mis- 
alignment of the crystal. Our preliminary results, 
A=—13.6, |B| =9.1, |C| =11.2, were in rough agree- 
ment with these values, but did not take into account 
the effects of holes with nonzero wave vector, ky, in 
the magnetic field direction. DKK reported A = — 13.2 
+0.1, |B|=8.9+40.05, and |C|=10.6+0.2, taking 
approximate account of the holes with ky+0. 

The shape of the constant energy curve in the (110) 
plane through ky=0 is shown in Fig. 3. The deviation 
from spherical energy surfaces indicated in Eq. (3) 
produces the anisotropy of magnetoresistance™ and 
piezoresistance.”® 

The anisotropy of ¢«(k) has a strong effect on the 
resonance line shape and even causes a resonant absorp- 
tion at harmonics of the fundamental cyclotron fre- 
quency of the heavy holes. The fundamental resonance 
condition for the heavy holes is w=n(eH/m,*c), with 
n=1. We have also observed the second and third 
harmonic resonances n=2 and n=3, respectively, for 
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Fic. 3. The germanium valence band constant energy contours 
e(k) vs (k), through k=0 in the (110) plane. 
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Fic. 4. Copy of cyclotron resonance trace in germanium near 
4°K and 23 000 Mc/sec; external magnetic field was about 10° 
out of (110) plane and 30° from [100] direction. Orientation was 
selected to show the eight resonance observed in germanium. 


several orientations, while operating at 23 000 Mc/sec.* 
At most orientations the second harmonic resonance is 
obscured by the resonance of the electrons which are 
also excited by the infrared. The third harmonic is 
visible in many orientations and its anisotropy has been 
plotted to confirm its identification. A pronounced 
anisotropy of its intensity has been observed but is 
difficult to study because of the presence of the strong 
electron resonances. 

There is some evidence that the third harmonic 
resonance tends to disappear when the magnetic field is 
parallel to the [111] axes and the second harmonics tend 
to disappear when the magnetic field is along the [100] 
and [110] directions. These results are in agreement 
with the theoretical results described in ZLD. When the 
magnetic field is somewhat out of the (110) plane the 
harmonic resonances change intensity very strongly. In 
most orientations, the harmonic intensities are small, 
but in some orientations we have observed that the 
third harmonic intensity becomes as large as that of 
the fundamental and the second harmonic intensity in 
certain orientations has been up to one-third as intense 
as the fundamental. These results, which are very 
sensitive to orientation, are quite surprising and diffi- 
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Fic. 5. Experimental trace of fundamental cyclotron resonance 
of heavy holes in germanium for Hp parallel to a [100] axis. The 
dashed line is a mirror image and indicates the asymmetry. 


*® The harmonic resonances were apparently first seen by A. F. 
Kip (see reference 19) and were identified by R. N. Dexter, 
Phys. Rev. 98, 1560(A) (1955). 
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cult to explain on the basis of the present theory of 
harmonic intensities, described in ZLD. 

A trace of an experimental resonance curve appears 
in Fig. 4, and shows the eight resonances we have seen 
in germanium. Four electron resonances, the light-hole 
resonance and the first, second, and third harmonics of 
the heavy-hole resonance, are all apparent for this 
orientation which was about 10° out of the (110) plane. 

Since the constant-energy surface has an irregular 
shape, the slices for various ky values all have different 
average effective masses associated with them as dis- 
cussed in ZLD and in Sec. 5 of DKK. Thus, the inte- 
grated line shape includes absorption components far 
from the peak absorption. This effect is indicated in 
Fig. 5, which shows the experimental line shape of the 
heavy hole resonance when the magnetic field is along 
the [100] direction. The base line was obtained by 
covering the light pipe and eliminating the photo- — 
conductivity. On the low-field side of resonance, the 
line shape was distorted by the electron resonance and 
is not shown. The high absorption persisted to high 
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Fic. 6. Experimental trace of fundamental cyclotron resonance 
of heavy holes in germanium for Hp parallel to a [111] axis. The 
dashed line is a mirror image and indicates the asymmetry. 


fields and presents a marked difference from the be- 
havior of a Lorentzian or Gaussian resonance line. The 
asymmetry of the resonance is indicated in the figure. 
The line width is determined by the distribution of ky 
as well as by relaxation effects of scattering; in some 
orientations the line is 30% wider than the scattering 
line width. A theoretical resonance line shape for H 
along a [100] was derived by ZLD, for a different 
value of wr, and compared with the shape of the reso- 
nance for ky=0. The effect of nonzero ky was shown to 
increase the absorption on the high-field side of the 
peak as well as to shift the peak. When the magnetic 
field is along [111] directions, the nonzero ky con- 
tributes to the low-field tail. An experimental trace is 
shown in Fig. 6. For magnetic field parallel to [110] 
directions, the effect of nonzero ky is to tend to flatten 
the peak in a rather symmetrical manner. Theoretical 
curves derived by ZLD and the experimental line 
shapes show similar trends. Theoretically, the resonance 
line shape is Lorentzian and narrowest when the mag- 
netic field is 30° from [100] in the (110) plane. The 
experiments are consistent with this but difficult to 





CYCLOTRON RESONANCE EXPERIMENTS 


study quantitatively because of the presence of the 
electron resonances. Selective excitation experiments 
have been started to try to see hole resonances alone. 


VI. CYCLOTRON RESONANCE OF HOLES IN SILICON 


The resonance results for holes in silicon initially 
studied by Dexter and Lax’ are very similar to those 
found for holes in germanium. The top of the valence 
band consists of two surfaces of different curvature 
centered at k=O and degenerate there. The average 
masses of the two kinds of holes are m,>~0.17mpo, and 
my—~0.52my. The energy function is of the form found 
for germanium (Eq. (3)) as determined by the resonance 
results. Experimental values of effective masses for 
resonance are shown in Table IV. The constants were 
found, by the method described for germanium, to be: 
A=—40+0.1, |B] =1.1+0.4, and |C|=4.1+0.4. In 
confirmation of the preliminary results obtained by 
two of us’ DKK found A= —4.0+0.2, |B] =1.1+0.5, 
C=4.0+0.5, taking into account ky +0. In all these 
experiments, a major experimental error was due to 
errors in alignment of the magnetic field which might 
have been ~2° out of the experimental (110) plane. 
Another difficulty arose from overlap of the electron 


TABLE IV. Experimental values of effective masses for 
cyclotron resonance of holes in silicon. 








[100] 


0.171+0.006 
0.46 +0.01 


[111] 


0.157+0.005 
0.57 +0.01 


[110] 


0.1630.005 
0.53 +0.01 











and hole resonance. The relatively large error in | B| 
arises because of the way the data are combined. 

The anisotropy of the mass of the heavy holes is 
about 20% and that of the light holes 9% in the (110) 
plane. Considerations of the line shape asymmetry 
apply to silicon as well as germanium, but line shape 
studies have been complicated by the presence of the 
electron resonances which also tended to obscure the 
second harmonic. The third harmonic resonance of the 
heavy holes falls very near to the light-hole resonance 
and could only be distinguished (even for the highest 
wr values) when the magnetic field was near the [111 ] 
directions; an experimental trace is shown in Fig. 7. 
The trace also shows the electron resonance and the 
light- and heavy-hole resonances. 

Since the theory indicates that the third harmonic 
resonance should be absent when the magnetic field is 
parallel to the [111] axes, we attempted to resolve the 
apparent disagreement. The resonance was reproduced 
on separate experimental runs and appeared at the 
expected field for third harmonic resonance within a 2% 
experimental error. It is possible that a slight mis- 
orientation could be significant, but the lack of agree- 
ment of theory and experiment is unclear. There may, 
perhaps, be some longitudinal rf electric field present 
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and 23 000 Mc/sec; external magnetic field was nearly parallel to 
[111] axis. 


under the conditions of the experiment, and this would 
give a third harmonic resonance in the [111 ] direction, 
without significant increase of the fundamental reso- 
nance intensity. 


VII. MISCELLANEOUS 


The scattering times of light and heavy holes is 
nearly the same experimentally for both Ge and Si. 
Adams?! has shown that this may be true if intraband 
scattering is of major importance for the heavy holes 
and interband scattering is of major importance for 
the light holes; in this case the final density of states 
for the two holes is the same, being that of heavy holes. 
In the purest samples, typical values of 7 are 6-8 X 10-™! 
second for both germanium and silicon. The highest 
values of 7 we have found in germanium were 1.4X 10~° 
second for the holes and 1.3X10~" second for the 
electrons in the same sample at 4°K. Line widths were 
measured between points of half power absorption. 
While a systematic study of scattering has yet to be 
made, it is clear that neutral impurity scattering can 
become important in our samples at liquid helium 
temperatures. Fletcher ef al.*? have found that at 
ultra-low rf power levels (10~* watt or less) the electron 
resonance lines narrow by a factor of two in lowering 
the temperature from 4.2°K to 1.4°K. Operating at rf 
power levels above one microwatt, we find in our 
experiments below 4.2°K that the line widths remain 
substantially constant. It is probable the electron tem- 
perature is raised above the lattice temperature by the 
rf energy which the carriers absorb. This effect can 
become very important at low temperatures where few 
phonons exist to produce equilibrium between electrons 
and lattice.* 

At 4.2°K, the ratio of heavy- to light-hole resonance 
intensity in germanium is about 2.6. The theoretical 

31 FE. N. Adams, II, Westinghouse Research Reports 60-94769-2 
R1, 1955 (unpublished). 

2 Fletcher, Yager, and Merritt, Phys. Rev. 100, 747 (1955). 


38 We are indebted to Dr. A. Overhauser for a letter discussing 
the equilibrium problem. 
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ratio is 


Nutu/My my i 
ae - (=) 2.7, (5) 


nrrL/my ML 


assuming that n« m! and rp=rq. 

At low power levels and temperatures below ~2°K, 
the intensity ratio gradually changes and the hole 
resonances tend to disappear as first observed by 
Fletcher, Yager, and Merritt.*? The onset of quantum 
effects at low temperatures where small quantum 
numbers are involved apparently tends to change the 
resonance behavior of holes, and additional resonances 
are expected to occur.™ 

With some selectively doped samples, unequal num- 
bers of holes and electrons appear in equilibrium with 
radiation in the intrinsic range. For example, a gallium- 
doped sample*® at 4.2°K gave detectable photocon- 
ductivity only by electrons, as recognized by the 
cyclotron resonance spectrum. Such properties were 
usually a function of time. Cyclotron resonance can 
yield a measurement of the relative number of carriers 
of each type, their effective masses, and their respective 
scattering and recombination times. Such measurements 
may prove very informative for studying photocon- 
duction and scattering mechanisms, for example. 

In pure germanium, the freeze-out temperature for 
the extrinsic carriers seems to be about 8°K. Above 
this temperature, high carrier densities usually cause 
effects which tend to obscure the cyclotron resonance.!? 
Since effective mass may change with temperature, we 
are attempting to raise the freeze-out temperature with 
selectively doped samples (doped with Au, Mn, etc.) 
and to extend the resonance measurements to higher 
temperatures. It appears likely that resonance could be 
resolved with microwave frequencies at temperatures 
as high as ~20°K, if carrier densities were reduced. 
In preliminary experiments we have found that by 
warming the sample to about 15°K the anisotropy of 
the hole resonance in germanium has decreased appreci- 


* J. W. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 
35 Sample provided by Dr. Tyler of General Electric Research 
Laboratory. 
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ably. It is not clear whether this is due to a change of 
band parameters near k=O, or to the presence of a 
quartic term of momentum in the energy. 

In the microwave breakdown of impurity levels, an 
oscillation. was noted in several cases where the internal 
electric field following breakdown was reduced by the 
screening effect of the free charge carriers to a value 
below the breakdown field. The excitation relaxed until 
the electric field within the sample again rose to the 
breakdown value. The typical relaxation frequency was 
of the order of 20 kc/sec and could be varied with the 
magnetic field and rf power level. The relation between 
the relaxation frequency and the recombination time 
was not clear. 

We tried briefly, without success, to detect millimeter 
radiation at harmonics of the heavy hole resonance 
while driving their fundamental cyclotron resonance at 
23 000 Mc/sec. 

Efforts to observe resonance of carriers in higher 
energy bands by using selective excitation have been 
unsuccessful. The carriers probably did not exist long 
enough in the excited states. 

Cyclotron resonance experiments in new materials 
have been largely unsuccessful thus far. In semicon- 
ductors, such as InSb, AlSb, and PbS, the scattering 
time in our samples has been too small for resolving 
the resonance. 
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Magnetic Domains in Evaporated Thin Films of Nickel-Iron* 
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The longitudinal Kerr magneto-optic technique proves to be well suited for the observation of domains in 
evaporated ferromagnetic thin films. In a series of six films of NiFe ranging in thickness from 20 000 ang- 
stroms to 500 angstroms, domain patterns have been photographed in all but the two thickest. Many fea- 
tures of domain structure, familiar in bulk single crystals, have been observed in the films. Certain unusual 
features of domain behavior appear characteristic of the thinnest specimens and have also been photo- 
graphed. Complexities in many of the patterns, uncorrelated with change of film thickness, are probably 
due to uncontrolled physical factors connected with the manufacture and the preservation of the specimens. 
The necessity of careful control of such factors for quantitative domain investigation is emphasized. 





INTRODUCTION 


INCE the appearance of the theoretical paper of 

Kittel, thin ferromagnetic films have been the sub- 
ject of considerable study.2-* This interest has un- 
doubtedly resulted from the fact that the films, being 
essentially two-dimensional, offer considerable promise 
of elucidating certain problems of magnetic theory 
whose interpretation is difficult for matter in bulk. 
The interest has been further heightened, of course, 
by the possibility of practical application of ferro- 
magnetic films to information storage. 

Various studies of the magnetization curves and 
measurements of certain magnetic properties of thin 
films have seemed to indicate that domain configura- 
tions depend in general upon the thickness and the 
constants of the film in the manner predicted by Kittel, 
but no direct observations of domain patterns were 
reported until a recent research note described domains 
in an evaporated film of NiFe observed with the Kerr 
magneto-optic technique.’ We have thus felt justified in 
continuing our research in an exploratory fashion with 
the hope of learning what features of thin-film domain 
behavior are similar to those of matter in bulk, and 
what features, if any, are different. 


EXPERIMENTAL PROCEDURE 


The technique for observing domains by the longi- 
tudinal Kerr magneto-optic effect has been fully 
described in a previous paper,’ and the method was 
employed for this investigation with little modifica- 
tion. Some improvement of the photographic field of 
view has been achieved through the use of a 7-inch 
f/2.5 Kodak Aero-Ektar lens and an analyzer of larger 


* Supported by the Office of Naval Research. 
1 Charles Kittel, Phys. Rev. 70, Pay (1946). 
2H. Konig, Naturwiss. 33, 71 (19 
3 A. Drigo and M. Pizzo, Nuovo ye 196 (1948). 
4E. C. Crittenden and R. W. Hoffman, "Revs. Modern Phys. 
+ (1953). 

M. J. Klein and R. S. Smith, Phys. Rev. 81, 378 (1953). 
OW. Reinke, Z. Physik 137, 169 (i 954). 
7L. E. Collins and O. S. Heavens, Phil. Mag 45, 283 (1954). 
®R. L. Conger, Phys. Rev. 98, 1752 (1955). 
9C. A. Fowler and E. M. Fryer, Phys. Rev. 100, 746 (1955). 
10 C. A. Fowler and E. M. Fryer, Phys. Rev. 94, 52 (1954). 


aperture. A controlled, uniform, longitudinai magnet- 
izing field was provided at the specimen by a solenoid 
designed to allow observation by oblique reflection. 
Although we have observed domain structure in films 
of other materials, we decided to restrict our present 
survey to the films of NiFe (80% nickel) generously 
furnished to us by the magnetics group at the Naval 
Ordnance Laboratory, Corona. This material has small 
coercivity, low anisotropy, and small magnetostriction ; 
more important, its Kerr effect is reasonably large re- 
sulting in good contrast between adjacent domains 
whenever they exist. Each film was evaporated to the 
desired thickness in the presence of a magnetic field 
of 128 oersteds directed across the width of the micro- 
scope cover glass that serves as a substrate. The di- 
mensions of the film surfaces are 1 in.X2} in., but 
evidence of fringing of the magnetic field near the ends 
led us to restrict our field of observation in most cases 
to a center area approximately 1 in.X1 in. The speci- 
mens observed, each evaporated in identical fashion, 
had thicknesses of 20 000, 10 000, 5000, 2500, 1500, and 
500 angstroms, respectively. 


OBSERVATIONAL RESULTS 


It was our hopeful expectation to observe in this set 
of films some well-defined features of domain behavior 
that would correlate in a clear progressive way with 
the film thickness. Although certain general facts about 
the effect of thickness could be concluded, very different 
features have often appeared in two apparently identi- 
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Fic. 1. Photographs of the top and bottom surfaces of a portion 
of a thin-film specimen 5000 A thick. The specimen was turned 
over about an axis parallel to the center domain. 
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cal specimens and even in the same specimen at two 
different times. Such behavior reflects the very sensi- 
tive dependence of the state of the system upon factors 
in the manufacture and the preservation of the speci- 
men that are uncontrolled and perhaps unknown. It 
certainly points up the necessity of fool-proof controls 
for assuring absolute uniformity of the evaporated 
films in order to make a quantitative study of the de- 


Fic. 2. Ten steps in the complete magnetization reversal of a 
2500 A specimen. The light areas indicate magnetization directed 
toward the top of the page, the dark areas toward the bottom. 
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Fic. 3. Development and movement of domain walls in 
the vicinity of an inclusion in a 5000 A specimen. 


pendence of the domain behavior upon any specific 
parameters. 

A photographic survey of the several specimens has 
revealed magnetic domain patterns that can be classi- 
fied rather naturally into two groups, (a) relatively 
simple configurations closely resembling in pattern and 
behavior the domains observed in the surfaces of large 
single crystals, and (b) complex domain patterns that 
differ strikingly from the well-known configurations in 
single crystals having surfaces parallel to principal 
planes. 


Simple Domain Patterns with 180° Walls 


In certain specimens the patterns consisted of 
straight or slightly curving antiparallel domains 
aligned more or less parallel to the direction of the field 
applied during evaporation and indicating an induced 
anisotropy. All of the photographs in this report are 
oriented with that “longitudinal” direction as vertical 
on the page. 

In no case where surface domains were observed 
was there any evidence that each domain did not ex- 
tend completely through the film. The Kerr technique 
is perhaps unique in permitting domain observation of 
the underside of the film through the glass backing. 





MAGNETIC 


In Fig. 1, showing the top and bottom surfaces of a 
portion of one film specimen, an almost perfect mirror- 
image pattern results from turning the specimen over 
about a longitudinal axis. The minute change of pattern 
at one extremity was the result of a minor wall-shift. 
It is interesting to note that the diagonal surface im- 
perfections, so evident in the photograph of the upper 
exposed surface, are completely missing in the smooth 
underside of the film. 

The process of magnetization reversal in the speci- 
mens of 5000 A and 2500 A thickness proved not un- 
like that observed in single crystals having a single 
direction of easy magnetization. Upon reducing the 
magnetizing field to zero, small spike-shaped domains 
of reverse magnetization appear at either edge. With 
increasing reverse field these grow longer, then broader, 
until the specimen becomes completely magnetized 
when the field has reached about one oersted. Figure 2 
is a series of photographs showing ten steps of this re- 
versal process in a 2500 A film. Although the hysteresis 
loops for these specimens are relatively square,® the 
photocell monitor reveals that the reversal proceeds by 
small discontinuous steps; however, the entire process 
is considerably smoother and less sporadic than that 
shown by any single crystal specimen we have observed. 
This relatively unimpeded motion of the domain walls 
probably results from the good homogeneity of the 
film and the paucity of retarding nonmagnetic in- 
clusions. 

A large inclusion in the form of a 0.3-mm hole 
scratched in one of the 5000 A specimens strikingly 
reveals its “sticky” attraction for a domain wall in the 
magnetization sequence illustrated in Fig. 3, where the 
successive steps in the movement of a wall across the 
inclusion are clearly seen. Figure 4, depicting the same sur- 
face area at an early stage in another magnetization 
reversal, shows several spike domains of reversed 
magnetization almost at their inception. They are very 
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Fic. 4. A “thread” domain extending across the surface of a 
5000 A film. A nearby inclusion is encircled. The photograph on 
theJright is an enlargement of the inclusion showing spikes of 
reversed magnetization, 
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Fic. 5. Patterns in four films of different thicknesses after 
being demagnetized by means of a decreasing alternating field. 
The thicknesses are (A) 5000 A, (B) 2500 A, (C) 1500 A, (D) 
500 A. 


similar to those observed by Williams and Goertz" in a 
polycrystalline Perminvar ring, and utilized by Good- 
enough” in his theoretical treatment of coercive force. 
Figure 4 also includes a long threadlike domain ex- 
tending the entire width of the specimen but less than 
0.1 mm wide at its narrowest point. These “thread” 
domains, seldom observed in bulk specimens, are 
characteristic of many of the thin film patterns. 


Complex Patterns 


The degree of magnetization of a specimen in our set- 
up is continually monitored by photoelectric means. 
With the aid of the monitor, a net zero magnetization 
can be attained either by demagnetizing the sample 
with a decreasing alternating field or through a partial 
magnetization reversal with the required coercive field. 
The domain configurations in these two cases differ 
noticeably, and this difference becomes an extreme one 
in the case of the thinnest films. Figure 5 shows the 
surfaces of four films of different thickness after de- 
magnetization by an alternating field. The four photo- 
graphs are quite similar in appearance, each showing 
antiparallel domains extending from the edges in to a 
center belt that has little visible structure. However, 
this photographic similarity proves to be largely ap- 
parent and coincidental. 


“1, J. Williams and M. Goertz, J. Appl. Phys. 23, 316 (1952). 
2 J. B. Goodenough, Phys. Rev. 95, 917 (1954). 
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Fic. 6. A composite photograph of the entire surface of the 
2500 A film of Fig. 5(B), taken under the same conditions but 
twelve months earlier. 


Close examination of the patterns of the two thicker 
films [ Fig. 5(A) and 5(B) ] reveals that the center belt 
is edged with small reversal spikes and these decrease 
in size toward the center of the belt until they become 
unresolved. Their magnetization direction seems to 
remain parallel to the principal domains, inasmuch as 
photographs of these specimens after they were rotated 
90° in the longitudinal Kerr arrangement showed 
almost no structure." Moreover, the appearance of the 
central belt in these two specimens has apparently been 
a result of “azing.” Photographs taken several months 
earlier showed no such break in the pattern, which in 
fact first appeared as a small break and then expanded 
with time. Figure 6 is a composite photograph of the 
entire surface of the same 2500 A film [see Fig. 5(B) ] 
taken twelve months earlier, before we had improved 
the photographic field of the Kerr technique. The 
gradual appearance of such a central belt certainly 
suggests that the specimen is acquiring minute in- 
clusions. Such inclusions might result from oxidation, 


Fic. 7. Detailed struc- 
ture of the central area of 
the 1500A film. In the 
upper photograph, the 
longitudinal optical axis of 
the Kerr setup has the 
customary up and down 
direction on the page, but 
has a left and right orienta- 
tion in the lower picture. 


18 With the electric vector of the incident light polarized normal 
to the plane of incidence, the transverse Kerr effect is zero. (See 
reference 10.) 


or the film under tension on the substrate may have 
developed microscopic holes as time passes. However, 
the permeability of the center area, as evidenced by the 
amount of field required for a full Kerr-effect reversal, 
seems not to have changed appreciably, nor does a 
microscopic examination of the surface reveal any ob- 
vious changes correlated with the center belt. The value 
of the film’s electrical resistance, recorded at the time 
of evaporation, also has not measurably changed. 
Nevertheless, it is very possible that none of these tests 
is sufficiently sensitive to detect the altered structure. 

The center belt of the 1500 A film [Fig. 5(C)] is of a 
different character. In this specimen the anisotropy has 


Fic. 8. Four steps in the reversal of magnetization in a speci- 
men 500 A thick. The reversing field is directed from top toward 
bottom of the page and increases in magnitude from A to D. 


the customary longitudinal direction at either edge but 
develops a pronounced lateral component as it winds 
across the center. Since the technique employed gives 
domain contrast proportional only to the longitudinal 
component, it is necessary to rotate the specimen in 
order to follow the structure through the central area. 
The result appears in Fig. 7 which clearly shows the 
transverse central structure characteristic of this film. 
Such domain behavior possibly results from an unusual 
stress pattern in the film. 

The most interesting behavior is evidenced by the 
500 A film, which is the thinnest we have studied. In 
good agreement with Kittel’s theory this specimen pre- 
fers to exist as a single domain, and only infrequently 
after many attempts could it be forced into a demagnet- 
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ized state by the alternating field technique. Figure 
5(D) shows such an occurrence. Moreover, the film 
can be carried through a step-by-step magnetization 
reversal if the coercing field is controlled with extreme 
care, and the change of the magnetization pattern pro- 
ceeds in a fashion unlike any that we have seen 
reported. This film, evaporated under the same field con- 
ditions as the thicker specimens, retains the same longi- 
tudinal anisotropy. However, in the reversal process, a 
small island of altered magnetization edged by jagged 
“grassy” walls first appears across the center area. 
With increasing longitudinal field the irregular walls 
move along the field direction toward the two edges of 
the film. Figure 8 depicts four steps in this type of re- 
versal. The poorer quality of the photographs results 
from the fact that this film is semitransparent and re- 
flections from the unmetalized surface of the glass 
substrate are appreciable. There is also some evidence 
to suggest that the dark and lighter regions in these 
pictures may represent something other than strictly 
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antiparallel directions of magnetization, but only photo- 
graphs taken under controlled photometric conditions 
and analyzed by quantitative photometric methods can 
accurately decide this point. The observations further 
showed that this type of magnetization reversal also 
occurs in the 1500 A specimen but not in any of the 
thicker ones, and thus may well be a characteristic 
associated with small thickness. 

It should be mentioned that the 10 000 A and 20 000 
A films failed to show a domain structure. It is possible 
that these two specimens exceed in thickness Kittel’s 
critical value for this alloy, provided that there exists 
a preferred direction of magnetization normal to the 
film surface induced by stress or other causes. On the 
other hand, investigation of evaporated films thinner 
than 500 A becomes increasingly difficult by the re- 
flection method. Observation of very thin specimens by 
transmission appears promising, and we are at present 
undertaking a study of the practicability of such a 
technique. 
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Lattice-Scattering Mobility of Holes in Germanium 
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The lattice-scattering mobility of holes in germanium is calculated by using the transition probabilities 
for scattering by acoustical and optical phonons derived in an earlier paper, in which both the rigid- and 
deformable-ion models were used to determine the interaction between holes and the lattice. Coupled Boltz- 
mann equations are considered, describing the distribution of carriers under the influence of an electric and 
phonon field in the two valence bands of germanium, degenerate at k=0. The results involve two previously 
described constants C; and C, which are treated as arbitrary parameters. Results are presented for several 
sets of these parameters and also for values of the temperature 9 = 300°K and 500°K which might correspond 
to the fundamental optical frequency of the germanium lattice. The curves, logu vs log T, closely resemble 
straight lines over the lattice-scattering range. It is possible to find values of C; and C, for both rigid- and 
deformable-ion models which agree well with the observed mobility if @=300°K but not if @=500°K. The 
question as to whether these values of C; and C;, are correct is not considered in this paper. 


1. INTRODUCTION 


HE transition probabilities for scattering of holes 

by acoustical and optical phonons in the two 
germanium valence bands degenerate at k=0 have been 
calculated in an earlier paper.’ In this treatment, the 
electron-phonon interaction Hamiltonian was seen to 
be separable into two parts: the first arises from the 
vibrations of the unit cell as a whole, and the second 
from the relative motion of the two atoms in the unit 
cell of the germanium lattice. The matrix elements for 
scattering were expressible in terms of two constants, 
C, and C,, associated, respectively, with the two parts of 


1. Ehrenreich and A. W. Overhauser, Phys. Rev. 104, 331 
(1956) ; hereafter referred to as I. 


the interaction Hamiltonian. The terms in C,; describe 
the interaction of holes with acoustical vibrations; the 
terms in C, describe the interaction with optical and 
acoustical vibrations. The wave functions used to 
calculate the matrix elements were determined from the 
k-p and spin-orbit perturbations, the valence bands 
near k=0 being described by spherical surfaces of con- 
stant energy and a parabolic relationship between 
energy and wave number, E,= (h?/2m,)k?, where m, 
is the cyclotron resonance effective mass corresponding 
to one of the two degenerate bands. 

For the terms in C; the scattering was treated using 
both deformable and rigid-ion models. The transition 
probabilities were seen to have a pronounced angular 
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distribution for the scattering processes caused by ab- 
sorption and emission of longitudinal and transverse 
phonons. These angular distributions are quite differ- 
ent for the two models. For the deformable-ion model, 
the heavy holes are scattered predominantly in the 
forward direction and the light holes in the backward 
direction, whereas the opposite is true for the rigid-ion 
model. In the former case, the scattering resulting from 
transverse and longitudinal modes is about equally 
important, in the latter case scattering by transverse 
modes is less important. The angular distribution as- 
sociated with the terms in C;, is simpler: the scattering is 
symmetric about the angle 90°. This simplicity results 
from the fact that an initial state along a [100] direc- 
tion was assumed in calculating the matrix elements, 
an approximation that could be circumvented in treating 
the terms in C; by choosing the atomic cells spherical. 
This approximation could not be used in calculating the 
remaining terms since the constant C, vanishes in this 
approximation. The interference between the acoustical 
terms in C, and C, was not considered. 

In the present paper, the preceding results will be 
used to calculate the mobility for a temperature range 
extending roughly between 100°K and 300°K where 
lattice scattering is the predominant scattering mech- 
ansim. Section 2 will be concerned with the transport 
calculations necessary to obtain the mobility. The re- 
sults will be analyzed and discussed in Sec. 3. 


2. TRANSPORT CALCULATIONS 


The central problem of this section is the calculation 
of the current density, 


j=—(¢/429E f vefa(k,) dhe, (1) 


arising from carriers in both bands s=1,2 under the 
influence of the electric field & and the various kinds of 
phonon scattering considered in the earlier paper. The 
carriers have a velocity 


v,= (grad,E,)/h. (2) 


Their distribution in k space is described by the func- 
tion f,(k,), which is obtained as a solution of the Boltz- 
mann equation. From Eq. (1) the mobility can be com- 
puted by use of the relationship 


u= j/neé, (3) 


where » is the density of current carriers. 

Since in the present problem we are concerned with 
two interacting bands, we shall have to treat two 
coupled Boltzmann equations. Each equation states 
that the total rate of change with respect to time of the 
distribution function describing that band, due to the 
applied electric field and phonon scattering for all 
modes and polarizations, is zero. 
¥ Let (0f,/dt),,-°=(fe)»,-” be the rate of change of the 
distribution of electrons in band s due to holes in this 
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band, having wave number &,, being scattered into 
some state k,’ in band r, and in addition that due to 
electrons in band r, being scattered into the state k, 
by a process of type v involving phonons having polar- 
ization P, as defined by Eq. (4.34) of I. In addition, 
define (f,)r as the rate of change of the distribution of 
holes in band s produced by the applied field &. Then 
the Boltzmann equation for band s can be written in 
the form 


(fet Se e (f)nP=0. (6=1,2). (4) 


We postulate a solution of the form 
fi(ke)= f(E,)+[df(E,)/dE, ]a,(E,)cosé,, (5) 


which will be shown to satisfy Eq. (4) for the scattering 
terms considered here. In Eq. (5), f° is the equilibrium 
distribution describing the carriers when no external 
field is applied, and 6, is the angle between the direction 
of k, and the field. The equilibrium distribution is the 
same in both bands. The current carriers obey Boltz- 
mann statistics so that 


f(E) = be-#/K7, (6) 


b=4h'n,(x/2m,KT)! (s=1,2). (7) 


Here m, is the density of carriers in band s. Since 6 in 
Eq. (6) must be the same for both bands, it follows that 
n/m3=n2/m2!. With this relationship and Eq. (4.20), 
we can express 6 in terms of m=m+m2 and a=m2/m, 
as follows: 


where 


b=4h'n(x/2m,KT)!/(1+a!). (8) 


We suppose that the electric field is applied along the 
z direction. Substitution of the group velocity (2) and 
Eq. (5) into (1) yields 


j=[2'ne/3a'm(KT)*?(1+a!) ] 


xEmf Ee-®/KTq,(E)dE. (9) 


The main part of the calculation will consist of deter- 
mining the coefficients a,(Z) from Eqs. (4). If there 
were but one band, a,(Z) would be proportional to the 
relaxation time 7 as can be shown by a comparison of 
(5) with the solution of the Boltzmann equation in the 
relaxation time approximation, which gives 


7 (E)= (m;/2E)*a,(E)/e&. (10) 


We shall now turn to the problem of evaluating the 
(f.)»,7°. For this purpose, we use the polar coordinate 
system of Fig. 1, and the relationship 


cos6,=cos8, cos8—sin#, sin8 cos. (11) 


In terms of this coordinate system, the density of final 


states in a small region about ,’ is given by 


pdE= (V/8x*)d*k,'= —(Vm,_k,'/82*h*®)dx dp dE, (12) 
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where we have written «=cos8. An approximate 
mathematical statement of the definition for (f;),,,” is 
obtained with the aid of the transition probabilities 
defined by Eq. (4.34) of I: 


(f.)», 7° = (2n/t) (Vy! /Sxth®) [ io f dx 


X (f(r) EW? (s, n +1; 1,2) +W,?(s, n—1; 7,0) ] 
—fa(ks) [WP (r, n +1; 5,n) +W,?(r,n—1; sn) ]}. (13) 


The approximation in Eq. (13) consists of having re- 
placed factors (1—/,), giving the probability that a 
given state is unoccupied, by unity. The final state k,’ 
can lie along all possible directions without violating 
either of the principles of conservation of momentum or 
energy, since for acoustical phonons of polarization P 
we neglect the phonon energy in comparison to the 
hole energy whereas for optical phonons hw is constant 
and independent of q. 

The specialization to specific vibrational modes 
may be deferred if k,’ is expressed in terms of hw, 
which at a later time can be set equal to zero for 
acoustical modes and K@ for optical modes, where @ is 
the temperature corresponding to the fundamental 
optical frequency. For the transitions from k, to k,’ by 
phonon absorption and from k,’ to k, by emission, we 
have, from conservation of energy, that 


k,*= (m,/m,)ke(1+hw/E,). (14) 


For the transition from k, to k,’ by phonon emission 
and k,’ to k, by absorption, on the other hand, 


k,'*= (m,/m,)k,(1—hw/E,). (15) 
A given emission process, of course, can only take place 
if the energy of the hole in the initial state exceeds the 
phonon energy hw. 
Correspondingly, by use of Eq. (6), we may write (5) 
in the form 
fe(hr’) = gt (hw/ KT) { f°(E,) 


+[df°(E,)/dE, la,(E,Fhw)cosd,}, (16) 


where the upper and lower signs correspond to k,’ as 
given by Eqs. (14) and (15), respectively. 

In order to treat all phonon scattering terms at 
once, it is convenient to write the quantities W,? 
defined in Sec. 4 of the preceding paper in the form 

WP (r,n’; sn) = (2rh*®/Vm,_k,)n'w,? (r,5)G,? (7,5). (17) 
Comparison with Eqs. (4.18), (4.40), and (4.37) shows 
that 
wi? (r,s) =CP2KTm,k,/4rup’phin 

= (tk e&/m.) (m./my) (m,/my) (uz/up)*(B,/2n), 
we? (r,s) =Cem,k,/xK Opa? 

= (hk,e&/m,) (m,/m,) (m,/m)Bo, 
ws? (r,s)=C3KTm,k,/4rh*i’ pn 

=} (hk,e&/m,)(m,/m,)(m,/m,)(TA/O) (B2/2n). 


(18) 
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Fic. 1. Polar coordinate system used in transport calculations. 
The electric field is along the z direction; k, and ky are wave 
numbers of holes in bands s and r before and after scattering. 


In these definitions, we have used the fact that n=n-+1 
for acoustical modes. In addition, we have taken the 
opportunity to define the quantities 8, 82, and A which 
will prove useful in the calculations to follow. The sub- 
stitution of the preceding equations into (13) yields 


(fe)s, e? = (m,/m,)*(w,?/2m) (d f?/dE,) 
+1 2r 
x f ag." (,3)|(1-+ha/ Es) f dp 
-1 0 
X[a,(E,+hw)cosd,—a,(E,)cos6, | 


+ (n-+1)(1—fw/E,)! f “dé 


0 


X[a-(E,—hw)cosé,—a,(E,)cos6, | . (19) 


The integration over ¢ is readily performed with the 
help of Eq. (11). With the notation 


+1 
R,?(s,r) = (m, im) f xG,P(r,s)dx, 
—1 
(20) 
+1 
S,P(s,r) = (m, mf G,P(r,s)dx, 
1 


we obtain 


(f.)», ?=w,? (r,s) (df°/dE,)cosd, 
X {n(1+hw/E,)*[a,(E,+hw)R,?(s,7) 
—a,(E,)S,?(s,r) }+ (n+1)(1—hw/E,)$ 


X[a,(E,—hw)R,? (s,r)—a.(E,)S,?(s,r) }}. (21) 


At this point, it becomes useful to distinguish between 
the rigid-ion (RI) and deformable-ion (DI) models 
for the terms v= 1 and P=L where the two models give 
different results in our treatment. In I, we introduced 
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TABLE I. Values of the integrals R,?(s,r) and S,?(s,r). 








R,*(1,1; 1) = —44/225 
R:¥(2.2: 1) =4/25 
Ri (1,2; 1)= mt lina eee 
ss (1,1; 0) = 76/22 
/(2,2; fe 
Ret: 0)= t,t “aaa 8/3)A1—aA 2]. 
RT (1, 1)= R,7 (2,2) = 
Ri? (1,2) = (4/25)a[ — Hatt) Arpads] 
s7)=0 for ee rs=1,2; P=L, 
S;¥(1,1; 1) = — 
Sy"(2,2; 1) =28/75 
S:4(1,2; 1) = Se At CR -ae.~ahi), 
S1"(1,1; 0) = 344/22 
S,4(2,2; V=s6p5” 
Si¥(1,2; 0) = (4/25)a4(32/3+ (4a—8/3)Bi—aB2]. 
S17 (1,1) =S,7 (2,2) =4/75 
Sui 2)= = 4/23) cA 4/3—4(a+1)B,+0Bs] 
S2(1,1) = S34 (2,2) =4 
S2!(1,2) = tat. 
Ss? (5,7) =2S2(s,7) 
Si? (sr) =§S2? (5,7). 








a parameter 7 having values in the range 0<n<1 
which distinguishes between the two models. In the 
limits »=0 and 1, the results correspond to the RI and 
DI models, respectively. The dependence on 7 will be 
introduced explicitly by writing the quantities defined 
by Eq. (20) as R,?(r,s;) and S,?(r,s;). In con- 
siderations involving the RI model, we shall take C2 
to have the value given by Eq. (4.41) which is ad- 
mittedly rough, but will serve to indicate the effects on 
the mobility. 

The results of evaluating Eq. (20) are given in Table 
I. Some of these are most easily expressed in terms of 
the integrals: 


A= f (1—2*) (x/o)dx= (12a4)— (3 —2a+-3a*) 


+ (8a*)“!(1—a)*(1+a) log| (at—1)/(a!+1)|, 
A:= f (1—2°)?(a/o2)dx= (32a4)-1 


X[(1—a)?(5+6a+5a*) log| (a!—1)/(a#+-1)| 2) 
- +a! (1+) (10—44a/3+ 100?) J, 
(1—22)o1dx= (4a#)“1(1—a)? 
Xlog| (at—1)/(a!+-1)|+(1+e)/2a, 
(1—22)°o-"dx=20-4A1, 


nf 


B.= 
—1 
where o is defined by Eq. (4.25) of I. It is evident from 
Eq. (20) that 
R,? (1,2) =aR,? (2,1), 
S,P(1,2)=aS,?(2,1). 


The explicit expressions of the (f,),,-” for the various 
vy can now be obtained from Eq. (15). For acoustical 
modes, corresponding to v= 1 and 3, #w~0 and n=n-+1. 
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Thus 


(fa)s, 2? = (hkve&/m,) (m,/m;) (m,/m:) 
X (uz/up)*Bi(d f°/dE,)cosd, 
Xx [a, (EZ.)R1?(s,r) wes (E,)S1? (sr) ], 


and 


(fas, P= (3) (hk,e&/m,) (m,/my) 
X (m,/m;)(T/@)B2A(df°/dE,)cosd, 


x a,(E,)S3?(s,r). 
In the case of the optical modes (y= 2), 


(fs)2, -°= — (ke &/m,) (m,/m,) 
x (m,/m;)B2(d f°/dE,)cos0.o(K @/E,) 
Xa,(E.)S2?(s,r), (25) 
where 
n(i+x)'+(n+1)(1—x)! for x<1 
$(x)= 
n(1+2x)! 


It should be noted that the terms R,?(s,r)(v=2,3) 
vanish and thus do not appear in Eqs. (24) and (25). 
This comes about because the angular distributions 
associated with the absolute squares of the matrix 
elements for scattering are symmetric about B=90°. 
This circumstance simplifies our problem greatly, since 
the terms a,(E,+/w), associated with optical modes, 
which would ordinarily appear in the Boltzmann 
equation are absent, and we avoid thereby having to 
solve a functional equation. 
Finally, the field term (f,)r is 


(f.)r= — (e&/h)(0f/dk,) 
= (hk,e&/m,) cosb,(df/dE,). (27) 


It is to be emphasized that the dependence on the 
electric field & of Eqs. (23)-(25) is a result of the 
definition of 8, and is purely fictitious. The reason for 
using this notation becomes apparent when these ex- 
pressions, together with (27) are substituted into the 
Boltzmann equation and common nonzero terms are 
canceled. The results of this operation are most simply 
expressed in terms of the quantities 


y=uz/Ur, v= 0/T, 


(26) 
for «>1. 


(28) 
and 
9, (n)= —[Ri4(1,1; 0)—S17(1,1; 0) ] 
—y[Ri? (1,1; 2)—Si7(1,1; 2)] 
+o[S14(1,2; n)+y°517(1,2; 0) ], 
—o[R,*(2,2; n)—S,"(2,2; n)] 
—a’y*LRi? (2,2; »)—S17(2,2; 0) ] 
+[S14(1,2; n)+7°S17 (1,2; n)], 
R(n) = Ri*(1,2; 9) +y¥*Ri7 (1,2; 0), 
$:=[S2"(1,1) +527 (1,1) ] 
+a S24(1,2)+527(1,2) ], 
$2=a°[S24(2,2) +527 (2,2) ] 
+[S24(1,2)+S27(1,2)]. 


Q2 (n) wit 


(29) 
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The Boltzmann equations (4) then become, upon 
writing £,=E£, 
{8:2:+82[6(K0/E)+A/8]81} 
Xa(£) —BiaRa2(E) = 1, 
{8122+82[6(K O/E)+A/8]82} 
X d2(E)—BiRa,(E)=1. 


(30) 


These are coupled algebraic equations in a,(Z) and 
a2(Z). The fact that the coefficients (df°/dE,) cos0, 
have canceled out demonstrates that as a result of our 
approximations involving the surfaces of constant 
energy and matrix elements for scattering, the postu- 
lated solution (5) is exact. 

The special case in which 8.=0 will prove interesting. 
This means that we neglect optical modes as well as 
that portion of the acoustical modes arising from the 
vibrational phase difference between the two atoms 
of the unit cell. It is then seen from_Eqs. (30) that 


ai(E)=Br"[ Q2(n) +aR(m) J/ 
£21(m) Q2(n) —aR?(n) J, 
a2(E) = Br" Qi(n) + R(m) J/L (21 (0) Q2(n) —aR?(n) J, 


which are independent of energy. Equation (10) then 
indicates that the relaxation time for each of the bands 
varies as E~}. The current integral (9) can be given in 
closed form since the a’s are removed from the integral. 
Substitution of Eq. (31) into (9) and use of (3) gives 


B= Ho( Q2+-aQi+2aR)/(Q192—aR?)=pQ, (32) 


where 
po=[4 (29) teph*u:? |/[3m,*2(KT)IC2(1+a4) ]. 


Equation (33), apart from a numerical constant in- 
volving the ratio of the effective masses a, is the same 
expression as that obtained by Seitz and Bardeen and 
Shockley? for a single s-band. The mobility (32) thus 
exhibits the same 7~'-> temperature dependence 
characteristic of the simpler theories. The factor 
multiplying uo in Eq. (32) will differ for the RI and DI 
models. 

From the values of the constants to be evaluated in 
the next section, we shall see that the ratios a®/9,, 
and ®/Q. are both less than 0.1 for the DI and less 
than 0.03 for the RI model. Under these circumstances, 
the terms coupling Eqs. (30) can be neglected reason- 
ably. With this approximation, we obtain the results 


a,(E) = {6:2.+62[¢(KO/E)+A/8]8,}~ s=1,2 (34) 


when 6,0. The neglect of the coupling terms greatly 
simplifies the last integration (9) and permits the 
formulation of approximate analytical techniques. In 
order to make absolutely sure of the resulting tempera- 


(31) 


(33) 


2F, Seitz, Phys. Rev. 73, 549 (1948); J. Bardeen and W. 
Shockley, Phys. Rev. 80, 72 (1950). 
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ture dependence of the mobility we shall perform the 
integration numerically. We define 


Ps= a+ (82/81) (A/3) 8, 
7 4= (B2/B1)8.. 


The integral to be done may then be written 


(35) 


sa f dx{ xe~°* /[p.+-no.(1+27")!] 


+ f : dx[ xe? |/[p,+no,(1+«-1) 
+(n+1)o.(1—2-)], 
The resulting expression for the mobility is 
u=pot?*(Jit+aJ2), 
and the ratio of currents carried by the two bands, 
(j:/J2)= (Ji/aJ2). 


3. RESULTS AND DISCUSSION 


(36) 


(37) 


(38) 


To obtain the final numerical results, we shall now 
proceed to collect a set of values for the constants ap- 
pearing in these calculations, some of which will re- 
flect the approximations that have been made. For 
instance, we shall have to define appropriate sound 
velocities and elastic constants, in accordance with the 
assumption that the germanium lattice is a homo- 
geneous, isotropic medium. This is done by considering 
the measured values of the longitudinal and transverse 
velocities in the [100], [110], and [111] directions 
and taking an average in which these directions are 
weighted in the ratios 3 :6:4, respectively. The values 
up=5.3X105 cm/sec and ur=3.3X10° cm/sec are 
thereby obtained. Using these values, we may deter- 
mine a set of elastic constants that describe the hypo- 
thetical lattice under consideration. We obtain, with 
the density of germanium, p=5.35 g/cm', 


C11 = puy?=1.5X 10” dynes/cm?, 
C44= pty? = 0.58 X 10" dynes/cm?. 


The third elastic constant, ¢ci2, is gotten from the 
relationship ¢12=¢11—2c44, which describes an eiastic- 
ally isotropic medium. We find 


€12=0.34X 10" dynes/cm’. 


Substitution of these values into the expression for 6 
defined by Eq. (4.5) of I yields 5=0.7. It will be re- 
called that the assumption of interaction with nearest 
and next-nearest neighbors was used in calculating 6. 
In this connection, it should be noted that the use of 
only nearest neighbors produces results that are 
fundamentally incompatible with the assumption of 
an elastically isotropic medium, since in that case the 
elastic constants satisfy the additional constraint 
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4¢11(C11— C44) = (C1 +012)".. Combination of the two 
conditions yields the following two rather absurd sets 
of relationships between the elastic constants: c44=0, 
Cie=Cu, and 2¢11=C44, C1o= —3c,. The question, how- 
ever, remains as to whether the value of 5 obtained by 
the inclusion of next nearest neighbors is reliable, since 
no calculations of measurable quantities like the 
specific heat have yet been done for germanium using 
this approximation. The calculations of Hsieh* have 
considered only nearest neighbor interactions, but have 
obtained agreement with the experimental specific heat 
within about 10%, 

The same sort of difficulty arises in the determina- 
tion of the fundamental optical frequency w= KO/h. 
This quantity is directly measurable as the fundamental 
Raman frequency. The value 1332 cm™ has been ob- 
tained in diamond. On the other hand, the infrared 
lattice absorption spectrum occurs in the range 2892 
to 3612 cm™ which is roughly twice the optical fre- 
quency. According to Lax and Burstein,‘ this spec- 
trum may be associated with two-phonon processes 
which produce second-order electric moments. Turning 
now to germanium, we find the Raman frequency as 
yet undetermined experimentally. The calculations of 
Smith® as applied to germanium, however, yield the 
value w=390 cm (@=560°K). This value falls into 
the spectral range associated with the infrared lattice 
absorption, extending between 345 and 640 cm. This 
spectrum contains an apparently impurity-insensitive 
peak at 345 cm™ whose intensity is much greater than 
the remaining structure and which is without analog 
in the diamond spectrum. The temptation is therefore 
strong to interpret this as the fundamental optical 
frequency. If we argue, however, that the gross features 
of the spectra should be alike for diamond and ger- 
manium because of their similar atomic structure, then 
we are led to the conclusion that the fundamental 
optical frequency should occur somewhere around 
@=300°K and that Smith’s calculations do not give 
accurate results when applied to the optical modes of 
germanium. Since we are unable to resolve this dilemma, 
we shall present results for two optical mode tempera- 
tures, @=300 and 500°K and contrast the behavior 
of the mobility so obtained with temperature. 

Only two further numerical constants are required. 
These are the edge-length of the fundamental face- 
centered cube, 2a9=5.62X 10-* cm, and the value of a, 
defined by Eq. (4.27) of I, which is 4.1 105° cm/sec. 

We shall first discuss the results for the mobility 
and current density in the case when C;=C,=0. This 
case is of interest since it does not involve optical modes, 
nor the acoustical term representing phase differences 
between the two atoms in a unit cell. It has been 


* Y. C. Hsieh, Phys. Rev. 85, 730 (1952). 


) 
4M. Lax and E. Burstein, Phys. Rev. 97, 39 (1955). 
ag. M. J. Smith, Trans. Roy. Soc. (London) A241, 105 
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thought unlikely that the introduction of optical modes 
could explain the behavior of the mobility because the 
strong temperature dependence associated with the 
component terms (3.2) of I would not give a straight 
line on a plot of logu vs log T. This argument is refuted 
by the present calculations. Furthermore, as pointed 
out by Brooks,® it is hard to reconcile the galvano- 
magnetic effects with a relaxation time having an 
energy dependence that is very different from E-}. 
This means that a,(£) should be nearly independent of 
energy. The relaxation time obtained here depends on 
energy in a rather more complicated way. The question 
as to whether this variation is too rapid to explain the 
magnetoresistance requires detailed treatment and will 
not be considered in this paper. 

In discussing these results, it will also be of interest to 
compare the values obtained on the basis of the RI and 
DI models. We can already see from Eq. (32) that both 
models must give a mobility having a 7-1-5 dependence. 
To obtain values for 2 defined by that equation for the 
two models, we use the numbers giving 9, 92, and ® in 
the two cases, as obtained from Eq. (29). These are 
62.1, 178, 0.200, respectively for the RI model and 11.9, 
22.9, —0.184 for the DI model. It is now seen that the 
ratios aR/ 9; and ®/ 9» are small, as maintained in the 
preceding section. Substituting the values of 21, 92, 
and & into Eq. (32) gives 


u(cm?*/volt-sec) = 4.6 10°/T! 'CY(ev) DI 
=7.0X108/T!5C2(ev) RI 


(39) 


for the two models. The kinetic energy C; is to be ex- 
pressed in electron volts and the mobility in the con- 
ventional units of cm?/volt-sec. For the same C; and T, 
the mobility obtained from the DI model is always 
greater than that obtained from the RI model, as is to 
be expected from the larger amount of scattering as- 
sociated with the RI model shown in Fig. 2 of I. It is 
interesting that for roughly the same value of Ci, the 
DI and RI models represent upper and lower bounds 
respectively for the mobility in the lattice-scattering 
range. One finds that C,= 10.6 ev matches the theore- 
tical and experimental mobilities at 50°K for the DI 
model, and 8.7 ev matches the mobilities at 300°K for 
the RI model. The magnitude C,~ 10 ev is reasonable, 
for the first ionization potential of atomic germanium 
is about 8 ev and from the virial theorem for a Coulomb 
potential, it follows that the corresponding kinetic 
energy is about 8 ev. It is thus possible to obtain the 
correct value of the mobility at any temperature in 
the lattice-scattering range for a reasonable Cj, pro- 
vided we pick an appropriate value of 7. The magnitude 
of the mobility at any temperature in the lattice- 


scattering range therefore can be understood. The 


®H. Brooks, in Advances in Electronics (Academic Press, Inc., 
New York, 1956), Vol. 7. 
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problem is to explain the observed temperature de- 
pendence, since 7 cannot vary with temperature. 

The mobilities obtained from the two models using 
the values of C; given above are plotted in Fig. 2. 
The experimental mobility is shown for comparison. 
In addition, we have plotted the mobilities resulting 
from both models when either longitudinal or trans- 
verse phonons alone contribute to the scattering. It is 
seen that transverse phonons influence the mobility 
only slightly in the case of the RI model, whereas both 
types of phonons are roughly equally effective in the 
case of the DI model, with the longitudinal phonons 
dominating somewhat. 

The mobility ratios for the two bands are given by 


b1/pw2=ata;/ae. (40) 


We find the values y;/u2=8.1 for the RI model and 
5.2 for the DI model. In the simple situation where 
the wave functions of both bands have s-symmetry and 
the only scattering mechanisms are intraband scattering 
for carriers in the heavy-mass band and interband 
scattering for carriers initially in the light-mass band, 
the mobility ratio should equal the inverse ratio of the 
effective masses, that is, u:/u2=a. This result follows 
from the fact that the relaxation times for carriers of 
both bands are the same in this case. It is seen that the 
RI result agrees closely with the preceding mobility 
ratio, whereas the DI result is rather different. The con- 
clusions obtained from the RI model concerning the 
importance of transverse modes and the ratio p1/p2 
agree rather well with those of Brooks® whose treatment 
is based on the deformation potential theory without 
including optical modes. 

Let us next consider the relative importance of the 
two bands in the conduction process by computing the 
current ratio j,/72. This quantity is given by 


ji/ ja= a1/ade. (41) 


One might expect the lighter holes to be more effective 
current carriers than the heavier holes, since, if the 
bands were independent, and the matrix elements for 
scattering in each band the same, one would have 
Ji/ j2= (1/2) (ur/p2)=a~8. In fact, however, the 
matrix elements for the different scattering mechanisms 
are considerably different, as has already been seen 
from Figs. 1 and 2 of I. One notes in particular that for 
intraband scattering in the DI model the light holes are 
predominantly scattered backwards, whereas the heavy 
holes are scattered forward. The opposite is true of 
the RI model. If interband scattering is turned off by 
setting R=S,?(r,s)=0, we find the current ratio to be 
ji/j2=2.6 for the DI model and 16 for the RI model. 
These values reflect the fact that in the first case the 
importance of the light holes is diminished and in the 
second case it is enhanced. The presence of interband 
scattering will affect chiefly the holes of light mass by 
tending to scatter them into the other band with its 
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Fic. 2. The hole mobility versus temperature obtained from the 
DI and RI models for C,=0. The dashed curve represents the 
experimental mobility. The curves labeled DI:L and T and RI:L 
and T represent the calculated mobility, resulting from scattering 
by longitudinal (L) and transverse (T) phonons, matched at 
50°K for the DI model and at 300°K for the RI model. The values 
of C; used are 10.6 ev for the DI and 8.7 ev for the RI model. The 
remaining curves show the mobilities, using these values of Ci, 
when either longitudinal or transverse phonons alone produce the 
scattering. 


associated large density of states. For interband scatter- 
ing alone, we find j:/72~0.001 and 0.02 for the DI and 
RI models, respectively. The total current ratios are 
0.23 and 0.37, the larger value pertaining to the RI 
model. 

We shall now give the final results for the mobility 
and current ratios when the terms involving C; and C, 
are included. These results were calculated numerically 
from Eqs. (37) and (38). The theory contains two con- 
stants, C; and C,, which are not related to each other in 
any simple way. Both depend on the germanium wave 
functions and potential and must be computed directly 
from these quantities. Since this has not been done, we 
shall give the results for various values of the ratio 
C,/C;. For purposes of comparison, the computed values 
of the mobility were matched with the experimental 
value’ at 50°K. For a given ratio C,/C;, the matching 
thus determines both constants. The results are shown 
in Figs. 4-7 for the RI and DI models, assuming that 

7F. J. Morin, Phys. Rev. 93, 62 (1953); M. B. Prince, Phys. 


Rev. 92, 681 (1953). F. J. Morin and J. P. Maita, Phys. Rev. 94, 
1525 (1954). 
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@=300°K or 500°K in each case. The values of C; 
corresponding to the various ratios C,/C, are given in 
the figure captions. We have chosen the ratios C,/C,=0, 
1, 2,5, and © as representive of the effect produced by 
varying the magnitude of optical modes. The value 
C,/C,=0 corresponds to the curve having the 7-5 
dependence; the value ~ corresponds to having set 
C,=0. We have represented the experimental mobility 
and the curve obeying a 7~'-' dependence by dashed 
lines. 

One observes that the ratio C,/C;= © will correspond 
to the most rapid possible temperature dependence 
provided that the neglected interference terms in C,C; 
and C,C; of I, Eq. (4.17), are small. We have estimated 
the importance of these terms by calculating the matrix 
elements for scattering from a [100] direction to a final 
state in a plane containing all three principal direc- 
tions for which k,’=k,’. These results depend only on 
the angle of scattering 8. If we regard these scattering 
cross sections as typical of the scattering into any other 
direction, we may then compute the mobility. It should 
be remembered, however, that these interference terms 
may be either positive or negative since the relative 
signs of C, and C; are unknown. Figure 3 shows the cor- 
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Fic. 3. Modification of the mobility as a function of temperature 
produced by the interference terms. The dot-dashed curves repre- 
sent upper and lower bounds when the interference terms are in- 
cluded. The solid line represents the mobility when the inter- 
ference terms are neglected. All three curves coincide on the scale 
of this graph for the RI model. 
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rections involved for interference terms of either sign 
in the case of both DI and RI models when C,/C,=2 
and @=500°K. As before, the experimental and cal- 
culated mobilities have been matched at 50°K. The 
effect of the interference terms is seen to be fairly small 
for the DI model and negligible for the RI model. The 
following conclusions thus are unaffected in any essen- 
tial way by the neglect of the interference terms. 

The most striking feature of Figs. 4-7 is that even 
if Cs>Ci, the observed mobility cannot be explained 
for @=500°K. This is due to the fact that the terms in- 
volving C, alone include an acoustical term whose 
magnitude is proportional to 6’, so that optical modes 
are always accompanied by a term having a 7-15 
dependence. Optical modes, acting alone, give rise to a 
more rapidly varying temperature dependence as we 
shall see later. It should be noted that in our treatment 
there is no difference between the curves labeled C4/C; 
= pertaining to the RI and DI models since we have 
treated the terms in the electron-phonon interaction in- 
volving C; and C, only in the RI approximation. There is 
a difference, however, for C,/Ci=1, 2, 5. For any given 
ratio the DI model always produces the more rapid 
temperature variation. This can be understood if one 
remembers that the matrix elements involving C; were 
larger for the RI model. For 9 = 300°K there are values 
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Fic. 4. The hole mobility versus temperature for the DI model, 
@=300°K; matched with the experimental curve, labeled yu, 
at 50°K, for C,/C;=1,2,5. The values of C; in ev corresponding 
to these ratios are 9.1, 6.6, 3.2, 0. 
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Fic. 5. The hole mobility versus temperature for the DI model, 
@=500°K, matched with the experimental curve, labeled uy, 
at 50°K, for C,/C;=1,2,5,0. The values of C, in ev correspond- 
ing to these ratios are 9.2, 6.9, 3.4, 0. 


C,/C, for both models which will fit the experimental 
mobility quite satisfactorily. The best fit, however, 
requires a smaller value of the ratio C,/C; if the DI 
model has been used. C,/C; is then between 2 and 5, 
whereas the ratio is greater than 5 in the other case. 
We note that the curvature of the lines drawn through 
the computed points in Figs. 4-7 is rather small. This 
fact is illustrated somewhat more dramatically in 
Fig. 8, where the results for the DI model with C./C; 
=2 (Ci:=6.6 ev, Cy=13.3 ev) and ©=300°K are 
analyzed in some detail. We have taken the computed 
points and passed the best straight line, having slope 
—2.25, through them. The points are seen to fit a 
straight line quite well.* To show the relative import- 
ance of the terms involving C, and Ci, curves have been 
drawn for Ci=0, Cy=13.3 ev, and C,\=6.6 ev, and 
C,=0. The curve having C;=0 and 6=0.7 provides a 
reasonable approximation to the resultant curve be- 
tween 100°K and 300°K, thus showing that the term 
involving C, in the mobility is rather more important 
than that in C; for these particular values of the con- 
stants. The influence of the optical modes in the C, 
term is illustrated by a further curve for which C,;=0, 


* Qualitatively similar conclusions concerning the combination 
of acoustical and optical mode scattering have been obtained by 
W. A. Harrison [Phys. Rev. (to be published) ]. 
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Fic. 6. The hole mobility versus temperature for the RI model, 
©==300°K, matched with the experimental curve, labeled y, for 
C,/C:=1,2,50. The values of C; in ev corresponding to these 
ratios are 3.9, 3.6, 2.6, 0. 


C4= 13.3 ev, and 6=0, representing the contribution of 
optical modes alone. The curvature is rather large, 
but is seen to be reduced considerably when C; and C, 
are as before and 6=0.7. 

Since the calculated mobility for the ratio Cy/Ci=2 
agrees rather well with the observed mobility, the ques- 
tion arises whether the magnitude of C,/C; is reasonable. 
This question can be answered unambiguously only by a 
detailed calculation of these constants. Qualitatively 
speaking, however, one might think on the one hand 
that C, should be smaller than C, since for a spherical 
atomic cell and a potential having spherical symmetry, 
C, vanishes whereas C, does not. On the other hand, 
the integration of functions over a tetrahedral cell 
that, losely speaking, might be considered prototypes 
for the germanium wave functions and potential 
suggest that ratios C,/C; having the magnitude 
required to explain the mobility temperature depend- 
ence can be obtained.* The values of C; that arise in 
Figs. 4-7 appear reasonable. 


8 We have calculated C2 and C,, defined respectively by Eqs. 
(4.10) and (4.11) of I, putting |«;)=x, y, z for i=1, 2, 3, V 
=—sin?(rx/2) sin?(ry/2) sin*(xz/2), and a9=2. The coordinate 
axes coincide with the cubic axes of the crystal, and the origin 
coincides with the atom at the center of the atomic cell forming the 
region of integration which was chosen to be tetrahedral. Assuming 
that C2= —2C,, we found that C,/C,;= +3.5. 
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Fic. 7. The hole mobility versus temperature for the RI model, 
@=500°K, matched with the experimental curve, labeled yu, 
for C,/C:=1,2,5,0. The values of C; in ev corresponding to 
those ratios are 4.0, 3.7, 2.7, 0. 


The numerical integrations that were necessary to 
calculate the mobility, also permit the determination of 
the current ratios 7;/72. Since a; and a2 are functions 
of energy, the current ratio will depend on temperature. 
The variation with temperature of 7/72, however, is 
small. Asymptotically the high- and low-temperature 
current ratios are given by Eq. (41) with 


a, (E) we [819.4+-B2F (8) $,/0}, (42) 
where 
F@)=A for }>1, 


=2+A for d<1. 


For the DI model, the ratio 71/72 increases by less 
than 15% over the entire range of temperatures, 
whereas for the RI model it decreases by less than 3%. 
The contrasting behavior with temperature of the two 
models may not be significant since the difference 
between the high- and low-temperature limits of 71/72 
is caused entirely by optical modes which have been 
treated in the RI approximation only. The results 
concerning the current ratios may be summarized 
with the observation that the values of 7:/j2=0.37 
and 0.23 obtained on the basis of the RI and DI models 
when C,=0, respectively, represent the maximum 
and minimum possible values. 


If one believes that the contribution of optical modes 
required to produce agreement between the theoretical 
and experimentally observed hole mobility is unreason- 
ably large, then one must ask what other processes, 
not treated in these calculations, could account for 
the temperature dependence. It has already been 
pointed out that &* terms in the energy are too small 
to affect the mobility appreciably. We shall consider 
briefly some further possibilities. 

The first possibility is an explicit variation of the 
effective mass with temperature. This can occur by 
means of the interaction with the phonon field: a hole 
emits and reabsorbs the same phonon. Physically, this 
implies that the motion of the hole through the crystal 
is retarded by a cloud of virtual phonons surrounding it. 
The effective mass is thereby increased from a value 
m, to m,*. It is this renormalized effective mass m,* 
which should appear in the calculated expression for 
the mobility in place of m,. The mass m,* will increase 
with temperature, since the probability of emitting 
and reabsorbing a phonon is proportional to the number 
of phonons in the field. The mobility thus decreases 
more rapidly with increasing temperature. However, 
calculations using second-order perturbation theory® 
show that the change of effective mass is insignificantly 
small. The fractional change of mass is of order 10-* 
between 0°K and room temperature. The possibility 
that higher order terms may be important in the 
perturbation series has been examined by Fulton,” 
who finds them negligible. He has shown that the 
coupling constant characterizing the electron-phonon 
interaction in semiconductors is 10-5, thus demonstrat- 
ing the validity of perturbation theory in treating this 
interaction. 

Another effect producing a variation of the effective 
mass is the change of band gap with temperature. 
The effective mass is theoretically determined from the 
quantities L, M, and N defined by Eq. (2.4) of I, and 
the temperature dependence arises from variation of 
the energy denominators (Eo>—E,.). It might be 
pointed out that, in addition, the shift of the band 
edges with temperature should cause the coupling 
constants C1,---,C, to change. A rough estimate shows 
that these two effects are small and seem to change 
the temperature dependence of the mobility in a 
direction which would worsen the agreement between 
theory and experiment. 

A still further possibility that has been considered is 
the change in the temperature dependence of the 
mobility produced by nonlinear vibrations of the 
lattice. In this case, the electron-phonon interaction 
Hamiltonian contains terms proportional to the square 
and higher powers of the displacement whose effect 
would be to create or annihilate two or more phonons 


°H. Ehrenreich, Ph.D. thesis, Cornell University, 1955 (un- 
published). 
1 T, Fulton (private communication). 
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at a time. This problem has been considered by Enz" 
who finds that the exponent of the temperature depend- 
ence is shifted in the right direction if these terms are 
important. 

In this connection, it should be noted that the 
interaction Hamiltonian (3.4) which is linear in the 
atomic displacements, can also give rise to higher order 
terms in the electron-phonon interaction. The operator 
H' may act several times leading to the simultaneous 
creation or annihilation of more than one phonon. 
These higher order terms must not be considered since 
the recoil of a hole during a given scattering mechanism 
can be neglected. It has been shown? that in this case 
first-order perturbation theory gives the probability 
that at least one phonon is emitted or absorbed during 
a scattering process, and not exactly one, as is generally 
supposed. A first-order perturbation calculation thus 
includes automatically the effects of such processes on 
transport theory. 

In conclusion, we shall comment briefly on the 
careful, but unsuccessful efforts!? to observe light holes 
independently of the heavy holes by means of the drift 
technique."* It would be possible to effect a spatial or 
time separation between the two pulses in a drift 
experiment if the relaxation time due to all interband 
processes were less than the drift time, which was 
5X10-* sec in Harrick’s experiment. However, since 
for the light holes the interband scattering is dominant, 
a relaxation time of the order of 10-” sec is to be 
associated with this process for the light holes, thus 
demonstrating the impossibility of observing them 
experimentally by this technique. One should not be 
misled by the fact that it was possible to neglect the 
terms in Eq. (30) which couple the two bands 
mathematically, to the conclusion that the carriers 
remain in one band. The quantities 2, defined in 
Eq. (38) contain very important contributions from 
interband scattering. These terms in 9, can be inter- 
preted in the steady state as representing scattering 
within band s in the sense that a carrier scattered into 
the other band is immediately replaced by a carrier 
resulting from an inverse interband transition. If now 
the two pulses were spatially separated, then the 
pulse corresponding to carriers in band s could not be 
so replenished. Therefore, both the interband terms in 
9, as well as the coupling term ® must be negligible if 


11 Ch. Enz, Physica 20, 983 (1954); Helv. Phys. Acta 27, 199 
(1954). 

12 .N. J. Harrick, Phys. Rev. 98, 1131 (1955). 

13 See also E. S. Rittner, Phys. Rev. 101, 1291 (1956). 
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Fic. 8. Analysis of the curve, appearing in Fig. 4, for C,/C, =2 
(C:=6.6, Cy=13.3, 5=0.7). A straight line has been passed 
through the computed points shown in the figure. The remaining 
curves show the effects of setting one or more of the quantities 
Ci, C4, and 6 equal to zero. 


the two kinds of holes are to be observed independ- 
ently in a drift experiment.“ 
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The photoelectric work function can be determined by analysis of monochromatic photoelectric emission 
in an accelerating field. A plot of J vs E+ gives a straight line for incident light a few tenths of an ev from 
the threshold. The ratio of the zero-field intercept to the slope of this line is directly proportional to h(v— vo) 
and is independent of the intensity of the incident light. The work function can be determined from this 
ratio for both metallic and semiconducting emitters. A graphical method is developed for eliminating the 
dependence of the determination on the field factor and the parameter, m, and the dielectric constant, k., 
in the emission equation for semiconductors. The work function of Te is determined by the present method 
from data of Apker, Taft, and Dickey. The value obtained, 4.78 ev, is in good agreement with their determi- 


nation. 





I. INTRODUCTION 


HE present paper shows how photoelectric work 
functions can be obtained by analysis of the 
monochromatic photoelectric emission in an acceler- 
ating field. This method has several advantages. It is 
not necessary to normalize the emission current to unit 
light intensity as is required in a Fowler! plot of photo- 
emission as a function of the energy of incident light. 
Since the temperature of the emitter is held constant, 
the temperature variation of the work function would 
not contribute as it could in the DuBridge? method of 
studying photoemission as a function of the temperature 
of the emitter. The present method is applicable to 
both metallic and semiconducting emitters. 


II. THEORY 


In 1941 Guth and Mullin* developed the theory for 
monochromatic photoelectric emission in an acceler- 
ating field. The Guth-Mullin theory applied the mirror 
image lowering of the work function to Fowler’s! 
equation for emission as a function of temperature of 
the emitter and energy of incident light. The develop- 
ment was analogous to the Schottky’ effect for thermi- 
onic emission. Their result is: 


4rmPT? (xr? 

a ee 
hs me 

(1) 


where 5=(hv—d’)/kT contains the field-dependent 
work function, ¢’=hvo—e!E!, h is Planck’s constant, 
k Boltzmann’s constant, m the mass of the electron, 
T the temperature in degrees Kelvin, hy the energy of 
incident light, hyo the threshold energy of the emitter 
equals ¢ the work function, e the charge on the electron, 
and E£ the applied field at the surface of the emitter. 

When 6>0, which occurs for h(v—v)>0.3 ev at 
room temperature, the exponential terms in (1) can be 

1R. H. Fowler, Phys. Rev. 38, 45 (1931). 

*L. A. DuBridge, Phys. Rev. 39, 108 (1932). 


3 E. Guth and C, J. Mullin, Faye Rev. 59, 867 (1941). 
* W. Schottky, Piysik. z. 15, 872 (1914), 


neglected and one obtains: 
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For low fields the term &£/2 would be negligible by 
comparison with the other terms, and since room 
temperature is assumed, the term (rkT)?/6 will also be 
negligible. One then has: 


4am {[h(v—v0) P 


«——}— +h(o—m)elB +- **, (3) 
hs 2 

Relation (3) is the basis for the present method for 
determining work functions. If the monochromatic 
photoelectric emission is plotted as a function of £', 
a straight line is obtained. The slope of this line is 
proportional to e!4(v—vo) and the zero-field intercept 
of the line is proportional to [h(v— v0) }/2. 

The relations (1), (2), and (3) are written as propor- 
tionalities because the magnitude of the photoemission 
will depend on the intensity of the light shone on the 
emitter in addition to the other dependencies indicated. 
Both the slope and the zero-field intercept of the straight 
line plot of J vs E} are proportional to the light intensity. 
If one takes the ratio of zero-field intercept, Jo, to the 
slope of the line, S= (dJ/dE}), the dependence on light 
intensity is eliminated and one obtains: 


Io/S= h(v—v0)/e!. (4) 


With a knowledge of the energy of incident light, hv, 
the work function, hyo, can be determined according to 
this equation. 

One obtains a similar equation if, in place of Fowler’s! 
equation as a starting point, one uses the relation 
derived for a semiconductor by Apker, Taft, and 
Dickey®: 

T«[hv—¢ |", (5) 

5 Apker, Taft, and Dickey, Phys. Rev. 74, 1462 (1948). 
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where m is a parameter >0. Applying the mirror-image 
lowering of the work function for an insulator of 
dielectric constant k,, one obtains to the same degree 
of approximation as (3) above: 


I « [h(v— v9) | 
k.—1 
k.+1 


This relation predicts a linear variation of J vs E} for 
monochromatic photoelectric emission from a semi- 
conductor. In this case the ratio of zero-field intercept, 
Io, to the slope, S, gives: 


h(v—) ie 
~ (m+2)e!l ke—-11 


; 
elETh(v—v)]™+---. (6) 


+(m+2)| 


I)/S (7) 


The work function can be determined from this equation 
for a semiconducting emitter if the parameter, m, and 
the dielectric constant, k,, are known. The dependence 
on intensity of incident light has been eliminated in 
Eq. (7) as it has been in Eq. (4) for a metallic emitter. 

Equations (4) and (7) will depend on the determi- 
nation of the field strength at the surface of the emitter 
since the values for slope are taken from a plot of J vs 
E}. This dependence on the field determination can be 
eliminated. Two or more plots of J vs V', where V is 
the applied voltage, are needed at a different energy of 
incident light for each plot. The zero-field intercept, 
Ip, and the slope, Sy=(dI/dV}), are determined for 
each plot. Ratios, Jo/Sy, plotted as a function of the 
energy of incident light, Av, should give a straight line. 
Where this line intercepts the axis of zero ratio, Io/Sy 
=0, the work function, Avo, is obtained. 

One can also eliminate the dependence on the param- 
eter, m, and the dielectric constant, k., in the same 
manner. In Eq. (7) an unknown field factor, K, where 
E=KV, can be combined with the unknown factor 
(m+2)[(ke—1)/(k-+1)]. Then it can be seen from 
Eq. (7) that the same method applies. Two or more 
plots of photoelectric emission, J vs V+, are needed at 
separate energies of incident light for each plot. The 
ratios, Jy/Sy, are plotted as a function of the energy of 
incident light, kv. Extrapolation of the line, Io/Sy vs hy, 
to the axis, Jo/Sy=0, gives the work function, hyo. 


Ill. TEST OF THE THEORY 


Apker, Taft, and Dickey® have presented data which 
can be evaluated by this method. Their Fig. 7 shows 
photoelectric emission in an accelerating field for Te 
plotted as a function of V! for two separate energies of 
incident light. Figure 1 in the present paper shows a 
plot of Jo/Sy vs hv for their data. The intercept of the 
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Fic. 1. Io/Sy vs hy. Extrapolation of the line to the axis, Jo/Sy 
=(, gives the work function, 4.78 ev. Jo, Sy, and hy are taken 
from Apker, Taft, and Dickey’s® Fig. 7 which shows a plot of 
I vs V4 for photoelectric emission from Te at two separate energies 
of incident light. Apker e¢ al. report values from 4.76 to 4.83 
(shown by arrows) for Te surfaces. 
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line obtained from these two points gives hyp=4.78 ev. 
Apker, Taft, and Dickey report values from 4.76 to 
4.83 for their Te surfaces. 

Carroll and Coomes® have also reported data on BaO 
analyzed according to Eq. (7). Nine determinations of 
the work function were made for a single cathode and 
they ranged in value from 1.99 to 2.01 ev. 


IV. CONCLUSIONS 


The graphical method described for obtaining work 
functions from the analysis of monochromatic photo- 
electric emission in an accelerating field has been shown 
to be quite versatile. For emission from a metal, one 
needs only data on J vs E} for incident light at one 
energy, providing hy—hvo>0.3 ev. The method has a 
self-contained means of eliminating dependence of 
emission on the intensity of the incident light. Thus it 
is unnecessary that the intensity be determined. If the 
field factor, K, is not known, then two or more plots of 
I vs V* for different energies of incident light will 
determine the work function for either metallic or 
semiconducting emitters. Since the work function is 
determined at a fixed temperature of the emitter, it 
should be a method useful in determining the tempera- 
ture dependence of the work function.’ 

For helpful discussions and criticism I wish to thank 
Professor E. A. Coomes, Professor D. W. Juenker, 
Dr. J. G. Buck, and Mr. F. G. Ullman. 

6p. E. Carroll and E. A. Coomes, Phys. Rev. 85, 389 (1952). 

7 Careful attention should be paid to the approximations of 
Eqs. (3) and (6) when extreme sensitivities are required such as 


in the determination of the temperature dependence of the work 
function. 
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The lifetime in well-compensated, single-crystal indium antimonide samples has been obtained as a 
function of temperature between 130° and 250°K. The results suggest that the lifetime is limited by radiative 
recombination at high temperatures and by a recombination center mechanism at low temperatures. 





INTRODUCTION 


STIMATES of lifetime in single crystals of indium 
antimonide have previously been obtained by 
photoelectromagnetic effect and photoconductivity! and 
from measurements of diffusion length.’ It has been sug- 
gested that the lifetime in this material may be limited 
by radiative recombination.*‘ Observation of recom- 
bination radiation? and an estimate of the room- 
temperature radiative recombination lifetime in speci- 
mens of various purity‘ has lent support to this idea. 
Calculation of the theoretical lifetime requires knowl- 
edge of the spectral absorption coefficient and index of 
refraction in the region of high absorption where 
adequate data have only recently become available.® 


THEORY 


The temperature dependence of the theoretical life- 
time for radiative recombination has been obtained 
according to the theory of Van Roosbroeck and 
Shockley.* Spectral absorption data were taken from 
Oswald and Schade,’ Avery,* and Gobeli and Fan.® 
The data of Gobeli and Fan cover the complete range 
from 2 to 7 yw, including the region of high absorp- 
tion where the absorption coefficient levels off. The data 
of Oswald and Avery for pure material are in good 
agreement with the latter but extend only up to 
a=800 cm". The data of Avery for impure material 
are in agreement with those of Gobeli and Fan in the 
vicinity of 2 «4 where the effect of the filling of the 
bottom of the conduction band is no longer significant, 
since the electron is excited to higher states when 
hy>E,.? 

The data of Gobeli and Fan and others give the 
spectral absorption at liquid nitrogen and room tem- 
peratures. To obtain the temperature dependence of the 
radiative recombination lifetime, absorption curves at 
other temperatures were obtained from the temperature 


1S. W. Kurnick e al., Phys. Rev. 94, 1791 (1954); S. W. 
Kurnick and R. N. Zitter, J. Appl. Phys. 27, 278 (1956). 

2D. G. Avery and D. P. Jenkins, J. Electronics 1, 145 (1955). 

3 T. S. Moss and T. H. Hawkins, Phys. Rev. 10i, 1609 (1956). 

4I. M. Mackintosh and J. W. Allen, Proc. Phys. Soc. (London) 
B68, 985 (1955). 

+ G. Gobeli and H. Y. Fan, Purdue UniversityjSemiconductor 
Quarterly Research Report, December, 1955 (unpublished). 

®W. van Roosbroeck and W. Shockley, Phys. Rev. 94, 1558 
1954 
‘ TF, oa and R. Schade, Z. Naturforsch. 9A, 611 (1954). 
* D. G. Avery et al., Proc. Phys. Soc. Gente) B67, 761 (1954). 
* E. Burstein, Phys. Rev. 93, "632 (1954 


dependence of the energy gap.* Equation (21) of 
reference 6 here takes the form 


“+0 s0(—-1), (1) 


where u=hyv/kT, signifying that f(u,7)=adn?/4e may 
be obtained by calculating f(m,300) provided the 
absorption curve may be obtained by shifting the 
absorption edge according to the temperature depend- 
ence of the energy gap given by Oswald”: 


E,(T)=0.24—-0.26 107. (2) 


The index of refraction is 4.0 in the region 7<\ <16y, 
according to Oswald and Schade,® and 3.75 for1<\<3 yu 
in impure material, according to Avery et al.* In the 
intermediate region, 3<\<7 u, the index of refraction 
was obtained from the absorption coefficient through 
the Kramers-Kronig relations. The results are consistent 
with the experimental data and indicate a maximum at 
\=6.7 uw where the index of refraction n= 4.1. 

With these data, the lifetime for radiative recombina- 
tion in intrinsic material is obtained from the following 
equations®: 

r= n,/2R, (3) 


where 


R=1 issx10"(—) . n®k(u,T)ubdu 
. 300 , 


yo e“—1} 


n;= intrinsic carrier density, and 
k=ad/4an. (5) 


Method of Measurement 


Lifetimes for the decay of nonequilibrium hole- 
electron concentrations were obtained directly by 
oscilloscope observation of the conductivity of a thin 
rod following excitation by a pulsed high-energy elec- 
tron beam. In these experiments, 2X 10~*-sec pulses 
of 700-kev electron from a Van de Graaff accelerator 
with a maximum beam intensity of 5X10" electrons/ 
cm? sec and a low repetition rate to minimize bombard- 
ment damage were utilized.’ No changes in lifetime 
attributable to bombardment damage were observed. 


vF. Oswald, Z. Naturforsch. 10A, 927 (1955). 
uG. K. Wertheim, Bull. Am. Phys. Soc. Ser. II, 1, 128 (1956). 
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CARRIER LIFETIME IN InSb 


Samples were cut from single crystals of indium 
antimonide, and after etching in CP4 (without bromine) 
had dimensions approximating 0.0100.035 X0.625 in. 
End contacts were made by indium alloying in an inert 
atmosphere. The samples were then soldered to a copper 
frame and enclosed in a 0.5-in. id. copper thermal 
radiation shield having a port to admit the electron 
beam and to define the bombarded area while also 
protecting the end contacts from direct bombardment. 
The target chamber was at a pressure of approximately 
1 » so that the sample temperature could be adequately 
controlled via the copper frame which was attached to 
an all-metal Dewar having provisions for heating as well 
as cooling. The sample temperature was measured by a 
thermocouple at the point of attachment to the frame. we |: "saath: vee. 5" 

Three samples, having the following characteristics, (a) 
were measured. 


SAMPLE 1-/N 


5, 
° 


LIFETIME IN SECONDS 


Sample No. Na—Na Dimension (in.) Crystal SAMPLE 2-p 


1—n 2.3 10" 0.008 X 0.038 InSb 28K3 
2—p —1.7X 10% 0.010 0.034 InSb 28K4 
3—p —3.0X 10" 0.012 0.034 InSb 28K3 





The net donor or acceptor concentrations were deter- 
mined from conductivity measurements which gave 
results similar to those of Hrostowski et al.” 

The low-temperature limit of the region in which 
data can be obtained in p-type material is reached when 
the decay becomes shorter than 10~* sec. In n-type 
material, data could be obtained to liquid nitrogen 
temperature. At high temperature there is little differ- 
ence between m- and p-type material, both being oo 
intrinsic. The upper temperature limit here is set by "RECIPROCAL TEMPERATURE (°K)"! 
signal amplitude, which becomes small as the thermal (b) 
equilibrium electron concentration becomes much larger 
than the bombardment injection level. In addition the SAMPLE 3-p 
decreasing sample resistance, in conjunction with the 

. =" . . EXPERIMENTAL RADIATIVE 
maximum allowable power dissipation in the sample, RECOMBINATION LIFETIME 
limits the voltage that may be applied across it. 


LIFETIME IN SECONDS 


v 


~_THEORETICAL RADIATIVE 
RECOMBINATION LIFETIME 


LIFETIME IN SECONDS 


al 


PONG Py 


“a @. 2 = oe. ee le CRS 
RECIPROCAL TEMPERATURE (°K)” 


(c) 


Fic. 2. Comparison of calculated and observed 
carrier lifetimes in InSb. 


80 
x109 


LIFETIME IN SECONDS 


0° RESULTS 


45 
RECIPROCAL TEMPERATURE (*«)* x10 “a e 
The decay of the bombardment conductivity in these 


Fic. 1. eT i oe — as a function samples, obtained from photographs of oscilloscope 
° , displays, can be represented by a single exponential 
12 R, J. Hrostowski et al., Phys. Rev. 100, 1672 (1955). function, whose time constant is here called the life- 
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time. No deviation from this simple mode of decay was 
observed in the region where lifetimes could be meas- 
ured. In p-type material, a second longer decay ap- 
peared near liquid nitrogen temperature, suggestive of 
a trapping process. This effect was absent in n-type 
material. 

The measured lifetimes all fall well below the theo- 
retical lifetime for radiative recombination, Fig. 1. The 
behavior of the lifetime in the low-temperature region 
suggests that a recombination center mechanism may 
be dominant. In particular the difference between n- 
and p-type material is consistently accounted for on 
the assumptions of a single species of recombination 
centers, lying well below the middle of the forbidden gap 
and having 7p0>7,»o. Under these conditions the life- 
time, 7, given by Hall and Shockley and Read,” 


No+n, Potpi 
T= rol ) rao ), (6) 
Not po not po 


reduces to 


No 
md) 
not po 


in n-type material, and to 


No Ny 
T= rf )+rmf ) (8) 
not po not po 


in p-type material where the magnitude of the 
n/(no+ po) contribution will be small if the level lies 
sufficiently below the Fermi level. These functions have 
been computed, using the intrinsic carrier concentration 
given by Hrostowski,’* and fit the data adequately at 
low temperatures if one assumes that 7 yo is independent 
of temperature (Fig. 2, dotted lines). The value of ry0 
determined by this fit varies by a factor of three in these 
samples, indicative of varying trap concentrations. The 
deviation noted in the p-type sample with higher net 
acceptor concentration is consistent with the appearance 
of the second term of Eq. (8). The systematic deviation 
of the data from these curves at higher temperatures 
appears to be a property of the material itself rather 
than a property of an impurity. This is suggested by 
the fact that an identical curve representing another 
recombination mechanism reduces all three computed 
lifetimes functions to agreement with the data. We 
identify this curve with radiative recombination since 


3 R. N. Hall, Phys. Rev. 87, Cong (1952) ; W. Shockley and W. T. 
Read, Phys. Rev. 87, 835 (1952). 
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it has the same temperature dependence as the theo- 
retical radiative recombination lifetime. However, it 
lies a factor of three below the theoretical value. 


DISCUSSION 


The results suggest that radiative recombination is 
the dominant process which limits lifetime in these 
specimens near room temperature. The difference be- 
tween the theoretical radiative recombination lifetime 
and that obtained experimentally may in part be due 
to the high absorption coefficient at the maximum of 
the integrand of Eq. (4). There the absorption length 
is only two wavelengths in InSb so that the broadening 
of the photon levels may be significant.® 

Other processes that cannot be entirely ruled out are 
surface recombination and temperature-dependent trap 
cross sections. The importance of surface recombination 
was investigated by measuring the decay time of bom- 
bardment conductivity in a second p-type sample cut 
from crystal 28K3. The lifetime was obtained between 
160°K and 230°K with the crystal 0.028X0.102 in. in 
cross section. The crystal was then etched to 0.010 
0.079 in. and the lifetime remeasured. The data 
obtained under these two conditions agree within 5%, 
indicating that the surface recombination velocity is no 
greater than 2000 cm/sec and the surface lifetime 
greater than 6 usec. 

The picture could be seriously distorted if the recom- 
bination cross section were to exhibit a pronounced 
temperature dependence. The only case treated theo- 
retically, the “giant traps” discussed by Lax," decrease 
in cross section with increasing temperature and, if 
applicable, would require an even shorter radiative 
recombination lifetime. However, such an interpretation 
is not alone able to account for the deviations from the 
recombination center lifetime since the deviation is not 
by the same factor in the three samples at a given 
temperature. 

With these reservations, the lifetime in indium 
antimonide may be interpreted in terms of radiative 
recombination and a recombination-center mechanism. 
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It is pointed out that the piezoresistance phenomena in bismuth are consistent with some of the multi- 
valley models of bismuth which have been proposed by various authors, and that certain features of these 
models are in fact implied by the piezoresistance data. 





HE electronic properties of bismuth resemble in 
many ways those of the homopolar semicon- 
ductors. These properties have been interpreted'~* in 
terms of multivalley’ models of the type used for semi- 
conductors, with the top of the valence band being 
slightly higher in energy than the bottom of the 
conduction band. 

We have recently calculated* the elastoresistance 
effects for a multivalley semiconductor with an axis 
of rotational symmetry, and in this note we apply the 
results of this calculation to the piezoresistance meas- 
urements of Allen.’ 

We have not reached any conclusions which have not 
already been suggested by others on the basis of other 
effects. However, since study of the magnetic effects 
has not yet established a complete picture of the energy 
bands, it is of interest to describe the conditions which 
a multivalley model of the energy bands must satisfy 
in order to explain the piezoresistance effects. 

Cookson" has given the piezoresistance tensor for a 
crystal with the symmetry of bismuth in a coordinate 
system in which the z axis is the trigonal axis and the 
x axis is the twofold axis. The tensor has eight inde- 
pendent components, four linear combinations of which 
can be determined from the results of Allen. These are,’ 
in Cookson’s notation, 


Pistpsit2pua= — 9.3, 
3 (prs +241) oe 13.2, 


in units of 10-* ohm-cm/(kg/cm’). 

The tensor R;;, which relates the change of resistance 
to the strain, has a form like that of the piezoresistance 
tensor. By combining the piezoresistance coefficients of 
Allen with the measurements of resistivity at high 
pressures" and the elastic constant determination” of 
Bridgman, it is possible to calculate Rss. If one calls the 


oe wd, 
P33> — 6.8, 


1H. Jones, Proc. Roy. Soc. (London) A147, 396 (1934); A155, 
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3D. Shoenberg, Trans. Roy. Soc. (London) A245, 1 (1952). 

4B. Abeles and S. Meiboom, Phys. Rev. 101, 544 (1956). 

5M. Tinkham, Phys. Rev. 101, 902 (1956). 

6 Lax, Button, Zeiger, and Roth, Phys. Rev. 102, 715 (1956). 

7C. Herring, Bell System Tech. J. 34, 237 (1955). 

8 R. W. Keyes, J. Electronics (to be published). 

9M. Allen, Phys. Rev. 42, 848 (1932); 49, 248 (1935). 

1 J, W. Cookson, Phys. Rev. 47, 194 (1935). 
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resistivity in the z direction r2, the dimensionless ratio 
R33/r2= 20. 

This value 20 for R33/re, while not as large as some 
of the dimensionless elastoresistance coefficients found 
by Smith* for germanium and silicon, is considerably 
larger than one would expect for a simple model of a 
metal, and suggests a multivalley semiconductor. How- 
ever, even in a multivalley semiconductor R33/rz is not 
expected to be large if there is only one band. The 
reason is that a (zz) component of strain does not 
destroy any of the crystal symmetry, and cannot 
therefore remove the energy degeneracy between valleys 
of the band. It is consequently necessary to assume that 
carriers from at least two bands make contributions to 
the electrical conductivity, and that the piezoresistance 
effect arises from a shift of the energy extrema of one 
band with respect to another when the crystal is 
strained. 

From Allen’s data we can estimate the rate of change 
of the energy overlap with strain. The dependence of 
the energy difference between the band extrema on the 
strain tensor e has the form*® 


E=Eyt+ Ei (€z2+ €y) + Erézs. 


E; and E; can only be found approximately because 
their relation to the piezoresistance effect depends upon 
the details of the model of the energy surfaces, the 
scattering processes and the sample composition. If we 
assume that the density of states is the same in both 
bands, that the relaxation time is proportional to 
(energy)~! in each band, and intrinsic material, we find 
that the (33) component of the elastoresistance tensor 
is: 


rE 
2kT (1 +e%o/%T) log(1+-e80/#T) 





In this model the Fermi level is } EZ) above the bottom 
of the conduction band, so that according to the result 
of Shoenberg,* Eo/k=420°K. Using Shoenberg’s value 
of Eo we find E;,=3 ev, a value comparable to those 
commonly found in semiconductors."* The value of EF, 
can also be estimated and appears to be somewhat 
smaller in magnitude than E; and of opposite sign. The 
reasonableness of these magnitudes of E; and £2 lends 


3 C. S. Smith, Phys. Rev. 94, 42 (1954). 
4 J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 
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some support to Shoenberg’s conclusion that the de- 
generacy temperature is very small. 

The simplest two-band model will not account for all 
of the observed piezoresistance effects. For if we assume 
that the extrema of both bands are on the k, axis, the 
energy surfaces are ellipsoids of revolution. about this 
axis. It can be shown® that for such a model the shear 
coefficient combination }(14+2pa:) vanishes. Actually, 
in bismuth this coefficient has the fairly large 
value® 13.210 ohm-cm/kgcm™, corresponding to a 
dimensionless elastoresistance coefficient of about 30. 
In order to explain this coefficient, it is necessary to 
assume that at least one of the bands has extrema 
which are not on the k, axis and which, consequently, 
are at least three in number and are transformed into 
one another by the symmetry operations of the crystal. 

We can thus conclude that a multivalley model of 
bismuth which explains the piezoresistance effects must 
have the following features: (1) current carriers from 
two bands, and (2) one band with a multiplicity of 
extrema. The magnitude of the effects suggests that the 
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energy difference between the extrema of the two bands 
is small. A model of bismuth in which the conduction 
band has three minima and the valence band has one 
extremum on the k, axis has been proposed to explain 
the de Haas-van Alphen** and galvanomagnetic 
effects.!:** 

More extensive experimental study of the piezo- 
resistance effects would be of value in the working out 
of further details of the energy bands of bismuth. 
Measurements which completely determine the piezo- 
resistance tensor would allow the elastoresistance 
coefficients to be calculated and various deformation 
potential constants to be found. It is difficult to deter- 
mine parameters of the individual bands from measure- 
ments on pure bismuth alone, because the effects are 
due to both holes and electrons. However, by doping 
with elements from other columns of the periodic table, 
materials with conduction by predominantly one type 
of carrier can be prepared, and piezoresistance studies 
on such materials would be sensitive to details of the 
structure of the conduction and valence bands. 
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Diamagnetism of Graphite 
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(Received April 19, 1956) 


The conduction-electron magnetic susceptibility of graphite has been calculated by using the Wallace 
two-dimensional band structure. The energy levels induced by the magnetic field are calculated by the 
method of Luttinger and Kohn, taking into account the large (in this case) effects of band-to-band transitions 
which are not included in the Landau-Peierls treatment. Agreement with the susceptibility observed at 
high temperatures is obtained with a choice of 2.6 ev for the resonance-integral parameter yo. The details 
of the de Haas-van Alphen effect cannot be reproduced, indicating that a more complicated band structure 
is needed to account for the low-temperature experiments. 


1. INTRODUCTION 

HE diamagnetic susceptibility of pure crystalline 
graphite is large and anisotropic. The difference 
between the susceptibility parallel to the principal axis 
and that perpendicular to the principal axis is — 21.5 
X 10-* emu/g at room temperature, and the magnitude 
increases with decreasing temperature.’ The suscepti- 
bility perpendicular to the principal axis? is about equal 

to the free-atom susceptibility of —0.5X10-* emu/g. 
Ganguli and Krishnan! showed that the temperature 
dependence of the anisotropic part of the susceptibility 
is the same as that of a two-dimensional free-electron 
gas with certain characteristics. Their model has been 
extended by Mrozowski.’ However, such a model is 
not in accord with recent calculations of the electron 


N. Ganguli and K. S. Krishnan, Proc. Roy. Soc. (London) 


aul, 168 (1941). 
2K.S . Krishnan, Nature 133, 174 (1934). 
3S. Mrozowski, Phys. Rev. 85, 609 (1952). 


energy band structure of graphite.*~* Further, the work 
of Hove’ and the present paper demonstrate that the 
temperature dependence of the susceptibility is princi- 
pally due to the Fermi-Dirac statistics. 

Several calculations of the susceptibility?” have been 
made on the Wallace model, using the Landau-Peierls” 
formula for the diamagnetic susceptibility of conduction 
electrons. The most detailed calculation is that by 
Hove. He found that though the correct dependences 
of the susceptibility upon temperature and impurity 
concentration were obtained, the magnitude of the 


4P. R. Wallace, Phys. Rev. 71, 622 (1947). 


5C. A. Coulson and R. Taylor, Proc. Phys. Soc. (London) 
A65, 815 (1952). 

* DP. F. Johnston, Proc. Ro 0, Soc. (London) A227, 349 (1955). 

7J. E. Hove, Phys. Rev. 100, 645 (1955). 

SR. Smoluchowski, Revs. Modern Phys. 25, 178 (1953). 

® W. P. Eatherly, see discussion following reference 8. 

”R. Peierls, Z. Physik 80, 763 (1933). See also A. H. Wilson, 
Proc. Cambridge Phil. Soc Soc. 49, 292 (1953). 





DIAMAGNETISM OF GRAPHITE 


theoretical susceptibility was about forty times too 
small. Adams" has critized the use of the Landau- 
Peierls formula in cases where two or more bands are 
near in energy at the same point in k-space (as is the 
case in graphite). In such cases, he argued, the band-to- 
band transitions caused by the magnetic field may 
make large contributions to the susceptibility. 

In this paper the energy levels in the presence of a 
magnetic field are calculated for the simpler (two- 
dimensional) Wallace band structure; using the formal- 
ism of Luttinger and Kohn,” which is especially de- 
signed to treat the effects of perturbations on degenerate 
and nearly-degenerate bands. The susceptibility is 
obtained by calculating the free energy and taking the 
appropriate derivative. It will be seen that the correct 
order of magnitude and temperature dependence are 
obtained for high temperatures. 


2. MAGNETIC ENERGY LEVELS 


The reduced Brillouin zone for graphite (see Fig. 1) 
is in the form of a hexagonal pill-box of height 2x/cz, 
where cz, is the spacing between identical layer planes. 
In Wallace’s “two-dimensional” tight-binding calcu- 
lation,‘ the valence and conduction bands are degenerate 
along the six vertical edges of the zone (HH and H’H’). 
The energy is independent of the vertical coordinate 
and, near a zone edge, is proportional to the distance 
from the zone edge. Following Wallace, we write 


(x) =+43V3-yoax= + hx, (2.1) 


where «¢ is the energy (relative to the energy at the 
zone edge), x is the distance in k space from the zone 
edge, a is the spacing between identical atoms in a 
layer plane, and Yo is a parameter which is estimated to 
be between 0.9 and 3 ev. Expression (2.1) neglects 
higher order terms in ax, but we are concerned only 
with the band structure near the zone edge where ax 
is small. The plus sign refers to the conduction band 
and the minus sign refers to the valence band. In the 
far right side of (2.1), we have used the fact that the 
velocity is given by the derivative of the energy with 
respect to hk, so that v is the common magnitude of the 
velocities of the carriers near the zone edge. 

It is interesting to find the energy spectrum in the 
presence of a magnetic field, using semiclassical theory. 
The semiclassical spectrum differs slightly from the 
exact spectrum, and the difference is important for the 
magnetic susceptibility. In the presence of a magnetic 
field (H) parallel to the principal axis, the carriers 
precess around the zone edge in circular orbits. Accord- 
ing to Onsager, the area of an orbit in k space is 
quantized by 


A=k,2= (n+4) (2re/he)H. (2.2) 


1 E, N. Adams II, Phys. Rev. 89, 633 (1953). 


12 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 
%L. Onsager, Phil. Mag. 43, 1006 (1952). Note that our 
definition of & space differs from his by a factor 2r. 








Fic. 1. The reduced Brillouin zone for graphite. Equivalent 
points in & space are labeled with the same letter. Note that the 
origin of coordinates illustrated is not at the origin of k space (0). 


Using the abbreviation s=eH/hc, we may then write 
Kn=[(2n+1)s}!, en=thol(2n+1)s}*. (2.3) 


The same result can also be derived by a physical 
argument similar to one given for free electrons by 
Mott and Jones." As the behavior in k space is the 
same as for a two-dimensional free electron gas, the 
counting of states is also the same. Thus the degener- 
acies of the levels are all equal and proportional to the 
magnetic field strength. 

We now proceed to the exact calculation of the energy 
spectrum, using the method of Luttinger and Kohn. 
The details of their method can be found in the original 
paper (hereafter referred to as LK). In brief their 
procedure is: the total Hamiltonian is written down in 
terms of base functions which are the unperturbed 
solutions at a degeneracy point in & space times plane- 
wave factors exp[ix-r]; the coupling between the 
degenerate states and all others is removed to first 
order by a canonical transformation, yielding a set of 
coupled differential equations. The equations which we 
use are a slightly generalized version of Eq. (IV.13) 
of LK,1516 


Lil (ka— b2atsd/ axy)Dsy? (kp— 6g2150/ Oxy) 
+ (h/m) (ka—52ai80/ ky) pjj* )By (x)= €B;(x). (2.4) 


The quantity ¢ is an energy eigenvalue in the field, 
B;(x) is the wave function in k space, 7 and j’ refer to 
the degenerate states, p;;* is the ath Cartesian compo- 
nent of a momentum matrix element, and the numbers 
Dj;*8 (defined by Eq. (IV.9) in LK] are analogous to 
effective-mass components. The repeated indices a and 
8 are summed over x, y, z. The B;(x) are required by 
the boundary conditions to be periodic functions of k 

“4 N. F. Mott and H. Jones, The Theory of the Properties of 
Metals and Alloys (Oxford University Press, London, 1936), p. 202. 

15 The equations have been rewritten so as to correct the error 
in (IV.13) due to violation of the commutation rules (see the 
discussion in reference 16). The sign difference is due to the fact 
that LK write e for the electron charge and we write it —e. 


Note also that we do not use the convention h=1. 
16 J. M. Luttinger, Phys. Rev. 102, 1030 (1956). 
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Fic. 2. A graphite layer plane. 


(with the periodicity of the reciprocal lattice). However, 
as we will be interested in wave functions which are 
highly localized in the Brillouin zone, we may substitute 
the requirement that the B;(x) vanish for large values 
of x. The generalization of Eq. (IV.13) to cover the 
case in which there are matrix elements of momentum 
between the degenerate states is easily performed but 
is important for the present work. 

For the purpose of calculating the low-field suscepti- 
bility, all terms in the energy up to order s? are potenti- 
ally important. In this regard (2.4) is incomplete as 
it is only correct to second order in the quantities 
(Ka—5zaiS0/dxy). For example, in the extreme tight 
binding limit, the atomic diamagnetism comes from a 
term which is second order in s and second order in kg, 
or fourth order in (ka—5zaiS0/dxy). However, we shall 
neglect the effects of terms not included in (2.4) on 
the grounds that such effects are probably of the order 
of the atomic susceptibility, which is small compared 
to the total susceptibility. We shall also neglect the 
terms involving D;;/**. There are two kinds of terms 
involved, those due to the part of D;;*® which is 
symmetric with respect to interchange of a and 8, and 
those due to the antisymmetric part. We assume that 
the symmetric part of D;;-** is zero, as otherwise there 
would be terms in the unperturbed energy proportional 
to x*. The antisymmetric part gives a term linear in s 
which, in the extreme tight binding limit, reduces to 
the coupling between the atomic orbital angular mo- 
mentum and the magnetic field.!* We shall neglect the 
contribution of this term to the susceptibility as it is 
zero for free carbon atoms, and it seems plausible that 
for the solid it should not exceed the atomic suscepti- 
bility. Finally, we neglect the Pauli spin paramagnetism. 
In addition to the fact that the neglected parts of the 
susceptibility are judged to be small, they should also 
be very nearly isotropic. We compare the calculated 
susceptibility with the anisotropy in the observed 


susceptibility so that the error due to the neglected 
terms should be quite small. 

In order to use Eq. (2.4) to find the energy spectrum, 
we must know the momentum matrix elements p;;'*. 
We shall calculate the matrix elements directly from 
Wallace’s wave functions, though the form of the result 
obtained is more general. The structure of a single layer 
plane of graphite is shown in Fig. 2. Note that there 
are two atoms (A and B) in the basic unit cell. Wallace’s 
tight-binding wave functions for the valence and con- 
duction bands are linear combinations of Bloch waves 
made up of 2p, orbitals on A and B atoms. Because of 
the degeneracy, any linear combination of the two 
Bloch waves corresponding to a point on the edge of 
the zone is an eigenfunction. We choose a wave function 
¢: based solely on A atoms and another ¢2 based solely 
on B atoms. The coefficients of the orbitals in the 
Bloch sums (for a specific choice of phases) are indicated 
in Fig. 2, where w=exp[27i/3]. The case illustrated 
corresponds to a k vector on an HH edge. 

We assume that the momentum matrix element 
between atomic orbitals based on different atoms 
vanishes unless the atoms are nearest neighbors in the 
same plane. By symmetry, the only nonzero component 
of such a matrix element is that directed along the line 
joining the two atoms. We write the matrix element 
between the A and B atoms labeled in Fig. 2 as 


(2.5) 


f dX 4(t)p2X a(t) = —Fipo, 


where X4 and Xz are the orbitals (which we have 
chosen to be real). The momentum matrix elements 
between the normalized Bloch wave functions are now 
given by 


pis*= (1—3w— 30”) (— Fi po) = — ipo, 
Pi2”= (3V3w— 3V3u") (— Fipo) = po. 


(2.6a) 
(2.6b) 


The diagonal matrix elements vanish. Slonczewski'’ has 
shown by use of group theory that the form (2.6) for 
the matrix elements holds in general for the two- 
dimensional lattice. Thus we shall make use of the 
form of (2.6), but not depend upon Eq. (2.5). In fact, 
we shall replace po by mv, for then Eq. (2.4) yields the 
result (2.1) for the unperturbed energies. 

When we use the momentum matrix elements calcu- 
lated above and neglect the D;;**, the system of Eqs. 
(2.4) becomes 


ho(—ixz—s0/dky+xy)Bo= Bi, 
hv(ixz+s0/dxy+Kky)Bi= Bo. 


(2.7a) 
(2.7b) 


17J. C. Slonczewski, Ph.D. thesis, Rutgers University, 1955 
(unpublished). The work also contains an estimate of fo using 
the tight-binding method but taking into account all overlap 
integrals. The result corresponds to a o of 2.3 ev. 
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The solution to the set of equations is 

By=2-4uay(ky/s4) exp[ —ixzky/s ]6(kz—Kz’), 

Bo=+2-4n_1(ky/s*) exp[—ixzky/s ]5(kz—kz’), 
e=+ho(2ns)}=+y(ns)!. 


(2.8a) 
(2.8b) 
(2.8c) 


The u, are normalized harmonic oscillator wave func- 
tions and m takes on all positive integer values. For 
the case of n=0, u_; is interpreted to be zero, and 
the normalizing factor 2~! on By should be removed. 
The solutions can easily be checked by noting that the 
left sides of (2.7a) and (2.7b) contain the raising and 
lowering operators, respectively. The apparent lack of 
symmetry between A and B atoms is due to the choice 
of phase and choice of gauge for the vector potential. 
The momentum matrix for states belonging to points 
on the H’H’ edge is the complex conjugate of the one 
for HH. This fact causes the solutions for the H’H’ 
edge to be asymmetric in the opposite sense from (2.8), 
so that there is symmetry in the complete set of 
solutions. Note that the exact energy spectrum is the 
same as the semiclassical spectrum except that n+} 
is replaced by n. 

The degeneracies of the levels can be found in the 
following manner. The Fourier transforms of the B’s 
are factors in the direct-space wave function. The 
complex exponential factor in B causes the center of 
the direct-space wave function to be at y’=x,'/s. 
Limiting y’ to be within a normalization volume then 
limits x,’, and the counting of states proceeds exactly 
as in the free-electron case.'* The number of states per 
volume associated with a single value of » and a single 
choice of sign in (2.8) is given by 


w=8(2r)-*(24/cz) (24s) =9s. (2.9) 


The factor 8 in (2.9) is the product of three factors 2, 
representing: (1) the spin degeneracy, (2) the site 
degeneracy (the Brillouin zone can be cut up and 
reassembled so there are two lines of degeneracy, HH 
and H’H’), and (3) the twofold degeneracy due to the 
stacking of two kinds of planes in the graphite lattice 
(Wallace uses a double-height Brillouin zone instead). 
It is important to note that there are the same number 
of states belonging to m=0 as to any other single value 
of n and single choice of sign. We may think of the 
n=() levels as being shared between the valence and 
conduction bands. 


3. CALCULATION OF THE SUSCEPTIBILITY 


Before making a rigorous calculation of the suscepti- 
bility, we shall present a rough calculation which gives 
some insight into the origin of the large diamagnetism. 
The reason for the diamagnetism is qualitatively this'*: 
when the magnetic field is turned on, groups of states, 
which were originally distributed in energy, coalesce to 


18 F, Seitz, The Modern Theory of — (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 
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the original average energy of the group. In the absence 
of the field the lower energy states in each group were 
preferentially occupied, so that creating the field raises 
the total energy of the electrons. Thus the system is 
diamagnetic. We now calculate the contribution to the 
susceptibility due to the condensation into the »=0 
level. The total energy in the absence of the field of the 
group of electrons which condense to the level is given 


by 
(3.1) 


-f (0 /(0eke 


where A= v(s/2)# and go=2¢e/r’ is the density of states 
in energy in the absence of the field and f is the Fermi- 
Dirac distribution function. For small magnetic fields 
the level splitting is small compared to the thermal 
energy. In that case we have 


pa f (ge/v*)e(0f/d€).-0o=fqvs?(Of/de)eno. (3.2) 


As the total energy of the group in the magnetic field 
is zero, the increase in energy is —£. Neglecting the 
difference between the free energy and the total energy, 
the contribution to the susceptibility is given by 
(0E/dH)/H, yielding 


xo! — (qv?/8) (e/hc)® sech?(§/2KT)/KT, 


where K is Boltzmann’s constant and ¢ is the energy 
of the Fermi level. Similar calculations show that the 
contribution to the susceptibility from the other levels 
is negligible. The quantity xo is about three times 
larger than the susceptibility calculated below, the 
overestimate being due to the neglect of the increase 
in entropy with magnetic field. As might be expected, 
the same type of calculation using the semiclassical 
spectrum yields a negligible susceptibility. The existence 
of the m=O levels which are shared by the bands 
depends upon the matrix elements connecting bands. 
Thus all the conduction electron diamagnetism of the 
two-dimensional model is due to band-to-band transi- 
tions. The reason that the diamagnetism is large is 
that fast-moving electrons are involved (i.e., yo is large), 
a situation which is analogous to the existence of a 
small effective mass. 

We now proceed to the more rigorous calculation 
using the following expression (derived in Appendix A) 
for the Helmholtz free energy : 


(3.3) 


F=Nt+Eyt+ f dep()(—af/ae). (3.4) 


The energy ¢ is measured from the degeneracy point 
(zone edge) and the limits of integration are from — © 
to «©. The quantity NV is the excess of the number of 
electrons per volume over the number which would 
just fill the valence bands. Thus N could have either 
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Fic. 3. A plot of the functions ¢ and y versus the energy. Note 
that y is magnified by a factor 100 relative to ¢. 


sign and is equal to zero for pure graphite. The quantity 
Ey is the total energy, in the presence of a magnetic 
field, that the completely filled valence bands would 
have. The quantity $(¢), which is related to what the 
free energy at absolute zero would be if « were the 
Fermi energy, is given by 


o(o= f dx(x—)g(x). (3.5) 


The quantity g(¢) is the density of states in the presence 
of the field, and may be expressed as 


g(a)=9s & afe—r(n/In|)(In/s)*}, 3.6) 


where 6 is the Dirac delta function. Let m be the largest 
integer such that m< (e/v)?/s. Then ¢ is 


oo E v(ns)'—(mt lel |. 


We perform the sum using Euler’s formula,” obtaining 


2 
e Wheto 4—0.209. 
n=l 


(3.8) 


For large values of ¢, we have 
—}q|e|*/v>—0.209qgvs!. (3.9) 


The first term in (3.9) is the value of ¢ if there were no 
magnetic field. The second term, when integrated in 
(3.4), cancels the part of EZ) which depends upon the 
magnetic field strength. Thus the interesting quantity 
to us is the difference between (3.7) and (3.9). We may 
write that the change in the quantity F—N¢ due to 


9 See, for example, J. Pierpont, reg 4 ‘3 a Complex Variable 
(Ginn and Company, Boston, 1914), p. 


the magnetic field is 


(3.10) 


A(F—N})= f dey(—af/ae), 


where 
¥V=+4q| €|8/v°+0.209qrs!. (3.11) 


The quantities ¢ and y are sketched in Fig. 3. Note 
that y oscillates about zero, with an amplitude which 
decreases with increasing e. 

The calculation of the susceptibility in the high- 
temperature—low-field limit is now easily carried out. 
Specifically, we assume that the level splitting is small 
compared to the thermal energy, KT>>vs'. The deriva- 
tive of the Fermi function then does not vary much 
over one oscillation of y. As the average value of y is 
negligible except for the first few oscillations, we may 
evaluate 0//d¢ at e=0 and factor it out of the integral. 
The integral over y then yields 


A(F—Nf)=0.088qr"s? sech?({/2KT)/4KT. (3.12) 


Now ¢ is actually a function of s, obtained by mini- 
mizing F with respect to ¢. However the explicit 
derivative of ¢ with respect to s does not contribute to 
the susceptibility and as we are interested in the low 
field limit, we may use the zero-field value for ¢. The 
susceptibility per unit volume is obtained from x 
= — (0F/0H)/H, so that 


x= —0.044qv?(e/hc)? sech?(¢/2KT)/KT. (3.13) 


Converting to the susceptibility per gram, and substi- 
tuting from (2.8) and (2.7c) for g and v, we have 


x= —0.044(4/mc1)$ (yoa)*(e/hc)* 
Xsech*(¢/2KT)/pKT, 


where p= 2.22 g/cm’ is the density of graphite. Putting 
a=2.46 A and c,=6.74 A, we obtain 


x= —0.0014¢y0? sech?({/2KT)/T emu/g, (3.15) 


where 7o is in ev and T in degrees Kelvin. The experi- 
mentally determined anisotropic susceptibility for pure 
material and at high temperatures is' —0.010/T emu/g. 
The experimental data can be reproduced by making a 
choice of yo=2.6 ev, which is within the range of 
theoretical estimates] 

When the energy level spacing is larger than the 
thermal energy, (3.10) gives the de Haas-van Alphen 
effect. Instead of making a complete calculation here, 
we shall show by simple arguments that the two- 
dimensional model cannot fit the observed data.” 
The frequency of oscillation of the susceptibility is the 
frequency with which magnetic energy levels are swept 
through the Fermi surface. The condition that at 
absolute zero the electrons just occupy the first ” levels 
is N= (n+4)qs. The values of H for which this situation 


(3.14) 


%” TD. Shoenberg, Trans. Roy. Soc. (London) 245, 1 (1952). 
21 T, G. Berlincourt and M. C. Steele, Phys. Rev. 98, 956 (1955). 





DIAMAGNETISM OF GRAPHITE 


occurs are given by 1/H,=(n+}4)ge/hcN. Thus the 
susceptibility is periodic in 1/H with a period of 
ge/hcN =2e/hcxr’=ev"/hct?, where xr stands for the 
values of x at the Fermi surface. The result is a special 
case of the general formula derived by Onsager.” 

If one uses the value of yo estimated above, and the 
experimental period of 2.15 10~® gauss“, |¢| becomes 
0.065 ev. Thus {/2KT is so large that the zero-field 
susceptibility is negligible. Also, as the average value 
of y is zero for large e, it follows that the susceptibility 
oscillates about zero. This prediction disagrees with 
the experimentally observed average of about —30 
X10-* emu/g. 

We may estimate the amplitude of oscillation of the 
susceptibility by taking the maximum derivative of y 
with respect to s at &~¢. Such an estimate neglects 
temperature damping of the oscillations, which sup- 
presses the oscillations at fields below which the level 
splitting is equal to the thermal energy. The maximum 
derivative is approximately gf, which yields an esti- 
mate of 0.01yc?MK/f for the amplitude. The integer 
M= (f{/v)*/s is the index of the maximum, counting 
from the high field end (the estimate does not hold 
for M<1). Thus at 10 kilogauss (M~2) the theoretical 
amplitude would be about 100 10~* emu/g, which is 
a factor 50 too large. However, any deviation of the 
energy surfaces from the cylindrical form would tend 
to reduce the amplitude,” as the total susceptibility 
would be a sum of contributions with a distribution of 
frequencies. It is interesting to note that Shoenberg’s 
analysis of his data” disclosed another weaker contri- 
bution with a period of ? of that of the main contribu- 
tion. 


4. SUMMARY AND CONCLUSIONS 


Perhaps the chief accomplishment of the present 
paper is the demonstration that the large magnitude 
of the susceptibility of graphite can be accounted for, 
at least as well as other electronic properties, by the 
current type of band structure calculations. Though 
we have calculated for the simplest model, all models 
have in common the degeneracy of bands at the zone 
edge; and it is this feature which causes the large 
diamagnetism. The two-dimensional model seems ade- 
quate at high temperatures, giving the correct depend- 
ence on temperature and impurity concentration,’:** 
as well as the right magnitude. Presumably, use of a 
more sophisticated model would give a satisfactory 
account of the low-temperature data. 

The results should also be of interest in regard to 
the general theory of conduction-electron diamagnet- 
ism.'°-11.2 We have found a sizable susceptibility for a 
case in which the Landau-Peierls formula give zero 


2 P. G. Harper, Proc. Phys. Soc. (London) A68, 879 (1955). 
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[the energy surfaces (2.1) have zero Gaussian curva- 
ture |, thus justifying the ideas of Adams." Note that, 
as should be expected, the Landau-Peierls result holds 
when the Fermi level is several KT away from the 
degeneracy point; for then x0. 

The author is indebted to Dr. D. B. Bowen and Dr. 
J. L. Powell for helpful conversations on the subject of 
this paper. 


APPENDIX A 


The free energy per volume of a system of electrons 
is given by 

deg In{1+expL(f—«)/KT]}, (A.1) 
€(0) 


F—Nrt=—KT 


where Vr is the total number of electrons per unit 
volume and ¢(0) is the energy of the lowest state. 
Two partial integrations yield 


F-Nrt= f depr()(—af/ae), — (A.2) 


where 


dadeone J a ff aye00)= J (ise-90). (A) 


0 


The second form in (A.3) has been obtained by another 
partial integration. From the second form it can be 
seen that @r(e) represents the value that the quantity 
F—Nrt would have at absolute zero if e=f. At finite 
temperature, F—Nrf is then given by the sum of a 
distribution of its possible zero-temperature values, 
weighted by the function —0//de. Equation (A.2) has 
been used by several authors.4-** Sondheimer and 
Wilson” have shown that ¢r is the Laplace transform 
of the classical partition function. 

We wish to obtain a form for F which involves 
integrals from the zero of energy (chosen at the zone 
edge) instead of integrals from ¢(0). Thus we write 


or(€)=$(€)+Eo— No, (A.4) 


where 


Ea= f dxg(x)x, (A.5) 


€(0) 


No= J sae, (A.6) 


and @ is given by (3.5). We also write Vr=NV+No. 
Then substitution of (A.4) into (A.3) gives (3.4), with 
the additional assumption that {—(0)>>KT. 

3M. Blackman, Proc. Roy. Soc. (London) A166, 1 (1938). 

% TD). Shoenberg, Proc. Roy. Soc. (London) A170, 341 (1939). 


*6 E. H. Sondheimer and A. H. Wilson, Proc. Roy. Soc. (London) 
A210, 173 (1951). 





PHYSICAL REVIEW 


VOLUME 104, 


NUMBER 3 NOVEMBER 1, 1956 


Auger Ejection of Electrons from Molybdenum by Noble Gas Ions 


Homer D. Hacstrum 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received July 20, 1956) 


Experimental investigation of electron ejection from atomically 
clean molybdenum by singly- and doubly-charged ions of the noble 
gases is reported. The basic measurements of electron yield and 
energy distribution of ejected electrons have been made for ions 
of kinetic energy in the range 10 to 1000 ev. Measurements are 
made at bombarding electron energies in the ion source below the 
threshold for formation of metastable ions. The electron ejection 
for molybdenum, as previously found for tungsten, has charac- 
teristics appropriate to ejection in Auger-type processes of 
neutralization and de-excitation at the metal surface. Values of 
0.300, 0.254, 0.122, 0.069, and 0.022 were obtained for the electron 
yield for 10 ev He*+, Ne*, At, Kr*, and Xe* ions, respectively. 


Extensive comparison of the present results with the work of 
others is possible. Comparison of the results for molybdenum and 
tungsten shows the differences to be largely attributable to the 
effect of work function change on the probability of escape of 
internally excited electrons from the metal. The Ne* ion shows 
the anomalies characteristic of the resonance neutralization and 
Auger de-excitation of a fraction of the ions at higher ion energies 
as was found for tungsten. Careful measurements have been made 
of yield and energy distributions of electrons ejected by doubly- 
charged ions. The processes by which a doubly-charged ion is 
de-excited and neutralized at a clean metal surface have been 
investigated in detail. 





I. INTRODUCTION 


XPERIMENTAL results of a study of electron 
ejection from atomically clean molybdenum by 
ions of the noble gases are presented in this paper. In a 
general way this work for molybdenum is similar to 
that already published for tungsten!” but goes con- 
siderably beyond that previously published for molyb- 
denum.’ In the earlier work on molybdenum only 
helium ions were used ; here studies are reported for the 
singly- and doubly-charged ions of all the noble gases. 
Although the results for tungsten and molybdenum are 
similar they differ significantly in a way which can be 
understood (Sec. VI) in terms of the theory already 
published.‘ Better data are available for molybdenum 
than for tungsten to show the onset of electron ejection 
by Het ions above 400-ev energy by a process which is 
not of the Auger type (Sec. III). 

Electron ejection from molybdenum has been studied 
by many investigators in one way or another so that an 
extensive comparison of the present results with other 
work is possible (Sec. IV). Furthermore, ejection from 
molybdenum by metastable atoms has been studied by 
several investigators. Here a comparison (Sec. V) with 
the present results is particularly fruitful in view of the 
rather definite theoretical predictions concerning reso- 
nance transitions of electrons between the metal and 
the approaching atomic particle. 

The electron yields and energy distributions of ejected 
electrons from doubly-charged ions have been carefully 
studied for molybdenum (Sec. VII). It is possible to 
reach rather definite conclusions concerning the proc- 
esses in which doubly-charged ions and excited singly- 
charged ions are neutralized and de-excited at a clean 
metal surface.® 

1H. D. Hagstrum, Phys. Rev. 96, 325 (1954). 

?H. D. Hagstrum, Phys. Rev. 103, 317 (1956). Tungsten data of 
reference 1 corrected by removal of effects due to metastable ions 
of argon, krypton, and xenon. 

3H. D. Hagstrum, Phys. Rev. 89, 244 (1953). 


4H. D. Hagstrum, Phys. Rev. 96, 336 (1954). 
5H. D. Hagstrum, Phys. Rev. 103, 309 (1956). 


Experiment and apparatus are discussed very briefly 
in the next section inasmuch as the procedures are the 
same as previously used and reported. 


II. EXPERIMENT AND APPARATUS 


The apparatus and experimental procedure used in 
this work are the same as were employed in the work 
on tungsten.!? Detailed discussions are to be found in 
Secs. II and III of reference 1 and in a separate paper 
on experimental apparatus and procedure already pub- 
lished. The instrument employed is the so-called 
Instrument II discussed in reference 6. In it ions formed 
by electron impact are mass analyzed and focussed by 
electrostatic lenses on the front surface of a ribbon 
target situated in the center of a spherical electron 
collector. The basic measurements are: (1) total 
electron yield with the electron collector 2 volts positive 
with respect to the target, and (2) energy distributions 
obtained by differentiating retarding potential data on 
electrons leaving the target. These measurements may 
be made at ion energies in the range 10 to 1000 ev. 

Vacuum processing was carried out according to the 
“more drastic” procedure outlined in Sec. VII of refer- 
ence 6. The target was cleaned by flashing to 2200°K 
and adsorption rate measurements for background 
gases in the instrument were made with the target itself. 
Liquid nitrogen was used on the traps when studying 
helium and neon. Then the background pressure was in 
the range 1-4 10-" mm Hg and the monolayer ad- 
sorption time, A/,,, was greater than 10 hours. When 
argon, krypton, and xenon were studied CO: and 
acetone were used on the traps. The background pres- 
sure then rose to the neighborhood of 8X 10-* mm Hg 
which is near the vapor pressure of Hg at 194.7°K. (See 
discussion in Sec. III of reference 1.) Total yield varied 
in the expected fashion with monolayer adsorption. All 
data reported here were recorded within one minute 
after starting to cool the target after a flash to 2200°K. 


¢H. D. Hagstrum, Rev. Sci. Instr. 24, 1122 (1953). 
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The target was then clean to within a few percent of a 
monolayer. Work function determinations from the 
slope of a Richardson plot (Sec. VIII of reference 6) 
gave y=4.26, 4.38, and 4.35 ev on three occasions. 


III. RESULTS FOR SINGLY-CHARGED IONS 


In Fig. 1 are plotted the experimental data for total 
electron yield, y; as a function of the ion’s incident 
kinetic energy in the range 10 to 1000 ev. These data 
were taken at bombarding electron energies in the ion 
source of 100, 100, 32, 28, and 22 ev for the Het, Net, 
At, Krt, and Xet ions, respectively. In the last three 
cases these energies are just below the threshold for 
formation of metastable ions.’ Metastable ions in 
helium are formed with such low probability as not to 
be detectable. There are no metastable levels of Net. 
Thus the data of Fig. 1 are free from effects of metasta- 
ble ions and are to be compared with such data for 
tungsten recently published.2 We observe that the 
general characteristics of the y; curves for molybdenum 
are the same as were found for tungsten. y; for He* 
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Fic. 1. Total electron yield, y;, versus ion kinetic energy for 
singly-charged ions of the noble gases incident on atomically clean 
molybdenum. The dashed curve lying below the experimental 
points for Het gives the variation of that part of y; which results 
from ejection in an Auger process. Determination of this curve is 
discussed in the text in connection with Fig. 5. 
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Fic. 2. Energy distributions of electrons ejected from atomically 
clean molybdenum by singly-charged ions of the noble gases of 
10-ev incident kinetic energy. The vertical lines on the energy 
scale indicate the values of the quantity Z;—2¢ listed in Table I. 


initially falls, and then rises with ion energy above 
400 ev. y; for Ne* rises rapidly at low ion energies and 
then more slowly. The 7; curves for the heavier noble 
gases are quite constant except for a slight drop at low 
ion energies and a rise at higher energies. 

The absolute values of the measured y; values for 
molybdenum are somewhat higher than those for 
tungsten (see Table I). This matter is discussed in 
detail in Sec. VI of this paper. The dashed curve lying 
below the experimental curve for He* ions at energies 
above 400 ev in Fig. 1 is discussed below in connection 
with Fig. 5. 

In Figs. 2 and 3 are shown energy distribution func- 
tions for electrons ejected by singly-charged ions of 
10- and 40-ev incident kinetic energy, respectively. 
These data were obtained from retarding potential 
curves by differentiation. The procedure followed here 


TaBLE I. Electron yields for 10-ev ions and values of E;—2¢. 








yi(Mo)/ 
vi(W) 


1.04 


Ei —2¢4 


16.04 
13.02 
7.22 
5.46 
3.59 


yi2(Mo)e¢ 


0.81 
0.68 


yi(Mo)* vi(W)> 


He 0.300 0.290 
Ne 5 0.213 1.19 

A , 0.095 1.29 0.42 
Kr ; 0.050 1.38 0.39 
Xe : 0.013 1.69 0.30 











8 From Fig. 1 of this paper. 

> From Fig. 1 of reference 2. 

¢ From Fig. 11 of this paper. 

4 Ionization energy minus twice the work function of molybdenum. 
¢(Mo) is taken to be 4.27 ev. 
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Fic. 3. Energy distributions like those of Fig. 2 except that the 
ion energy here is 40 ev. Note the violation of the kinetic energy 
limit E;—2g¢ in the case of Net. 


was the same as used in the tungsten investigation 
(Sec. VI of reference 1). The basic data are target and 
collector currents, 7 and Js, respectively, measured as 
functions of V sr, the voltage between collector and 
target. For singly-charged ions the energy distribution 
No(E;,) is then equal to dp/dV sr, where p=Is/(Ir+TJs). 
The electron energy scale is obtained from the V sr 
scale by correcting for the measured contact potential 
(Sec. VIII of reference 6). A typical stepped curve of 
Ap/AV sr determined directly from the experimental 
data is shown in Fig. 4. Shown also in Fig. 4 are points 
for a smoothed dp/dV sr curve which were calculated by 
a smoothing formula suggested by E. L. Kaplan. The 
formula, discussed in Sec. VI of reference 1, uses the 
data of 8 neighboring points weighted equally. The 
final No(E;) curve as shown in Figs. 2 and 3 is a com- 
promise between the smoothed curve and the Ap/AV sr 
stepped curve. This final curve follows the smoothed 
curve closely where d*p/dV sr’ is small but departs from 
it where the second derivative is high since the smooth- 
ing formula does not work well there. The reader is 
referred to a general discussion of the p(V sr) character- 
istic and its use in determining No(E£;) functions to be 
found in Sec. IX of reference 6. The fringing magnetic 
field from the analyzer magnet was compensated for in 
the target region by an auxiliary magnet which straddles 
the tube there. 

The data of Figs. 2 and 3 were taken at the same 
bombarding electron energies in the source as specified 


for Fig. 1 and are thus also for ions all of which are 
unexcited. Here again the data for molybdenum look 
similar to the corresponding data for tungsten. We note 
in particular that for all ions of 10-ev incident energy the 
maximum kinetic energy in each distribution agrees 
with the corresponding theoretical limit E;—2¢ (Fig. 
2). We note also the violation in the case of neon at 
40-ev ion energy in Fig. 3. Again this is interpreted to 
mean that all ions are neutralized in the process of 
Auger neutralization at 10 ev but that as energy in- 
creases, only in the case of Ne*+ do some of the ions 
become excited atoms near the metal which are then 
de-excited in another Auger-type process. This latter 
process, called Auger de-excitation, can produce faster 
electrons and has a higher yield per ion than does 
Auger neutralization. Thus the violation of the E;—2¢ 
limit and the rise in y;(Ne*+) with ion energy are ex- 
plained. These matters are discussed extensively in 
Sec. XI of the paper on theory.‘ 

The initial drop in y;(He*) with increasing ion energy 
to be seen in Figs. 2 and 3 is explained by the theory of 
Auger neutralization (Sec. XV of reference 4). It is the 
result of a reduction in effective ionization potential and 
increased broadening of the energy distribution as the 
Het ion is Auger-neutralized on the average nearer to 
the metal surface as it approaches with greater velocity. 
The theory predicts a steady drop in y;(He*) and can- 
not account for the experimentally observed rise above 
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Fic. 4. Typical data from which the energy distribution function 
No(E;) is obtained. The stepped curve is the derivative curve 
Ap/AV sr obtained directly from the experimental data. The 
points are smoothed values of dp/dV sr obtained from a formula 
which makes use of eight adjacent data points. These curves are 
for Net ions of 40-ev energy and may be compared with the curve 
for Ne* in Fig. 3. See further discussion in Sec. III of the text. 
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400 ev. This rise has been attributed to the ejection 
of electrons in a process other than an Auger process 
setting in above 400 ev. This idea is strongly supported 
by the behavior of the energy distribution function as 
ion energy is increased. Here better data are available 
for molybdenum than tungsten. 

In Fig. 5, No(Ex) functions are plotted for Het ions 
of 10, 40, 100, 200, 600, and 1000 ev initial energy. The 
first four of these curves are for energies which lie on the 
falling part of the y; characteristic. They vary sys- 
tematically in a way accountable for by theory. The 
maximum reduces and the high-energy tail extends with 
increasing ion energy as predicted by energy level shifts 
near the metal and the effects of the Heisenberg un- 
certainty principle. The Vo curves at 600 and 1000 ev, 
on the other hand, lie at energies on the rising part of 
the y;(He*+) curve and differ in a significant manner 
from the other four curves. We note in Fig. 5 the 
appearance of additional electrons at low energies 
which account for the rise in y;. These electrons cannot 
arise in the process of Auger neutralization for then they 
would be distributed over that part of the distribution 
which does arise from the Auger process. The bump on 
the right-hand side of each of these curves suggests that 
the curves are compounded of two. The dashed line 
suggests the form to be expected for the Auger part. If 
this is the true state of affairs, the Auger part would 
vary with energy as expected. The area under the 
dashed curve should then give the y; values attributable 
to the Auger process only. These values for 600 and 
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Fic. 5. Energy distribution functions of electrons ejected from 
molybdenum by He* ions of various incident kinetic energies. 
Note the panei | variation from curve to curve for E,(Het) <400 
ev and the appearance of a peak near zero electron energy for 
E;,,(He*) >400 ev. The dashed lines separate the distributions at 
600- and 1000-ev ion energy into parts attributable to Auger and 
non-Auger processes of electron ejection. 
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1000 ev are plotted as the full circles of Fig. 1 and are 
seen to lie on a smooth extension (dashed line) of the 
falling y; characteristic. Such behavior is quantitatively 
in agreement with theory. In Table XIII of reference 4 
calculated y; values (there called yy) show such a 
steady drop with increasing ion energy. It is thought 
that each ion undergoes Auger neutralization at all 
energies but that at the higher energies the neutralized 
particle is capable of releasing additional electrons on 
closer approach to the metal lattice. We note that 
Het, being the lightest of the noble gas ions, moves 
the fastest for a given energy. The electrons ejected 
in the non-Auger process, like those observed for 
contaminated metal surfaces,’ are slower than those 
ejected in the Auger process. 

We may now compare the results presented here with 
those previously published for the helium ions only.’ 
In general the results agree quite well. What differences 
there are attributable to better target surface conditions 
and to better means of extracting the No(Z;) functions 
from the original data in the present work. 

The older y; data (Fig. 6 of reference 3) lie somewhat 
lower than those of Fig. 1. At 10 ev, 7; was earlier 
reported at 0.25 against the present value of 0.30. This 
is perhaps the result of a cleaner target in the present 
work. The y; value is extremely sensitive to even a 
small fraction of a monolayer on the target surface. 
Other work’ indicates that one monolayer will drop 
i(He*) at 10 ev for tungsten from 0.29 to 0.18. y; has 
dropped to 0.25 at a coverage between 10 and 15% of 
a monolayer. Thus only a slightly contaminated surface 
in the earlier work could account for the reduced y;. In 
the present work the target was flashed hotter (2200°K 
vs 1750°K) and considerably better background pres- 
sures were attained. The small differences between the 
older and present No(E;) results are attributable to 
improved reduction of the data. In the older work the 
No(E,) function was determined graphically as the slope 
of the p(V sr) curve. 


IV. COMPARISON OF y; WITH THE RESULTS OF 
OTHERS 


Electron ejection from molybdenum has been in- 
vestigated repeatedly. It is the purpose here, however, 
to discuss in detail only those results which were 
obtained under conditions reasonably comparable to 
those of the present work. 

Varney® has published the most recent measurements 
of yield from molybdenum. He determined y; by a 
method involving the determination of a particular 
form of current transient during a pulsed Townsend 
discharge. The conditions of voltage, gas pressure, and 
plate separation yielding the desired form made it 
possible to calculate y;. The quantity y; was obtained 
as a function of E/p» and found first to increase with 


7H. D. Hagstrum (to be published). 
8 R. N. Varney, Phys. Rev. 93, 1156 (1954). 
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TABLE II. +; data for singly-charged noble gas ions on molyb- 
denum obtained under conditions considered at all comparable 
with the present work. 








Varney*® Molnar> Lauer® 





Net 0.20 
At 0.083 


Krt 0.053 


0.071 0.035- 
0.051 








* Reference 8. 

» Reference 9. 

© These are Lauer's data (reference 12) as corrected by Theobald (refer- 
ence 11) for electron back-scattering. 

4 These are values of yi calculated from Depp's breakdown voltages 
(reference 13) using the ionization coefficient data of Kruithof (reference 
14). See text and Table III. 

¢ For 10-ev ions from Table I. 


increasing E/» and then to level off at a constant value. 
This behavior was attributed to back reflection of 
electrons by the gas atoms at the lower E/po. At higher 
E/po, the values y;=0.20, 0.083, and 0.053 were ob- 
tained for Ne*, At, and Kr*, respectively. These values 
are listed in Table II along with the results of other work 
considered reasonably comparable to the present work. 
Varney compared his work with the present author’s 
preliminary measurements on tungsten but a direct 
comparison for molybdenum is now possible. Before 
discussing these results, those of other authors will be 
presented. 

Molnar has determined electron yields for ions, ¥;, 
and metastable atoms, ym, from measurements’ of 
transient currents in a pulsed Townsend discharge using 
his theory” of the phenomenon. His value of y; for At 
at the highest value of E/po he used is also listed in 
Table II. 

Theobald," in an investigation of back diffusion of 
photoelectrons to a cathode in a gas, has applied his 
measured corrections for the effect to the results which 
Lauer” measured for y in some studies of the pulsed 
positive wire corona at high pressure and low E/pp at 
the cathode cylinder. These results are also shown in 
Table II. Finally, it has been possible to calculate 
values for y; for Ne+ and A* on molybdenum from 
careful breakdown voltage measurements made by 
Depp.” Depp reports measured breakdown voltages, 
V z, at various values of pod and gives the corresponding 
value of E/ po. These data are used along with Kruithof’s 
values of 7 and Vo to calculate y from the expression 
y=1/[expn(Vs—Vo)—1]. Numbers pertinent to the 
calculation are listed in Table III. These calculated + 
values include the effects of back diffusion of electrons 
as well as possible contributions to y from radiation 
and metastable atoms as well as ions. Molnar® finds 


9 J. P. Molnar, Phys. Rev. 83, 940 (1951). 

J. P. Molnar, Phys. Rev. 83, 933 (1951). 

uJ. K. Theobald, J. Appl. ~— 24, 123 (1953). 

2 E. J. Lauer, J. Appl. Phys. 23, 300 (1952). 

1% W. A. Depp (private communication of results obtained in 
the gas tube development group of Bell Laboratories in the course 
of development of voltage reference tubes). 

“4 A. A. Kruithof, Physica 7, 519 (1940). 
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that, at the higher E/po in the range of Depp’s measure- 
ments, the escape probability into the gas of an electron 
emitted from the cathode is 97%. The other effects are 
discussed below. 

Of the data presented in Table II, it is this writer’s 
opinion that those of Depp and the present work are the 
most comparable. It would appear that both relate to 
atomically clean surfaces. The breakdown voltage data 
were taken under carefully controlled conditions with 
molybdenum metal sputtered all over the interior of 
the tube. Since the y from breakdown data corresponds 
to a much slower ion than 10 ev, we see a possible reason 
for the greater discrepancy in the case of Net than At. 
We note in Fig. 1 that y;(Ne*) is a much more rapidly 
varying function of ion energy at low energies than is 
v:(At). It is interesting to note that the ratio of the 
values of y for At, 0.112/0.122, is 0.92 which, in the 
light of Molnar’s results, is not an unreasonable back 
reflection factor. Any presence of radiative or metasta- 
ble effects in the breakdown measurements must reduce 
the true y; below the y value specified. The good 
agreement with the present results, however, makes one 
suspect that these effects are small. 

It is the author’s opinion that the data of Varney, 
Molnar, and Lauer represent results for cathode sur- 
faces which are covered with the order of a monolayer 
of foreign gas. The +; values are in the proper range for 
surfaces covered with a monolayer. Witness the drop in 
y, at low energies for He*+ on Mo as the surface is 
covered as shown in Fig. 6 of reference 3. It is also 
difficult to see how the cathode could be maintained 
atomically clean over many hours under the conditions 
of the experiments as described. 

Many other measurements of y; for molybdenum 
surfaces are to be found in the literature. All are for 
apparently heavily contaminated surfaces or are ques- 
tionable on other grounds. Perhaps the most quoted 
work is that of Oliphant.'® Oliphant presents y; data 
which, because the 7; is so low, appear to refer to a 
contaminated surface even for a hot target. He obtains 
energy distributions both by retarding potentials and 
by magnetic analysis which extend beyond the energies 
observed in the present work and indicate structure not 
now found. Since this structure is observed by both 
methods of velocity analysis, it is undoubtedly true that 


TABLE III. Numbers pertinent to the calculation of y from the 
breakdown voltage at the Paschen minimum. 








¥ elec- 

n> ions/ trons/ 
volt ion 

0.0149 0.228 

0.0221 0.112 


E/po* 
volts/ Vor 


Ve* Do® 
volts 


volts mmHg cm mm 


Ne 143 100 80 30 
A 121 25 200 17 











* W. A. Depp, reference 13. 
b A. A, Kruithof, reference 14. 


16M. L. E. Oliphant, Proc. Roy. Soc. (London) A127, 373 
(1930). , 
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the electrons analyzed had these velocities. It is the 
present writer’s opinion, however, that these effects are 
not characteristic of the electron ejection phenomenon 
but of some aspect of the experimental arrangement. 
Oliphant’s ion beam was not mass-analyzed, for ex- 
ample, and undoubtedly contained both singly- and 
doubly-charged ions in proportions which could be 
functions of the ion beam energy. In another publica- 
tion'® Oliphant presents data for helium metastable 
atoms on a molybdenum surface. In the next section 
we shall discuss the fact that one would expect the 
N o(E;) function for this to be the same as that for ions. 
It is thus significant that Oliphant’s metastable experi- 
ments are explainable in terms of later work but his 
ion experiments are not. This is thought again to point 
to a problem connected with the ion beam rather than 
the means of analyzing the ejected electrons. 


V. COMPARISON WITH EXPERIMENTS EMPLOYING 
METASTABLE ATOMS 


Two experiments reported in the literature employ 
beams of metastable atoms incident on a molybdenum 
surface. These are the work of Oliphant!® and of 
Greene.!” Since the results of these investigators are 
quite similar, only those of Greene will be considered 
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Fic. 6. Energy distributions measured by Greene (reference 17) 
for metastable atoms of He, Ne, and A incident on a molybdenum 
surface which was undoubtedly covered with a least a monolayer 
of foreign gas. These curves look like what is observed for ions and 
cannot be explained in terms of Auger de-excitation of the meta- 
stables. As explained in the text, this is strong evidence supporting 
the view that the metastables are in fact ionized at the metal 
before they undergo any Auger process. 


16M. L. E. Oliphant, Proc. Roy. Soc. (London) A124, 228 
(1929). 
17), Greene, Proc. Phys. Soc. (London) B63, 876 (1950). 


* 032 


2 
tv 
°o 


—— TUNGSTEN 


| + MOLYBDENUM 


Zi IN ELECTRONS PER ION 
S oO 
% ® 


200 400 600 
1ON KINETIC ENERGY IN @V 


800 


Fic. 7. Comparison of y; data for atomically clean tungsten 
and molybdenum. The ratios of y; values for 10-ev ions are listed 
in Table I. 


here. Energy distributions observed by Greene for 
metastable atoms of helium, neon, and argon are 
reproduced in Fig. 6. Greene calculated a maximum 
energy by the relation E,—, the excitation energy 
minus the work function of the metal. He also calculated 
a minimum energy E,—¢, the excitation energy minus 
the barrier height in the metal. Although he used much 
too large a value of € (17.9 ev instead of something near 
10.9 ev), he calculated a definite minimum energy of 
1.9 ev for helium and attempted to explain why he did 
not observe it. If we use a value of ¢9= 10.9 ev equal to 
Manning and Chodrow’s calculated value for tungsten!* 
(see Sec. VI), we calculate a minimum energy of 
19.8—10.9=8.9 ev for the electrons ejected by helium 
metastable atoms. This is clearly far from what either 
Oliphant or Greene observed. None of the reasons 
Greene has listed appear capable of accounting for the 
discrepancy, nor should the geometry of the target and 
electron collector be capable of producing so startling 
an effect. 

Varnerin® and the author” independently have 
realized that because of the relative ease with which 


( 939): F. Manning and M. J. Chodorow, Phys. Rev. 56, 787 
1939). 

19L. J. Varnerin, Jr., Phys. Rev. 91, 859 (1953). 

” H. D. Hagstrum, Phys. Rev. 91, 543 (1953), Sec. V. See also 
reference 4, Sec. XI. 
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_ Fic. 8. Energy level diagram illustrating the essentials of the process of Auger neutralization of singly-charged 
ions of the noble gases at the surface of a metal like tungsten or molybdenum. The horizontal ‘line 
0—0(¢.= 0, E,=0) is the vacuum level (energy of an electron at rest at an infinite distance from the metal). 
N-(¢) is the state density function plotted to the left. V-(e)=constant and the N.(e) function calculated by 
Manning and Chodorow (reference 18) are shown. Electronic transitions characteristic of the Auger neutraliza- 
tion process are shown at the left. V;(e,) is the distribution in energy of internally excited electrons shown for 
each ion. Its maximum kinetic energy lies at ««=E;+er—y, Ex=E;—2¢. P, is the probability of escape of 
internally excited electrons from the metal and No(E;) is the distribution in energy of electrons which leave 


the metal. y; is the area under the No(E,) function. 


electrons tunnel between the metal and an arriving 
atomic particle, the nature of the particle at the time it 
becomes involved in an Auger process does not depend 
on its nature at large distances from the metal. The posi- 
tions of energy levels in atom and metal make it highly 
probable that a helium metastable will be ionized on 
approaching a metal like molybdenum and that it will 
subsequently be neutralized in the process of Auger 


neutralization. Thus what Greene and Oliphant ob- 
served were electrons ejected by the singly-charged ion 
even though they sent metastable atoms toward the 
surface. In fact, Greene’s data of Fig. 6 look much like 
what one would expect for the singly-charged ion 
incident on a somewhat contaminated surface. It has 
been found’ that contaimination of the surface decreases 
the relative number of faster electrons observed. The 
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kinetic energy maxima of Greene’s curves are in reason- 
able agreement with the E;—2¢ values of Table I. One 
would expect them to be lower because his surface most 
likely had a larger work function than an atomically 
clean surface. Furthermore, kinetic energy minima to be 
expected are zero for Ne and A and 2.8 ev for He, if one 
uses the €9 for an atomically clean surface. A contami- 
nated surface would give a lower minimum. Further- 
more, the minimum of 2.8 ev is calculated neglecting 
energy level shifts and the broadening by virtue of the 
Heisenberg principle. All of these effects plus the 
geometrical one would certainly make the minimum 
energy unobservable in agreement with Greene’s and 
the present experiments. 

The above ideas concerning the resonance ionization 
of a metastable atom near a metal before any Auger 
process occurs would mean that for slow ions ym=¥i- 
This is in fact what was found to be the case within 
experimental error by Molnar.’ 


VI. SIGNIFICANCE OF DIFFERENCES BETWEEN 
RESULTS FOR MOLYBDENUM AND TUNGSTEN 


We have noted earlier that although the results for 
molybdenum and tungsten are similar, there exist 
significant differences between them. For convenience 
the y; data for Mo and W are plotted on the same 
graph in Fig. 7. We note that y; is greater for Mo than 
for W and the more so the lower the ionization energy 
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Fic. 9. N;(ex) distribution functions for two different work 
functions ¢, parts (a) and (b), and in each part for three different 
widths of the filled band, ev. These are for a distribution which lies 
almost entirely above the vacuum level, Z,=0. 











Fic. 10. N;(e,) distribution functions like those of Fig. 9, but 
for the case in which only the high-energy tail of the distribution 
lies at energies above the vacuum level. 


of the atom. Thus, as is listed in Table I, the ratio 
yi(Mo)/y;(W) for 10-ev ions ranges from 1.04 for He 
to 1.69 for Xe. We inquire now into the theoretical 
reasons for these differences. The considerations of this 
section presuppose some familiarity with the theoretical 
ideas concerning Auger processes near metal surfaces 
already published.‘ 

In the energy level diagram of Fig. 8 are to be seen 
the essential features of electron ejection by the process 
of Auger neutralization. For simplicity we have assumed 
a constant density of states in the conduction band 
(Manning and Chodorow’s calculated density function 
for tungsten!® is also shown) and have neglected the 
effects of energy level shifts near the metal and the 
Heisenberg uncertainty principle. Thus the energy dis- 
tributions of internally excited electrons are approxi. 
mate triangles. The probability of escape function, P,, 
used is that previously obtained‘ by fitting the theory to 
the data for Het on W. 

We now ask our question again. What differences could 
there be between tungsten and molybdenum which 
could result in different y; values with those for molyb- 
denum coming out to be the higher? 

There are three changes in metal characteristics 
which would lead to an increase in yi for each of the 
noble gas ions. These are: 

1. A decrease in work function g. Since the maximum 
kinetic energy for both the V; and N» distribution lies 
at E;—2¢ and the width of the \; function at its base 
is 2er, independent of y, we see that a decrease in ¢ will 
shift the V; function to higher energies and thus higher 
escape probabilities resulting in a larger vi. 

2. A decrease in ep, the width of the filled band in the 
metal. This would result in a decrease in the base width 
of the NV; function leaving the position of its maximum 
kinetic energy the same. This would lead to an increase 
in y; because more electrons would have greater 
energies. 

3. A variation of the state density function putting 
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Fic. 11. Electron yield, yi2, for doubly-charged ions of the noble 
gases incident on atomically clean molybdenum. 


more electrons higher in the filled band. Since this 
results in V, functions which are greater in magnitude 
nearer their higher energy limits, y; increases. 

The effects on the NV; function of changes in ¢ and 
er (items 1 and 2 above) are shown in Figs. 9 and 10. 
Figure 9 shows 1; functions which lie almost entirely 
above the vacuum level, ¢,> 0, E;>0, as is the case for 
Het. Figure 10 shows the situation for an V; function 
of which only the high-energy tail lies above the vacuum 
level as for Xe*. In each of the figures two values of 
work function are chosen, parts (a) and (b), and within 
each of these parts three values of er are shown. We may 
judge the effect on y; of these changes by imagining 
each NV; function to be multiplied by the probability of 
escape P, to obtain the No function and estimating the 
change in its area. It is perhaps evident from Fig. 9 that 
the change of either er or ¢ will change y; but not by 
amounts that are very different. This is not the case, 
however, for the situation depicted in Fig. 10. Here it is 
evident that for either value of yg a change in er will 
alter y; little but a change in ¢ itself, since it changes 
the length of tail projecting above the vacuum level, 
will change +; by a much larger amount. 

Inasmuch as the experiment shows a large change in 
7: for Xe* (Table I), we conclude that the reason for the 
vi change from tungsten to molybdenum is most likely 
the reduction in work function. Quantitative calculation 
of the effect has not been attempted. This would per- 
haps be appropriate after several atomically clean 
metals have been studied. The effect of change in the 
state density function in the metal (item 3 above) may 
be judged from some results published in the paper on 
theory.‘ Rather sizable changes in y, for the heavier 


noble gases could be effected in changing from a con- 
stant state density function to a parabolic one (Table IV 
of reference 4). However, no such drastic change in the 
state density between molybdenum and tungsten is 
expected, and hence no great change in 7; is attributa- 
ble to this cause. 


VII. RESULTS FOR DOUBLY-CHARGED IONS 


Measurements of electron yield, yi2, and energy dis- 
tribution for electrons ejected from molybdenum by 
doubly-charged ions of the noble gases are shown in 
Figs. 11 and 12, respectively. The quality of the dis- 
tribution function data may be judged from Fig. 13 
which shows the Ap/AV sr step function curve and 
points from the smoothing curve as discussed in con- 
nection with Fig. 4. Bombarding electron energy in the 
ion source was 100 ev. The data of Figs. 11 and 12 were 
more carefully taken than the corresponding data 
for tungsten. Data for yi2 were taken at smaller 
intervals of V gsr. 

We turn now to a discussion of the processes in which 
a doubly-charged ion is neutralized and de-excited at an 
atomically clean metal surface. Because of the high 
probability of electron tunneling between metal and 
ion, it appears very likely that the doubly-charged ion 
is first partially neutralized to an excited state of the 
singly-charged ion. The electronic transition is of the 
type indicated between the energy levels a and 6 in 
Fig. 14. This partial resonance neutralization of the 
doubly-charged ion has been discussed to some extent 
elsewhere’ in connection with estimation of the electron 
yield for the metastable singly-charged ion. Both 
theory and experiment concerned with resonance and 
Auger-type transitions between a metal and a normal 
singly-charged ion indicate that the resonance process 
is much more probable than the Auger process at a 
given distance from the surface. Thus the resonance 
process occurs before any Auger process as the ion 
approaches the metal surface. 
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Fic. 12. Energy distributions of electrons ejected from molyb- 
denum by doubly-charged ions of 40-ev kinetic energy. The vertical 
lines along the energy axis indicate the values of Ej2—Ej:— (er/2) 
—2 ¢ as discussed in the test. 
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Fic. 13. Data typical of that upon which the energy distribu- 
tions of Fig. 12 are based. The step curve is the Ap vs AV s7 curve 
obtained directly from the original data. The points are calculated 
from a smoothing formula which employs eight adjacent data 
points and the full curve is taken to represent the true distribution. 
It is the curve plotted for Xe** in Fig. 12. 


The excited (possibly metastable) singly-charged ion 
formed near the metal surface by resonance tunneling 
may decay to the ground state of the normal parent 
atom in more than one conceivable manner. It is con- 
venient in this discussion to consider the energy levels 
for the normal, singly-charged, and doubly-charged 
ions of argon, krypton, and xenon shown in Fig. 15. If 
we look at Fig. 15 we see that the excited singly-charged 
ion, whose energy is at or near one of the metastable 
levels, could conceivably reach the ground state of the 
normal atom either directly or in two or more steps 
involving transitions to the ground state of the ion or 
excited states of the neutralized atom. However, we are 
led by the following series of arguments to the rather 
firm conclusion that the excited singly-charged ion is 
de-excited in two successive Auger-type processes. 

1. The de-excitation and neutralization of the excited 
ion to the ground state of the parent atom must proceed 
in one or more Auger-type processes. The only other 
possibility, that of radiation of the energy released, is 
highly improbable on the grounds that radiation at its 
fastest requires about 10~* sec to proceed whereas the 
ion here spends a time of the order of 10-4 to 10-” 
second within a few angstrom units of the metal surface. 

2. The de-excitation and neutralization does not take 
place in one step. If such were the case and if only two 
electrons per ion were involved (one to neutralize, the 
second to be excited inside the metal), we should expect 


681 


to see much faster electrons outside the metal than are 
in fact observed. The maximum kinetic energy should 
then be of the order of £,,+£;:—2¢ where E,; is the 
excitation energy of the ion, Z; the first ionization 
energy, and ¢ the work function of the target. Instead, 
the maximum kinetic energy is more nearly equal to 
E.,;— ¢, the value to be expected if the process giving 
rise to the fastest electrons involves only de-excitation 
of the ion to its ground state. If the electron which 
tunnels through from the metal to neutralize one charge 
of the doubly-charged ion does so on the average at 
the middle of the band, then E,;= E;2— En — (g+ ery). 
Then the maximum kinetic energy is Ej2—Ei:— (€/2) 
—2, which is indicated for each ion on the energy 
axis in Fig. 12. 

De-excitation and neutralization in a single process 
involving more than two electrons could yield an No 
function in agreement with that observed since the 
available energy would then be shared by two or more 
excited electrons. Such processes would be expected to 
be much less probable than that involving a total of 
only two electrons. It appears not to be necessary to 
postulate the involvement of more than two electrons 
to explain any of the observations concerning any kind 
of atomic Auger process.” Since the single process 
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Fic. 14. Energy level diagram indicating the resonance tunneling 
transitions which can occur from tungsten into the doubly- 
charged xenon ion or from the excited singly-charged xenon ion 
into the metal. Energy of a test electron is plotted vertically. The 
metal is to the left. The atomic particle is to the right at a distance 
s from the metal surface. The filled portion of the conduction band 
in tungsten is shown stippled. Energy levels in the atomic particle 
are those of an electron moving in the field of the singly-charged 
core. Lowest lying excited states are indicated as dashed lines, 
metastable levels as full lines, and by stippling is indicated the 
region of relatively large density of excited levels. Tunneling into 
the ion can occur between levels a and ), from the ion into the 
metal above b. 


21E. H. S. Burhop, The Auger Effect and Other Radiationless 
Transitions (Cambridge University Press, New York, 1952). 
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Fic. 15. Energy levels in argon, krypton, and xenon. Lowest 
excited levels and metastable levels are indicated individually. 
Regions where other excited levels are to be found are stippled. 


involving two electrons does not occur, we conclude 
that the process proceeds in two or more stages. 

3. The process in all probability proceeds in only 
two steps. First we see that the last stage must be 
Auger neutralization of the normal ion: 


X++ney-—-X+e-+ (n—2)eu-. (1) 


In this equation X represents the normal atom, X* the 
ion, ey~ an electron in the metal, e~ a free electron, and 
n the number of electrons originally in the metal. We 
note in Fig. 15 that the only intermediate states between 
the excited ion X** and X in each case, X=A, Kr, or 
Xe, are the ground state of the singly-charged ion and 
the excited states of the atom lying just below them. We 
are justified in neglecting the presence of the excited 
state of the ion which lies just above the ground state 
because its involvement rather than the ground state 
could not be detected in any way in these experiments. 
Should the result of all previous stages but the last con- 
ceivably result in an excited atom, this atom should be 
ionized directly by the process of resonance ionization: 


X*X++eu-. (2) 
Finally, because of the large gap between the ground 


state of the ion and its excited states only one detectable 
first stage is possible and must be either an Auger-type 
de-excitation to the normal ion: 


X**+ney-—>Xt++e-+ (n—1)eu-, (3) 


or a conceivable Auger-type neutralization to an excited 
state of the atom: 


X+*+-ney-—X*+e-+ (n—2)ex-. (4) 


If process (4) occurred, it would, as we have indicated, 
be followed immediately, certainly for X=He, A, Kr, 
or Xe, by resonance ionization (2) of the excited atom. 
From the point of view of quantum mechanics this 
means that an electron in the system of atom and 
metal in close proximity could not exist in the atom at 
the energy levels of the excited state. The wave functions 
at these energies lie essentially entirely within the 
metal. In this sense there is really no final state X* for 
process (4) when the atom is near the metal. We con- 
clude that process (4) as such cannot occur. Thus the 
de-excitation and neutralization of the excited ion for 
He, A, Kr, and Xe involves process (3) above followed 
by process (1). This should also be true for Ne except 
for the possibility that, when the particle is farther 
from the metal than the so-called critical distance,‘ 
process (2) will not occur because the excited state 














3 


TUNGSTEN — 


ELECTRON VOLTS 
yy 


— 


- 














22- xet 

Fic. 16. Energy level diagram indicating the electronic transi- 
tions which occur in the process of Auger de-excitation of an 
excited ion of xenon at a tungsten surface. Transitions involving 
electron exchange between metal and ion are indicated by full 
lines, those not involving electron exchange by dashed lines. 
This is the second stage of the process by which a doubly-charged 
ion moves to the ground state of the parent atom at a metal 
surface. 
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Ne™ lies below the top of the conduction band. Then 
process (4) is possible for Ne. If, however, these proc- 
esses occur closer to the surface than the critical dis- 
tance, process (2) will occur and Ne will behave like 
the other noble gases. 

We conclude that the neutralization and de-excitation 
of a doubly-charged ion at an atomically clean metal 
surface involves: 

1. Resonance neutralization to an excited state of 
the singly-charged ion. (Fig. 14.) 

2. Auger de-excitation of the excited singly-charged 
ion to the ground state of the ion. [Process (3) ; Fig. 16.] 

3. Auger neutralization of the singly-charged ion to 
the ground state of the atom. [Process (1); Fig. 17.] 

These stages follow one another in order as the 
atomic particle approaches the metal surface. Elec- 
trons are ejected from the metal in the second and third 
of these stages. In the third stage the number of elec- 
trons ejected per ion should be approximately y,; and 
thus in the second stage approximately y;.—7; electrons 
are ejected per ion. It is seen from Table I that y;2—y; 
is much larger than 7;. It has been possible to calculate 
a value for yi2—y; for xenon by the methods of the 
theory published in reference 4. This gives for xenon and 
molybdenum y.2.—7;=0.22 whereas the experimental 
value is 0.23. This agreement is really too good because 
the excited state of the singly-charged ion Xet*, was 
taken for the purposes of this calculation to be the 
lowest metastable level, a level which might well be 
somewhat too low on the average. Furthermore, one 
cannot say that the yield for the third stage is exactly 
equal to y,; as measured for a singly-charged ion for the 
following reason. When one sends the singly-charged 
ion toward the surface Auger neutralization will occur 
as a function of distance of the ion from the surface 
in a different way from that which occurs when this 
process is the third stage of a series of processes oc- 
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Fic. 17. Energy level diagram indicating the electronic transi- 
tions which occur when the normal singly-charged ion of xenon is 
neutralized in the process of Auger neutralization. This is the 
third stage of the process by which a doubly-charged ion reaches 
the ground state of the parent atom. 


curring as the atomic particle approaches the surface. 
One might expect the third stage to occur closer to the 
metal than does the Auger neutralization of the singly- 
charged ion which approaches from infinite distance as 
such. This would tend to reduce the yield from the third 
stage below the measured 7; for a singly-charged ion 
because of the reduction of effective ionization energy 
as the distance between metal and particle decreases. 

Although there are metastable excited states of Xet*, 
vi2 for xenon was found to be independent of bombard- 
ing electron energy in the ion source above Ej. Thus 
the cross section for formation of metastable doubly- 
charged ions is so low as to be undetectable in xenon 
and presumably in the other noble gases as well. 

The author wishes to acknowledge with thanks the 
technical assistance of C. D’Amico who recorded all of 
the experimental data on which this work is based. He 
wishes also to thank D. J. Rose for critical reading of 
the manuscript. 
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The Hartree self-consistent field method without exchange is used to calculate atomic wave functions for 
the 3d’4s and 3d® configurations of atomic iron, as well as for the 3d°4s* configuration previously studied by 
Manning and Goldberg. Most sensitive to the change in configuration is the 3d electron, whose energy is 
—0.79, —0.50, and —0.34 ry, respectively, in the 3d®4s*, 3d74s, and 3d® configurations. The fraction of the 
charge of a 3d electron outside a sphere of radius 2.66 is 0.050, 0.095, and 0.160, respectively, for these 
configurations. The Racah parameters B, C, and G: are evaluated from the wave functions for all three 
configurations, and are also found for 3d°4s? and for 3d74s by a least squares fit of the spectroscopically ob- 
served terms. The two sets of values for B and C agree within 15%, but the value of G2 calculated from the 
wave functions exceeds the least squares value by almost 50% in 3d’4s. Energies of the 3d74s and 3d® con- 
figurations relative to 3d*4s*, calculated from the wave functions, are 0.25 and 0.65 ry, respectively; the 
corresponding values deduced from the observed spectrum are 0.15 and 0.33 ry. 





I. INTRODUCTION 


TOMIC wave functions and energy levels, aside 
from their usefulness in giving properties of free 
atoms, can also be used to study the interactions of 
atoms in molecules and in solids. When interactions are 
involved, the relative importance of the energy states 
may no longer be the same as in the free atom. Thus, 
for example, the lowest state of atomic nickel is the 
5F, level of the 3d*4s* configuration; on the other hand, 
the lowest state in the solid must contain a large 
admixture of other configurations! to explain the ob- 
served saturation magnetization of nickel. 

In this paper we report the results of a self-consistent 
field calculation without exchange for the 3d*4s, 3d"4s, 
and 3d* configurations of atomic iron. The motivation 
for this work was a study of the binding energy of 
metallic iron, using a modified tight-binding method.” 
In that study a preliminary calculation was carried out 
using the wave functions calculated for the 3d*4s? 
configuration of atomic iron by Manning and Goldberg.’ 
Our results for the band structure were inaccurate in 
two ways; first, the 3d band was narrower than ex- 
pected: i.e., about 0.1 ry calculated, compared to about 
0.2 ry observed.‘ Second, the 3d band was entirely 
below the 4s band, leading to a calculated saturation 
magnetization of 2u,, compared to the observed value, 
2.2 yws.® Similar difficulties were encountered by 
Callaway,’ who carried out an orthogonalized plane 
wave calculation for metallic iron. 

If one assumes the “configuration” in metallic iron to 
be 3d*-*4s, with x in the neighborhood of 0.6, it seems 
not unreasonable to assume that the potential in the 

* National Science Foundation Predoctoral Fellow, 1952-1953. 

1 J. H. Van Vleck, Revs. Modern Phys. 25, 220 (1953). 
wee Ph. D. thesis, Princeton University, 1955 (unpub- 
OM. F. Manning and L. Goldberg, Phys. Rev. 53, 662 (1938). 
Our Q., Z. and 2¥, are called Y, 1—Z, and 2—2Z,, respectively, 
by Manning and Goldberg. 

‘E. M. Gyorgy and G. G. Harvey, Phys. Rev. 93, 365 (1954). 

5 R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 


Inc., New York, 1951), p. 867. 
§ J. Callaway, Phys. Rev. 99, 500 (1955). 


solid will be similar to the potential in the 3d’4s or 
3d* configurations of the free atom. In order to test this 
assumption, we extended the work of Manning and 
Goldberg, and found fairly crude self-consistent field 
wave functions without exchange for the valence 
electrons in the 3d’4s and 3d* configurations. Calcu- 
lations for metallic iron based on these wave functions 
indicate that reasonable values for the band width and 
for the relative energy of 3d and 4s bands can be ob- 
tained by using, as the basis of a tight-binding calcu- 
lation, atomic wave functions from a configuration 
equivalent to the one found in the solid.? For this 
reason we carried out an improved self-consistent field 
calculation for atomic iron, whose results are given in 
the present paper. 


II. NOTATION 


We solve the Schrédinger equation for the one- 
electron wave functions in the form: 


(d?Q,/ dp?) = [a+ $)?— 2rZp, o—7E, a= faa; (1) 


where 
Qu(p)=r!Ra(p)=1-'*Pa(p), (2) 
and 


p=1n(1000r), r=10-e?. (3) 


Here r is the radial distance in units of the Bohr radius, 
E, is the energy of electron a in rydbergs, Ra(p) is the 
radial part of the wave function, and /, is the orbital 
angular momentum quantum number of electron a. 
The potential in which electron a moves is given by 


Va(o)= —2Z>,a(p)/r, where: 


2Z>,a(p)=2Z— 2. 2¥o(o), (4) 
b~a 


2¥a(p)=2Za(p)-+2r f 1'0.2(p!)dp’, (5) 


p 


Ze(o)= f ()70.%(0' de", 6) 
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provided the wave function is normalized : 


~~ 


-f °°," (p)dp=1. (7) 


x 


Z,(2%) 


Thus, Z,(p) represents the fraction of the charge of 
electron a within a sphere of radius 10~-*e*, and 2Y4(p)/r 
gives the potential energy of an electron in the field of 
electron a; the atomic number is Z. Note that Z, Z,(p), 
and 2Y,(p) are always positive; the sign of Q,(p) is 
chosen so that the wave function will be positive for 
large r. The factor of 2 which appears in all terms 
involving potential energy gives the result in rydbergs. 

The interaction energies between electrons can be 
given in terms of Slater integrals whose general form’ is: 


1*(ab,cd) = ff Pal) Palra)Pelr) Pale) 
XK (2r—*/rs**+)dridro, (8) 


where r< and ry are the smaller and larger, respectively 
of r; and ro. The Slater integrals in which we shall be 
chiefly interested are: 


F*(a,b)=I*(ab,ab), G*(a,b)=I*(ab,ba). (9) 


We give the name “higher Slater integrals” to the 
Slater integrals other than F°(a,b). The integrals of 
Eq. (8) can be found straightforwardly, using: 


I*(ab,cd) = J Sac(p)2V"sa(p)rdp 


ms f ora(p)2¥*xe(p)rdp, (10) 


—o 


2V ap) = 22a(o)+20 f (r’)'*oya(p’)dp’, (11) 


r) 


Zha(p)=1-* f (r')*+ara(o" dp", (12) 


Fac(p) = Qa(p)Q-(p). (13) 


After the last round of the self-consistent field pro- 
cedure, the wave functions are orthogonalized; i.e., 
Qo, is made orthogonal to Q;, and then normalized, and 
similarly for Q3., Qas, and Qs. The energy of the 
orthogonalized wave functions must then be computed ; 
in doing this a correction is made for the fact that the 
input and output potentials of the last round of the 
self-consistent field procedure are not the same. Since 
the energy used for an electron should represent the 
energy of the final wave function in the potential of the 
final charge distribution, it is not correct to use for this 
energy the eigenvalue £;,. which appears in the 
solution of Eq. (1) for electron a. Instead a modified 
energy value must be used, which contains the cor- 

7E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, New York, 1953), Chap. 6. 
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rection for the change in potential and, for those wave 
functions changed by orthogonalization, an additional 
term. 

If we let Q,, be the normalized solutions of Eq. (1), 
and ,, the corresponding orthonormalized wave 
functions, and if we put: 


n 
Oni= DY ar, Qe, 


k=I+1 


then the corrected energy is: 


Eo, n= Bx art f (LV n(out)— V »v(in) |rdr 


n—1 


+ 2 a, wt f (nA0udLV alin) Via(in) dr, (15) 


k=1+1 


where “‘in” and “out” refer to the input and output 
potentials, respectively, of the last round of the self- 
consistent field procedure. The output potential in our 
calculation is obtained from the orthonormalized wave 
functions via Fqs. (4)—(6). 


III. NUMERICAL METHODS 


The major part of the calculation was carried out on 
an IBM Type 650 Data Processing Machine, a digital 
computer with magnetic drum storage for 2000 num- 
bers, each with 10 decimal digits and a sign. Preliminary 
results for the valence wave functions were obtained 
on a desk calculator, using the core potentials of 
Manning and Goldberg,’ and appear in the author’s 
thesis.2 These results were then improved somewhat 
using an IBM Card Programmed Calculator, and a 
short summary of the results was presented.* The 
availability of the IBM 650 computer made possible a 
more complete calculation of the wave functions, 
including the core wave functions. 

The general features of self-consistent field calcu- 
lations have been summarized by Hartree.’ We give 
here only a few special features used in this work. In 
integrating the Schrédinger equation, Eq. (1), we start 
at p=0, and use intervals of 0.1 in p. Two equations 
with different values of /, are integrated simultaneously 
until both wave functions diverge, i.e., become negative 
or start to increase, at large values of p. Initial values of 
#, are guessed, and then additional values are estimated 
automatically. If Q and Q® are the values of the two 
wave functions at the point where both have diverged, 
and if E” and E® are the corresponding trial eigen- 
values, then the trial eigenvalues for the next inte- 


gration are: 
E®) (new) = E%+¢4) (E@— EY), (16) 
* F. Stern, Phys. Rev. 98, 1552(A) (1955). 
*D. R. Hartree, Repts. Progr. in Phys. 11, 113 (1946-1947). 
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where 
ly| <1, 
ly|>1, 


cl2=yta if 
cl) =y(1i+ta) if 


y=Q” /(Q@ —Q®?), 


We used d=0.15; a larger value would decrease the 
speed of convergence to the final eigenvalue £4, but 
would reduce the possibility of oscillation of the trial 
eigenvalues. (The average number of iterations needed 
to determine the eigenvalue was between 5 and 10, with 
the largest number usually required for /,, 34.) 

Using the new values of E and E® found by the 
interpolation scheme of Eqs. (16)-(18), we resume 
integration of Eq. (1) starting with the largest value of 
p for which the wave functions for the previous trial 
eigenvalues were identical. We again integrate to the 
point where both wave functions diverge, and use these 
new values of the wave function in Eqs. (16)—(18). The 
process ends when the solutions reach p=Pstop,a, 
predetermined value (see Table I) chosen for each wave 
function, without having both diverged. At this point 
a linear interpolation like that of Eq. (16) is made for 
the wave functions at all values of p, the constant c 
being chosen so that the interpolated wave function 
vanishes at p=Pstop,a- The same interpolation is made 
in the final trial eigenvalues, to give Ej,,. For each 
electron we choose pstop,a2 at a point where the exact 
wave function is negligible, i.e., Qexact,a(Pstop,a)~10~> to 
10-*. The error in requiring that the wave function go 
to zero at a finite value of p instead of at p=© is 
probably small compared to other errors involved in 
the calculation—for example truncation errors in the 
numerical integration, which are quite large for large 
values of p. 

To integrate Eq. (1) we use the Numerov integration 
scheme,” for which the truncation error per step is 


(17) 


(18) 


and 


Taste I. Electron energies and other parameters. £, is the 
eigenvalue for which the solution of the Schrédinger equation 
goes to zero at p=pastop, and Eo is the energy of the orthogonalized 
wave function, corrected for the difference between output and 
input potentials. Both are in rydbergs, as is a, which is the po- 
tential energy of an electron at r=0 in the field of electron a. We 
use 8p in finding new input potentials; see Eq. (19). The subscripts 
on the electron quantum numbers refer to the configuration—thus 
4s; is the 4s electron in 3d74s. All valence electron energies are 
found using the core potentials of the 3d74s configuration. 








a Eo,0 


1s; —522.7 
2s; — 60.34 
2p, 52.94 
3s; —6.727 
3h; —4.368 


3d¢ —0.7908 
3d; —0.4958 
3ds —0.3357 
4se —0.4878 
45; —0.4214 


E1,a Pa 


—522.2 51.125 
— 60.20 10.637 
—52.78 10.742 

—6.730 3.315 
—4.369 3.054 


—0.7663 2.247 
—0.4934 2.075 
—0.3305 1.902 9: 

— 0.4838 0.7275 9.9 
—0.4176 0.6604 9.9 
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1D. R. Hartree, Numerical Analysis (Oxford University Press, 
New York, 1952), p. 132. 
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— (h?/240)5'Q,.'", where / is the interval of the inde- 
pendent variable p, and 6 is the central difference 
operator. From Eq. (1) we have Q.’’= faQa. When p is 
small, f, has approximately the constant value (/,+4)?. 
Then we have 5'0,./=6* faQa fad*Qa~h' f.?Qa"”. We use 
this approximate correction to the Numerov integration 
formula for small p, and return to the uncorrected 
formula where f, is approximately zero. The correction 
is used for /,=1 and for /,=2, but not for ],=0, where 
it is negligible. 

When Q, and £;,4 have been determined for a given 
round, the wave function is normalized, and Z, and 
2Y, are calculated, using Eqs. (6) and (5). Then 2Y, 
and Q, (normalized), and sometimes Q, and Z,, are 
punched on cards for printing and for use in further 
stages of the calculation. The program then proceeds 
to integrate the remaining Schrédinger equations 
being solved in that round. 


TABLE II. The Slater integrals F°(a,b) and G!'e~'el (a,b). The 
italicized entries give the values of G!'«~'! (a,b) for the core elec- 
trons; all other entries are for F°(a,b). The Slater integrals are 
defined in Eqs. (8) and (9); J, is the orbital angular momentum 
quantum number of electron a. All values are in rydbergs. 








a b: 1s; 2s7 2p7 


10.514 
7.019 
7.656 
0.2245 
0.1955 


2.221 
2.053 
1.883 
0.7106 
0.6479 





9.243 
6.607 
4.0056 
0.1770 
0.1544 


31.864 
0.7936 
1.7238 
0.1010 
0.1806 


2.246 
2.075 
1.902 
0.7205 
0.6553 


F° (3d¢,3d¢) = 1.5302 
F° (3d¢,45¢) =0.6691 
F° (456,456) =0.5256 


2.211 
2.045 
1.876 
0.7090 
0.6467 


F° (3d7,3dz) = 1.3698 
FP (3d7,457) => 0.6088 
F° (3ds,3ds) = 1.2080 





Because of the limited storage available on the drum, 
the wave functions and potentials cannot all be stored 
for a complete round of the self-consistent field pro- 
cedure. It is necessary to punch out values of Q, and 
2Y,, then feed these back into the machine, together 
with the input potentials for that round, in order to 
determine new input potentials and estimate values of 
E, for the next round. The card handling required by 
these intermediate steps slows down the work con- 
siderably, and increases the possibility of making errors. 
If the storage capacity were increased to 4000 words, 
the complete program and the necessary intermediate 
results could probably be accommodated. 

To estimate input potentials for the (7+1)th round, 
we use the formula: 


2Z»p,a(inn+1)= (1—8)2Z,,a(in,n)+82Z,,q(out,m), (19) 


where 6 varies with p and with the wave function con- 
sidered. At small values of p we use B=1.0; then 8 
decreases to a constant value fo for p>4.2. The value 
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of Bo varies from 1.0 for 1s wave functions to 0.2 for 3d 
electrons (see Table I). No attempt was made to test 
the validity of this method of estimating new starting 
potentials. From the difference between 2Z, 4(input,m) 
and 2Z,,,(input,v+1), we estimate trial eigenvalues 
for the (w+1)th round. This generally gives a very 
good approximation to the eigenvalue of that round. 

Programming of the numerical work was simplified 
by the floating decimal speed code devised in the 
Applied Mathematics Division of this Laboratory. 
Eight decimal digits and an exponent are used for each 
number. Truncation and rounding errors in our work 
will lead to errors of the order of 0.001% in Qa(p), 
2Y.(p), and Z,(p) where the wave function is large 
(and slowly varying), but to considerably larger errors 
in the region of rapid falloff at large values of p. 


IV. RESULTS 


A. One-Electron Wave Functions, Energies, 
Potentials, and Charge Distributions 


In Table I we list the corrected and uncorrected 
energies, Eo, and £;,,, respectively, for all the electrons, 
as well as v4, the limiting value of 2Va(p)/r as r—0. We 
also give Bo, defined after Eq. (19), and pstop,a, the value 
of p at which we impose the boundary condition Q,=0. 

The energies for the valence electrons in the 3d®4s? 
and 3d* configurations have been calculated using the 
core potentials of the 3d74s configuration. It had been 
the original plan to calculate the core wave functions 
for each configuration, to see if there were substantial 
differences between them. However, after two rounds 
of the self-consistent field procedure it turned out that 
the differences between the core potentials of different 
configurations were comparable to the differences 
between these potentials in successive rounds of the 
calculation. Since these differences were too small to 
have a significant effect on the total energy of the atom, 
we decided to base all energy values on the core wave 
functions of the 3d*4s configuration. In most cases the 
valence wave functions of the other two configurations 
were not recalculated using the core potentials of 
3d’4s; only the energies were adjusted. No correction 
was made for the fact that Q4,(3d°4s?) had been or- 
thogonalized to a different set of core wave functions 
from those in 3d’4s. 

A measure of the self-consistency of our solutions is 
given by the maximum numerical value of [2Z,(in) 
—2Z,(out)] for the last round of the calculation. The 
greatest deviation occurred near p= 6.5 for all electrons, 
and was of the order of —0.02 for the valence electrons, 
and less than —0.05 for the core electrons. These differ- 
ences are probably greater than those found by Manning 
and Goldberg,’ who estimated the contribution to 2Z, 
for each shell separately and reported agreement be- 
tween input and output values to within 0.01. Thus our 
results are not to be considered completely self-con- 
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TABLE III. Other Slater integrals. All Slater integrals are 
calculated from the orthogonalized wave functions, and are given 
in rydbergs. See Eqs. (8)—(13). 


a: Is7 2s7 2p7 3587 3pr 


0.00373 0.00609 0.00788 0.01757 0.02584 
0.00275 0.00450 0.00583 0.01334 0.01945 
0.00257 0.2468 0.2618 0.7423 0.9943 
0.00221 0.2135 0.2264 0.6662 0.8997 
0.5900 0.8016 


0.00191 0.1847 0.1958 
0.5936 


0.1489 
0.5345 


0.1287 
0.1113 0.4746 


G'a(a,4s¢) 
G'«(a,4s7) 
G?-!e(a,3d¢) 
G*'e(a,3d7) 
G?~'a(a,3ds) 
G3(a,3ds) 
G*(a,3d;) 
G3(a,3ds) 


Ww 


612 
.0208 


F* (3de,3d¢) = 0.4171 
F4(3d;,3d;) = 0.3578 
F4(3d3,3ds) =0.3012 
G?(3d¢,45¢) = 0.0806 
G?(3d;,4s;) = 0.0867 


F*(2p,,2p;) =: 
F*(3p;,3p2) 
G*(2p;,3p;) =0.2057 
F?(3de,3ds) = 0.6792 
) 
) 


huevo 
om 


F*(3d;,3d;) = 0.5881 
F2(3ds,3ds) = 0.4996 


sistent; still, the errors in the valence electron results 
are probably small compared to the differences between 
configurations. Also, the total energy of the atom is 
unlikely to be sensitive to small changes in the wave 
functions and potentials. 

The orthogonalized wave functions, the charge 
distribution, and the potentials of the valence electrons 
have been tabulated as functions of p. These tables are 
omitted from this paper in order to conserve space, 
but are available elsewhere.'' We have not tabulated 
the corresponding quantities for the core electrons 
because the results are—except for the effect of or- 
thogonalization—quite similar to those of Manning 
and Goldberg.’ 


B. Slater Integrals and Term Values 


In Table II we list F°(a,6) for all the electron inter- 
actions, and some of the G*(a,b) for core electrons; in 
Table III we list the remaining F*(a,b) and G*(a,b) 
which enter in the total energy of the atom. From these 
Slater integrals the energies of the terms of the three 
low even configurations of atomic iron can be found in 
three steps. First we use the term values for d’, d*, and 
d‘ given by Racah,” who used the parameters: 


B= (9F?—5F*)/441, C=5F*/63. (20) 


Next we find the term values of d®, d’, and d® using®: 


E(d°-")— E(d") = (5—n){9F°(d,d)— (2/7) 
‘4 X[F2(d,d)+F*(d,d)}}. (21) 


4 These tables have been deposited as Document No. 4994 
with the ADI Auxiliary Publications Project, Photoduplication 
Service, Library of Congress, Washington 25, D. C. To obtain a 
copy, give the Document number and remit $2.50 for photoprints, 
or $1.75 for 35 mm microfilm. Advance payment is required. 
Make checks or money orders payable to: Chief, Photodupli- 
cation Service, Library of Congress. A small number of copies of 
the tables is also available from the author. 

#2 G. Racah, Phys. Rev. 62, 452 (1942). 

8 Catalan, Rohrlich, and Shenstone, Proc. Roy. Soc. (London) 
A221, 421 (1954). 
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TABLE IV. Comparison of calculated and least-squares-fitted 
term values with experiment. The least squares values are found 
by fitting all the observed terms of 3d%4s?, and of 3d’4s; the 
calculated values are found using Slater integrals calculated from 
the orthogonalized wave functions; the observed values (see 
reference 16) give the mean position of the term with respect to 
the ground state of atomic iron, *D, of 3d°4s*. For 3d74s we give in 
parentheses the parent term of 3d’. B, C, and G2 are Racah’s 
parameters [see Eqs. (20) and (22)], and A is a constant added 
to each computed term value to give the best agreement with 
experiment. (AT)*4=[7 (computed) — 7 (observed) Py is a meas- 
ure of 57 closeness of the fit. All values are in kaysers. (1K 
=1 cm". 








3d*4s? 
Least 
Calc 


Obs 
7460 


Parent 


(4F) 





5362 
18 439 
24 460 


17 685 


29 434 


20 891 
48777 


27 634 
29 274 
54 794 
41 134 
35 928 
73 340 


36 590 
92 478 


82 534 
900 
3600 
1080 


99 198 
766 
3430 
1313 
727 


C(calculated,3d*) =2623 


)2 av 
B(calculated,3d*) =744 








Finally we use'*: 
E(d"s)— E(d")=nF°(d,s) —[4n+5S(S+1) 
— S’(S’+1)—3]G2(d,s). 


Here S and S’ give the total spin of the term of d"s and 
of its parent term in d", respectively, and G2= $G7(d,s). 

We can now calculate the theoretical term values of 
the terms of the three low even configurations of atomic 
iron, using the Slater integrals found directly from the 
wave functions, and using the term value expressions 
derived from Racah’s values” by means of Eqs. (21) 
and (22). We include only that part of the energy of 
the term which involves F?(3d,3d) and F*(3d,3d), 
except in the 3d’4s configuration, where we also include 
that part of the energy which depends on G*(3d,4s). 
The contribution of all other Slater integrals, which is 
the same for all terms, is represented by a constant A 
which we adjust in order to give the best fit to the 
observed term values. In part C of this section we will 
compare these ‘‘observed”’ values of A with the values 
of the term-independent part of the energy calculated 
from the wave functions. 

In addition to finding the energies of the terms using 
the calculated values of the Slater integrals, we also 


4 J. H. Van Vleck, Phys. Rev. 45, 412 (1934). 


(22) 
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determined the values of the parameters B, C, and G2 
by least squares, with different values of the parameters 
for 3d*4s* and 3d’4s.!° All the observed terms of these 
configurations were used in making the least squares 
fit; no least squares fit can be made for 3d*, for which 
only one term has been observed. The term values which 
involved a square root were linearized by assuming 
values for B and C, and using a Taylor expansion for 
the radical. This method is quite simple and accurate 
if a fair guess for B and C is made at the outset. 

Results of the theoretical calculation of the term 
values and of the least squares fit are compared with 
the observed!* term values in Table IV. 

Three additional parameters were calculated from 
our wave functions because of their importance in 
configuration interaction. They are: 


H2(d's,d8) = (1/35) I2(3dg3ds,3d74s;) = 270 K, (23) 
H2(d*s?,d?s) = (1/35) I2(3d;3d7,3de4s6) = 220 K, (24) 
Go(d°s?,d8) = (1/5) I2(3dg3ds,45e45¢) = 2750 K. (25) 


Here the subscripts indicate the configuration from 
which the wave functions are taken. The value of 
H2(d*s*,d’s) is considerably larger than one would 
expect on the basis of analysis of other iron group 
spectra.” 


C. Relative Energies of the Configurations 


The last quantity we must calculate is the energy of 
each configuration, exclusive of the part which contains 
the Slater integrals F?(3d,3d), F4(3d,3d), and, for 3d"4s, 
G*(3d,4s). The contribution of the one-electron energies 
and of the Slater integrals F°(a,b) to the total energy of 


the atom is: 
x Ey.- © Pi), 


i<j 


(26) 


where i and j label all 26 electrons of the atom. The 
contributions of higher Slater integrals to the total 
energy can arise in three ways. First, the interactions 
between closed shells give’: 


— (2/+ 1) (21'+ 1) wr CunG* (nln). 


Second, there are interactions within a closed shell, 
giving : 


(27) 


(28) 


— (+1)? ¥ Cm F* (ni nl). 
kx 


Finally, we have the interactions between a filled shell 


16 A least squares fit of most of the observed terms of the 
3d°4s? and 3d’4s configurations of iron has also been made by 
N. Rosenzweig, Ph. D. thesis, Cornell University, 1951 (unpub- 
lished), who used the same values of the parameters for both 
configurations. The author is grateful to Dr. Rosenzweig for the 
opportunity of seeing these results. 

16C, E. Moore, Atomic Energy Levels, National Bureau of 
Standards Circular 467 (U. S. Government Printing Office, 
Washington, D. C., 1952), Vol. IT. 

17 The author is indebted to Dr. Richard Trees for pointing 
this out. 
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(with quantum numbers »’l’) and one electron in an 
unfilled shell, which give: 


= (2I'+ 1) ar CrrrG*(nl,n'l’). (29) 


The constants Cim, are given by Condon and Shortley.’ 

Because of the fact that we used the same core wave 
functions in finding the energy of all three configu- 
rations, it is possible to separate the internal energy of 
the core from the remaining parts of the total energy 
of the atom. To do this, we count as part of the core 
energy all parts of Eqs. (27)-(29) in which only core 
electrons enter, and attribute the remaining terms to 
the valence electrons and to valence-core interactions. 
Equation (26) requires slightly different treatment, 
since valence-core interactions are already contained 
in the one-electron energies of the core electrons. The 
correct division of the terms of Eq. (26) is to assign to 
the energy of the core the energies of the core electrons 
and all those F°(a,b) which involve core electrons. The 


TABLE V. Relative energies of the three low even configurations 
of atmoic iron. E(valence) is the calculated total energy of the 
atom, exclusive of the internal energy of the core [which is the 
same for all three configurations; see Eq. (30) ] and exclusive of 
those parts of the energy which involve F?(3d,3d), F4(3d,3d), and, 
for the 3d74s configuration, G?(3d,4s). The corresponding total 
energy deduced from experiment—except for an additive constant 
independent of configuration—is the parameter A, which is taken 
from Table IV for 3d4s? and 3d’4s. The value of A for 3d® has 
been estimated; see text following Eq. (30). Differences between 
values of E, and of A, for different configurations represent the 
calculated, and the observed, energy differences, respectively. All 
entries are in rydbergs. 








3d74s 3d8 
—42.55 —42.15 
0.90 1.08 
0.25 0.65 
0.15 0.33 


3d%4s? 
—42.80 
0.75 
E—E(3d‘4s?) 0 
A—A (3d%4s?) 0 


Configuration 
E(valence) 
A 








valence electron energies plus those F°(a,b) which 
involve only valence electrons give the energy of the 
valence electrons and of the valence-core interactions. 
The total core energy calculated in this manner from 
the wave functions of the 3d’4s configuration is: 


E(core) = — 2480.4; ry. (30) 


The remaining contribution of interactions involving 
closed shells to the total energy of each configuration 
is given in Table V. The differences between these 
energies are the calculated configuration separations. 
They must be compared with the “observed” differences 
of the configuration energies. For this purpose we use 
the differences of the A parameters of Table IV, taking 
the least squares values of A for 3d°4s? and for 3d’4s. 
For the 3d* configuration we somewhat arbitrarily use 
B=620K and C=3000K, and obtain A=118 900K by 
fitting the single observed term, *F at 33 266K. We 
estimate the error in the energy differences to be about 
+0.03 ry for both the calculated and “observed” 
values. 


V. DISCUSSION 


One of the most striking features of this calculation 
is the change in the energy and charge distribution of a 
3d electron in going from the 3d*4s? to the 3d* configu- 
ration, with the effect for 3d’4s lying between these. 
The difference of the 3d energy values (see Table I) is 
particularly important in solid state applications. The 
energy of a 4s electron is almost the same in 3d*4s? as 
in 3d’4s, and the bottom of the 4s band in the solid will 
likewise not be very sensitive to the form of the po- 
tential. On the other hand, the strong variation of the 
energy of a 3d electron makes it possible for the 3d 
band to lie completely below the 4s band if the potential 
in the solid is similar to that in the 3d*4s? configuration 
of the atom.?® This disagreement with results deduced 
from experiment is removed if the higher 3d energy 
values in 3d74s and in 3d® are considered. Thus, it is 
possible to obtain a reasonable band structure for 
metallic iron if the potential in the solid is based on the 
atomic potential for the configuration which actually 
appears in the solid. 

A second feature of our results is the pronounced 
difference in the 3d wave function at large values of r 
between one configuration and another; this is illus- 
trated by Fig. 1. If we take as a representative distance 
the radius of the unit cell which surrounds each iron 
atom in the solid (r,= 2.66 Bohr radii at 0°K), we can 
compare the values of 1—Z3a(p) in different configu- 
rations at this radius. The fraction of the charge of a 
3d electron outside a sphere of radius 2.66a0 is 0.050, 
0.095, and 0.160, respectively, for the 3d%4s?, 3d74s, and 
3d® configurations. This quantity is closely related to 
the width of the 3d band in the solid, and indicates that 
wave functions from 3d° will give a considerably wider 
band in the tight binding approximation than will wave 
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Fic. 1. Comparison of charge distributions of a 3d electron in 
the three low even configurations of atomic iron. 1—Zza(r) is the 
fraction of the charge of a 3d electron outside a sphere of radius r; 
the unit of distance is the Bohr radius. 





690 FRANK 
functions from 3d%4s*. The author found? that wave 
functions from 3d°4s? give a 3d band about 0.1 ry wide, 
while 3d wave functions from 3d* give a band whose 
filled portion is about 0.5 ry wide. The observed width 
is about 0.2 ry‘; thus 3d74s wave functions should give 
a band of about the correct width. The calculated band 
structure? indicates that the configuration in the solid 
may be near 3d’*4s°-*, which would make this type of 
approach approximately self-consistent. The author 
plans to repeat the tight-binding calculation using the 
wave functions found in the present work. 

It should be pointed out that the varying shapes of 
the 3d charge distributions in different configurations 
may have application to other problems involving the 
interaction of iron atoms, of which metallic iron is only 
one example. We see from Fig. 1 that the outer part 
of the 3d charge distribution in the 3d’4s and 3d° con- 
figurations is similar to that in 3d*4s*, provided the 
distance scale for the latter is expanded by a factor of 
approximately 1.2 or 1.5, respectively. Thus the “radii” 
of the 3d electrons in 3¢°4s?, 3d74s, and 3d® are approxi- 
mately proportional to 1.0, 1.2, and 1.5, respectively, 
at least for large values of r. 

From the results listed in Table IV we see that the 
calculated values of B, C, and G2 give a poorer fit of the 
observed term values than do the values of these 
parameters calculated by least squares. Still, the dif- 
ferences between the calculated and the least squares 
values of B and C are not large, considering the un- 
certainties involved ; only G» is seriously in error. Ge is 
more sensitive than B or C to errors in the 3d wave 
function, since it involves a negative contribution for 
small r and a larger positive contribution for large r. 
Thus a small error in the relative weighting of the 
inner part of the wave function as compared to the 
outer part could have a large effect. We will return to 
this subject below. It is also possible that the 4s wave 
function is in error, since it enters in Ge but not in B 
or C. 

The parameters in Table IV can be compared with 
those of Catalan, Rohrlich, and Shenstone.” These 
authors find B=735K, C=3310K, and G.=1250K for 
iron from an analysis of the lowest terms of the elements 
between potassium and copper. 

The errors of our least squares fit are correlated with 
the orbital angular momentum of the terms in such a 
way that adding aL(Z+1) to all term vaiues would 
improve the accuracy of the fit. Such a correction has 
been proposed by Trees'* and discussed by Racah.” We 
have not evaluated new least-squares parameters using 
this correction, but estimate that a will be about 50K 
to 60K for the 3d*4s* and 3d’4s configurations. Another 


1 R, E. Trees, Phys. Rev. 84, 1089 (1951); 85, 382 (1952). 
See also D. Layzer, Ph.D. thesis, Harvard University, 1950 
(unpublished). 

19 G. Racah, Phys. Rev. 85, 381 (1952). 
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important feature missing in our discussion of the term 
values is configuration interaction. This may affect the 
positions of a few terms substantially, and may improve 
the least squares fit, but it is not likely to lead to any 
major change in the least squares values of B, C, and 
G2. Thus the comparison between calculated and least 
squares values of these parameters is unlikely to be 
affected strongly by inclusion of configuration inter- 
action. On the other hand inclusion of the aL(L+1) 
correction may change the value of B and C by several 
hundred K. 

Calculation of the energy separation of the three 
configurations was one of the principal objectives of 
this work. We find (see Table V) that the 3d74s— 3d°4s? 
separation is in error by 0.1 ry while the more uncertain 
3d*— 3d°4s? separation has an error of 0.3 ry. It could 
be argued that the energy differences of these con- 
figurations are small differences between large numbers 
(~40 ry); on the other hand the numerical methods of 
the work probably would not give rise to errors greater 
than 0.03 ry in the total valence energy, barring a 
blunder. More likely, the discrepancy is the result of 
poor wave functions. These could result, for example, 
from using insufficiently self-consistent wave functions. 
That is probably not the case, however, since the energy 
results of this calculation are quite close to those ob- 
tained earlier from less self consistent wave functions.* 
In the earlier work we used only the one electron 
energies E; and the Slater integrals F°(a,b) to find the 
total energy, and considered only the valence electrons. 
We found values of 0.35 and 0.72 ry, respectively, for 
the energy of the 3d’4s and 3d* configurations relative 
to 3d*4s*. The corresponding results using our present 
wave functions are 0.31 and 0.71 ry. (These values are 
different from those of Table V because the higher Slater 
integrals included there have been omitted here.) The 
similarity of the earlier results and of the results using 
the present, more accurate, wave functions suggests 
that further improvement of the self-consistency of the 
results will not remove the disagreement between 
observed and calculated values of the configuration 
separations. ; 

The neglect of exchange in our calculation of the wave 
functions may be responsible for the poor agreement of 
the configuration separations with experiment. It is 
well known” that inclusion of exchange will pull the 
wave functions closer to the nucleus, and will reduce 
the charge density at large values of r. Since the effects 
of exchange increase as the configuration goes from 
3d*4s* to 3d%, it is possible that inclusion of exchange 
would narrow the energy gap between configurations. 
Pulling in the 3d wave functions toward the nucleus 
would improve the rather poor calculated value of G» 
(see Table IV) but would make the fair agreement of 


* J. Steinberger and G. C. Wick, Phys. Rev. 76, 994 (1949) ; 
G. W. Pratt, Jr., Phys. Rev. 88, 1217 (1952). 
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B and C with the least squares values somewhat 
poorer.”! vis 


*1 Because of the fact that the same core wave functions are 
used in all three configurations, ithis quite easy to compute the 
valence energy of one configuration using the valence wave 
functions of a different configuration. Since Hartree wave func- 
tions minimize the total energy of the atom when all higher Slater 
integrals are neglected, we expect that this “Hartree energy” 
should be increased when the “wrong”? wave functions are used 
to compute the energy of a configuration; this is indeed found to 
be the case. However when the higher Slater integrals are included 
as described in part C of Sec. IV, we find that use of a wave 
function more compact than the “right” Hartree function lowers 
the total valence energy, while use of a more extended wave 
function raises this energy. We see in Table V that the valence 
energy of 3d* is —42.15 ry. The corresponding values using wave 
functions from the 3d°4s? or 3d74s configurations are —42.53 and 
—42.61 ry, respectively. Whea 3d74s wave functions are used to 
compute the valence energy of 3d74s, the results is —42.55 ry; if 
the more compact 3d°4s? wave functions are used, the energy is 
—42.97 ry. On the other hand the energy of the 34°45? configu- 
ration using 3d*4s* wave functions is — 42.80 ry, while it is —41.95 
ry when the more extended 3d74s wave functions are used. These 
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It is clear that better wave functions will be needed 
to calculate the energy of a free iron atom accurately. 
Still, our wave functions are probably good enough to 
give useful results in problems involving interactions 
of iron atoms. 
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results give further support to the assertion that exchange effects 
lead to more compact wave functions. In addition, they give a 
rough idea of the improvement in total energy to be expected 


when Hartree-Fock wave functions are used instead of Hartree 
functions. 
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Based on the dynamic Thomas-Fermi model of the atom, the Bloch theory of the mean excitation poten- 
tial, 7, predicts that = KZ, where K is Bloch’s adjustable constant and Z the atomic number. Stopping 
experiments with 340-Mev protons reveal an increase of K for decreasing Z, with superimposed fluctuations. 
These fluctuations are shown quantitatively to be caused by valence state and polarization effects. For 
isolated atoms, //Z increases smoothly with decreasing Z, confirming the Z-dependence of K predicted by 


Jensen for the dynamic Thomas-Fermi-Dirac model. 


HE Bethe-Bloch theory for the stopping of swift 

charged particles predicts that the stopping 
power of a substance is determined by the mean ex- 
citation potential, 7, of the stopping atoms. It predicts 
further, from the dynamic Thomas-Fermi model of 
the atom, that J= KZ, where K is Bloch’s adjustable 
constant and Z the atomic number.’ Recently, very 
accurate stopping experiments with 340-Mev protons? 
have confirmed Bloch’s relation for Z>47 with K 
=8.8+0.3 ev. For light elements, however, one ob- 
serves (1) an over-all increase of K with decreasing Z, 
and (2) fluctuations superimposed on this gradual 
change of K (see Fig. 1, dotted line). 

It is the purpose of this note to show that these 
fluctuations can be accounted for nearly quantitatively 
by making allowance for valence state and polarization 
effects, and that then the gradual change of K is 


1See, e.g., H. Bethe and J. Ashkin, Experimental Nuclear 
Physics, edited by E. Segr (John Wiley and Sons, New York, 
1953); S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 
25, 779 (1953). 

2C, J. Bakker and E. Segré, Phys. Rev. 81, 489 (1951); T. 
Thompson, thesis, University of California, 1952 (unpublished). 


given correctly by Jensen’s* relation 
Ip= KoZ(1+hZ-4). (1) 


The index 0 denotes isolated atoms. Equation (1) re- 
sults from a calculation of the mean excitation potential 
of free atoms using the dynamic Thomas-Fermi-Dirac 
model, which takes into account the spin interactions 
between electrons.‘ The quantities Ky and ky are ad- 
justable constants with ko $0.77. 

In the usual notation, the stopping power of a com- 
pound Aj,,A2,:**Amx, iS given by (—dE/dx)epa 
=ZepaD ixiZi(—dE/dx);, the sum of the stopping 
powers of the component atoms; x; is the number of 
atoms of the ith species, A;, with atomic number Z; in 
the compound, and Zepa= > ix:Z;. Atoms of different Z 
and in different valence states are counted as different 
species. The contribution of each A; may then be 


3H. Jensen, Z. Physik 106, 620 (1937). 
‘See, e.g., P. Gombds, Die statistische Theorie des Atoms 
(Springer-Verlag, Berlin, 1949). 
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io-te 
Fic. 1. Reduced mean excitation potentials of isolated atoms, 
I,/Z, versus Z. Solid line: Jensen’s relation with Ko=7.6 ev and 


ko=0.6; @: experimental. For comparison, 0 ://Z of bound atoms. 
For references, see Table I. 


written as 
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The term 6, accounts for valence shell effects, i.e., 
atomic bonding and intermolecular interactions, and 42 
for polarization effects in the stopping medium. From 
the theories of the polarization effect in dispersive 
systems,*~’ one readily finds that for substances with 
refractive indices e4 <2 and particle energies such that 
1—6*>0, 


b= Dox log(vi2*/roi?), 
—~ (1 = nd x? (> efi? /vi2) is (3) 


The local field factor of the structure is denoted by . 
In Eq. (2), m is the electronic density of the system, 
=v/c, and Ip=hv,|[xvox/, the mean excitation po- 
tential of the isolated atoms; fo, and vo, are the oscil- 
lator strength and frequency [in units of the plasma 
frequency v,= (ne*/wm)*] of its kth electronic transi- 
tion. The index 0 is omitted for atoms in bound states. 
Electronic transitions from inner shells remain vir- 
tually unaltered by changes in valence shells and their 
contribution to the polarization in light elements is 
negligible. For narrow gaps between excitation and 
ionization levels, one may approximate Eq. (3) by 
introducing an average polarizability, ao. Then, 


(v0?) val=Z (fo) val/4arnac, (4) 


where Z(fo)vai= No is the number of valence electrons 
and (»)vai a mean absorption frequency. Assuming 
fem=Y(fo)vat, and since J=Joexp[(6:+62)/2], one 


5. Halpern and H. Hall, Phys. Rev. 73, 477 (1948). 

* A. Bohr, Hy Danske Videnskab. Selskab, Mat.-fys. Medd. 
24, No. 19 (1948). 

7R. M. Sternheimer, Phys. Rev. 88, 851 (1952). 


obtains 


I=Io(v7/v0) vai! exp[2xn(1—n) 
XZepd* Dd ixFZi( fi) vara]. (5) 


Equation (5) embodies the monotonic dependence of J 
on a, proposed by Westermark,* and a somewhat dif- 
ferent approximation of the polarization correction 
discussed by Sternheimer.® 


TABLE I. Calculated and experimental mean excitation 
potentials of light elements. 








Mean excitation 
potentials (in ev) 
of atoms in dif- 
ferent valence 
states 


Ivai =o exp (51/2) 
Experi- Calcu- 
mental’ lated¢ 


Polariza- 
bility 
(in A’) 


Element Chemical state 





atomic 

molecular I 18 
aliphatic i 15 
aromatic 3 13 


H 
Z=1,N=1 


atomic 


metallic 34 


atomic 
metallic 


atomic 
molecular 
(graphite) 
aliphatic 
aromatic 


atomic 
molecular 
amines, nitrates 
in ring 


atomic 
molecular 
alcohols 
ether 


Al atomic 
Z=13, N=3 metallic ‘ 149 
Cl atomic ‘ 141 
Z=17, N=7 bound a 149 167 
Fe atomic 4 211 
Z=26, N=2 metallic 0.94 239 241 
Cu atomic 26 235 
Z=29, N=1 metallic 0.94 270 242 








* Atomic ao values are calculated according to J. Slater, Phys. Rev. 36, 
57 (1930). For small Z, such quantities are known to be too large and may 
lead to overcorrections. Therefore, for Li and Be, the ionization potentials 
are ae (see A. Bohr, reference 6). With calculated ao values (Li 
=21 A’, Be =8 A’), Ivai(Li) '=44 ev, and Ivai(Be) =72 ev. The a values in 

molecular ee gy are inferred from incremental changes of molar re- 
fractions listed in H. H. Landolt and R. Bérnstein, Zahlenwerte und Funk- 
sioner (Springer-Verlag, Berlin, 1950-51), Vol. 1. 

> This column lists val =Jexp exp(—é2/2) with » =}. The values of Jexp 
stem from reference 2 and are based on J/exp(Al) =150 ev. For atoms in 
molecular compounds, values of Jyai are deduced from Thompson's data, 
corrected for polarization effects. The Fe and Cu values are corrected for 
binding effects in inner shells! and the polarization effects of ion cores (see 
text). The required values of acore are calculated according to J. Slater, 

erence a. 

® This column lists Ivai =Io exp(5i/2), calculated from Eqs. (1) and (5) 
with Ko =7.6 ev, ko =0.6, and y =1, except for Fe and Cu, where y =2 is 
used (see text). 


8 T, Westermark, Phys. Rev. 93, 835 (1954). 
®R. M. Sternheimer, Phys. Rev. 93, 351 (1954). 





STOPPING POWER 


For atoms in molecular compounds, y~1, and the 
valence correction simplifies to exp(61/2) = (ao/a)/0v=!?, 

In metals, the stopping power of the conduction elec- 
trons is not affected by retardation effects,* so that, in 
the relativistic approximation of Eq. (2), the right-hand 
side of Eq. (5) should be multiplied by the factor 
[(1—6*) exp(s*) |“. In this case, the exponential 
term in Eq. (5) refers to the contributions from the 
ion cores only. The valence correction applies to most 
metals, if one sets vyai=fvai'=[y(mo)vai/"]}. Since 
is the ratio of the effective number of conduction elec- 
trons in an ion core lattice to the number of valence 
electrons, one may expect that y=1 if the plasma fre- 
quency is low compared with the core frequencies 
and/or high compared with the frequencies associated 
with transitions between bands; Be, Al, Mg, and the 
lighter alkali metals fall into this category. However, 
1 (and the plasma absorption peak is broadened) 
if the core or interband frequencies are comparable 
to the plasma frequency." This effect can be expected 
to be very pronounced in transition and noble metals, 
where some stopping power anomalies have been ob- 
served." At present, no theoretical prediction of + 
for these metals is possible. A crude estimate of the 
coupling between valence and d-shells in metals like 
Ni or Cu!® yields y~2, which is in fair agreement with 
the frequency shifts one observed in the energy loss 
spectra of electrons in the kev range.'® As more data 
become available, the characteristic energy losses of 
electrons in solids may give some guidance for the 
interpretation of the stopping-power “fine structure” 
in transition regions. 

To test Eq. (1), values of Jo were obtained according 
to Eqs. (2) and (5) from experimental stopping powers? 
and semiempirical a values (Table I). Their Z depend- 
ence seemingly confirms Eq. (1) (Fig. 1).!7 For I(Al) 
= 150 ev as reference value, one finds the (Z-averaged) 
constants Ko=7.6-+0.6 ev and ko=0.60. The numerical 
values of experimental and predicted mean excitation 
potentials of atoms in different valence states, listed 
in Table I, agree within the accuracy of their 
determination.!* 

Caldwell’® has presented strong arguments in favor of 

1D, Pines, Solid State Physics edited by F. Seitz and D. Turn- 
bull (Academic Press, Inc., New York, 1955), Vol. 1, p. 367. 

1 FE. N. Adams, Phys. Rev. 98, 947 (1955). 

12 Green, Cooper, and Harris, Phys. Rev. 98, 466 (1955). 

13C, P. Sonett and K. R. MacKenzie, Phys. Rev. 100, 734 
CA Bader, Pixley, Moser, and Whaling, ca Rev. 103, 32 (1956). 

Pp. A. Wolff, Phys. Rev. 92, 18 (1953). 

16 Marton, Leder, and Mendlowitz, Advances in Electronics 
and Electron Physics 7, 183 (1955). 

17For Z>30, Eq. (5) yields J/Jo~+1.1, which is within the 
experimental s accuracy of J. ss Ee 

*In organic compounds, the polarization effects are com- 
parable to the effects caused by differences between bound valence 
states. Consequently, the uncertainties of J values deduced for 
atoms in different valence states impede a confirmation of their 


assumed dependence on a™. 
% D. O. Caldwell, Phys. Rev. 100, 291 (1955). 
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x= v'WviZ(1 + k,2%) ——— 


Fic. 2. Lindhard-Scharff diagram based on the Thomas-Fermi- 
Dirac model. Ordinate: Lo(x)=stopping number per electron of 
isolated atoms; abscissa: «= (v°/00 2)Z(1+0.6Z-1), where v9=e/h. 
The experimental points are the “new” low-energy data, the data 
for x>30 and Be plotted by Allison and Warshaw,! supplemented 
by the data discussed in Table I, and the “new’ ’ data plotted in 
reference 13. The intercept of the solid line gives Ko=7.6 ev. The 
dotted curve fits the uncorrected data compiled in reference 21. 


the absolute value 7 (Al) = 163 ev of Sachs and Richard- 
son,” which is 13 ev higher than the reference value of 
Table I. Then Ko=8.2 ev and kyp=0.70. However, the 
large and seemingly constant K-values derived from 
the Sachs-Richardson data for Z>30 are equal to the 
mean excitation potential of H (~14 ev). They are at 
variance with the data quoted in reference 2 and with 
the theoretical Z-dependence predicted by Eq. (1). 
Aside from practical considerations, experimental clari- 
fication of this discrepancy would hence be of rather 
fundamental importance. A confirmation or rejection 
of the Z-dependence of K constitutes a crucial dis- 
tinction between the Thomas-Fermi-Dirac and the 
Thomas-Fermi model of the atom, as applied to the 
theory of stopping. 

It is of interest to note that most of the discrepancies 
found for light elements in a Lindhard-Scharff dia- 
gram"?! are removed if one plots the stopping number 
per electron in isolated atoms, Lo(~) = L(«)+ (6:+-62)/2, 
versus x=v*/vP°Z(1+koZ-!). The intercept of the 
straight line shown in Fig. 2 gives Ko=7.6 ev. The 
scatter of the experimental points hardly exceeds the 
uncertainties of the measurements by different workers, 
but prevents an evaluation of possible fine structures. 
However, all new high-energy data confirm clearly the 
velocity independence of mean excitation potentials 
predicted by the theory of stopping, at least for «>5. 
Equation (1) in conjunction with Eq. (5) may serve, 
therefore, as a useful interpolation formula for range 
predictions. 


» D. C. Sachs and J. R. Richardson, Phys. Rev. 89, 1163 (1953). 
21 J, Lindhard and M. Scharff, Kgl. ‘Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 15 (1953). 
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Ionization of the inert gases by relatively low-energy potassium ions has been investigated. The use of 
relatively intense ion beams and phase-sensitive detection of ionization signals yields a large increase in 
sensitivity over that obtained in former investigations. The enhanced sensitivity permits detection of 
ionization at lower ion energies than heretofore reported. Evidence is presented for a real ionization threshold 
potential for K* ions in Kr. 

Both the absolute ionization cross section and its derivative with respect to ion energy are reported. 
The latter shows a fine structure which is characteristic of the bombarded gas. 

The electron energy distribution of the ionization electrons is determined from stopping potential curves 
and is found to be characteristic of the bombarded gas. In general, the energy distribution of the ionization 
electrons is independent of the incident ion energy. 

The results of this investigation support the qualitative theory of ionization by ions proposed by Weizel. 





I. INTRODUCTION 


IRECT evidence for ionization of gases by 
relatively low-energy positive ions was first 
obtained by Sutton’ in 1929. During the following 
decade the ionization of inert gases by positive ions of 
the alkali metals was studied systematically by a 
number of investigators.2~> In two instances? the 
apparatus sensitivity was great enough to allow 
detection of ionization when the energy of the incident 
ions was less than 100 ev. In each of these two instances 
definite ionization onset potentials were reported. 
The published values of the ionization thresholds were 
in considerable disagreement, however, and even the 
existence of definite ionization thresholds for positive 
ions has since been questioned.® 
The object of the present research is to explain the 
discrepancies in published threshold values and to 
investigate the reality of ionization thresholds for 
positive ions. 


II. EXPERIMENTAL APPARATUS 


The experimental arrangement ultimately employed 
in this investigation is seen schematically in Fig. 1. 
The experimental tube was evacuated by two mercury 
diffusion pumps. Pyrex glass construction permitted 
prolonged baking at 420°C, and a liquid nitrogen trap 
was used to remove Hg and other condensable vapors. 
The system was evacuated to at least 10-° mm Hg 
before the experimental gas was introduced. A large 
McLeod gauge was used to measure the experimental 
gas pressure of about 10-* mm Hg. The inert gases 
were purchased in Pyrex flasks. The impurity was 


*Supported by the Office of Scientific Research, Office of 
Naval Research, and a generous donation from Research Cor- 
poration. 

1R. M. Sutton, Phys. Rev. 33, 364 (1929). 

2Q. Beeck and J. C. Mouzon, Ann. Physik 11, 737, 858 (1931). 

* Carl Frische, Phys. Rev. 43, 160 (1933). 

4M. Nordmeyer, Ann. Physik 16, 706 (1933). 

5 R. N. Varney, Phys. Rev. 46, 235 (1934) ; 47, 483 (1935). 

*H. Massey and E. Burhop, Electronic and Ionic Impact 
Phenomena (Oxford University Press, New York, 1952), p. 530. 


almost entirely nitrogen which was present to about 
2 parts in 10*. Since nitrogen is less readily ionized by 
alkali ions than are the inert gases, this amount of 
nitrogen impurity was considered negligible. 

The source of Kt ions was a Kunsman’ catalyst 
deposited upon a hollow nickel cylinder S. About one 
microampere of K* ions could be drawn from this 
source when it was heated with the internal heater. 
Ions from S in Fig. 1 were accelerated to Gi, traversed 
the equipotential ionization chamber, and were collected 
on P. The tube was operated in a uniform magnetic 
field of about 200 gauss along the axis of the tube. 
While this field had little effect upon the positive ions, 
it constrained the electrons to move in tight helices 
coaxial with the tube. Thus the magnetic field tended to 
guide ionization electrons originating below S; onto C, 
but secondary electrons originating on P were prevented 
from reaching C. 

The elimination of extraneous charges produced by 
ion bombardment of metal surfaces has been perhaps 
the most difficult problem faced by the investigator of 
ionization by positive ions. It was necessary to make 
C 45 volts positive with respect to S; in order to prevent 
multiply reflected positive ions from reaching C. 
While the magnetic field proved to be effective in 
eliminating most secondary electrons, it was found 
desirable to operate with a 6-volt electron stopping 
potential between S; and S:. Under these conditions 
the secondary electron current was reduced and held 
to less than one electron per 10 alkali ions, a figure 
which actually exceeds the over-all sensitivity of several 
of the earlier experiments. Of the secondary electrons 
that still persisted in reaching the collector, less than 
one percent had energies above 12 volts, as determined 
by stopping potential measurements. Those having 
such high energies could potentially ionize Xe and 
lead to spurious currents; since only one secondary 
for each 10” primary ions could reach the region 
between S; and S_ with this energy under the existing 


7™C. H. Kunsman, Science 62, 269 (1925). 
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experimental conditions, the potential error is negligible 
by contrast with the far larger effects observed. 

The tube and its associated electronic apparatus were 
designed to give either the ionization cross section curve 
or its derivative with respect to ion energy, as desired. 
The ionization cross section curves were obtained by 
sending the ionization current through a resistor of 
10” ohms. The resulting signal, after dc amplification, 
was displayed on a cathode ray oscilloscope and 
photographed. A voltage increasing linearly with time 
applied to the ion source provided the accelerating 
potential. 

The derivative of the ionization curve was obtained 
by superimposing a small 30-cps signal on the ion 
accelerating potential. Landale* has shown that the 
corresponding ac component of the ionization current 
is proportional to the derivative of the ionization 
curve. The source and its adjacent grid were both 
pulsed so that the beam current was independent of 
the phase of the modulating voltage. After ac amplifica- 
tion, the ionization signal was fed into a phase-sensitive 
detector of the type developed by Schuster.’ A long 
output time constant was obtained by feeding the 
output of the detector to a pair of cathode followers 
























































oc. } 2 «6 
a ee eee 
Fic. 1. The positive ion tube. Ions emitted by the Kunsman 

source S are accelerated through grid G,, traverse the equipotential 
ionization chamber, and are collected on P. The slit system Si, 
S», and S; prevents reflected ions and secondary electrons originat- 
ing at P from reaching the ionization collector C. The Helmholtz 
coils shown in cross section produce an axial magnetic field 
which constrains electrons to move in tight spirals along the tube 
axis. The tube is usually operated with a 45-volt ion stopping 
potential between C and S;, and a 6-volt electron stopping 
potential between S; and So». 


8S. E. A. Landale, Proc. Cambridge Phil. Soc. 25, 355 (1929). 
‘N. Schuster, Rev. Sci. Instr. 22, 254 (1951). 
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through appropriate R—C elements. The output from 
the cathode followers was fed into an oscilloscope for 
photographic recording of data. 

The ac mode of detection is well adapted to an 
investigation of onset potentials. Any discontinuity in 
the ionization curve at onset can be readily detected 
in the derivative curve, while the minute “vacuum” 
current, which increases nearly linearly with ion energy, 
gives a practically constant and therefore easily 
subtractable signal. 

The present apparatus was designed primarily to 
detect minute ionization signals rather than to measure 
accurate ionization cross sections. It became apparent 
during the process of taking readings that some sort 
of measure of the sensitivity of the equipment was 
essential for numerous reasons. Thus in particular, a 
failure to detect ionization would necessitate assurance 
that the equipment was potentially capable of the 
detection if it exceeded some minimum figure. Such a 
calibration of instrumental sensitivity may be expressed 
as a collision cross section provided that the character- 
istics of the apparatus are reasonably well known. 
It would be unrealistic to claim that ionization cross 
sections have been determined in the present work 
more precisely than by a factor of two, although the 
results are nonetheless interesting and _ significant 
because they indicate improvements in sensitivity of 
several orders of magnitude over previously reported 
works. 

The determination of cross sections for ionization 
requires observation of the electron current yield i 
resulting from a known primary ion current J, the path 
length Z of the ion beam in the sensitive ionization 
region, and the number of atoms of gas per cm,’ N. 
Then the cross section of the atoms for ionizing colli- 
sions ¢@ is 


o=i/(ILN). 


Since the atomic density and the gas pressure are 
proportional, the cross section is often written 


o=i/(ILPN»), 


where No is the number of atoms/cm’ at 1 mm Hg 
pressure, a universal constant, and # is the pressure in 
mm Hg. From the experimental point of view, a critical 
problem is whether the electron current 7 truly 
represents the current of all the electrons created in 
the path length Z and no more. Lastly, by providing a 
large primary ion current J and a sensitive detector for 
the electron current 7, very small values of « may be 
noted. 

The complex slit system and magnetic field arrange- 
ment, designed primarily to remove false or secondary 
electrons from the picture, also served to make the cross- 
section measurements more reliable. Thus the ejected 
ionization electrons, regardless of initial velocity, was 
constrained to a tight vertical spiral by the magnetic 
field so that the slit width S; was taken to be equal to 
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the ionizing path length L, the action of the magnetic 
field to hold false electrons out of this range aiding to 
hold true electrons into it. It would appear still that 
only half of the electrons would reach S;, as the half 
with initial downward components of velocity would 
spirial away from S;. A factor of two was accordingly 
introduced in the calculations of ¢. 

All the upwardly spiraling electrons did not neces- 
sarily pass through S; because of the 6-volt retarding 
potential on S2. Those which failed could be divided 
into two classes: (a) those with less than 6 ev of kinetic 
energy, and (b) those with velocity in the axial direction 
amounting to less than 6 ev of kinetic energy for this 
degree of freedom. The electrons of type (a) were not 
recorded, but at least a reasonable correction was made 
from a study of the electron energy spectrum. The 
electrons of type (b) going either upward or downward 
were reflected by the retarding potential into the 
opposite direction and were essentially in a trap. These 
electrons would continue to oscillate up and down unless 
an elastic gas collision redirected them so that they 
could now penetrate to S; at the top or A at the 
bottom respectively. Since all of the present experiments 
have been conducted in rare gases, advantage has 
been taken of the low elastic energy loss per collision 
and the complete absence of inelastic collisions except 
at the highest energies encountered in this work. The 
grid wires in front of electrode A presented a cross 
section of only 0.4 percent of the total area so pre- 
sumably could only account for minor errors. Thus 
ultimately the meter reading i could be regarded as 
giving very nearly one-half of the total electron current. 

The qualitative correctness of the discussion above 
was tested by reconnecting the tube to stop the action 
of the electron trap at the bottom. The observed 
current dropped by a variable factor depending on the 
stopping potential but averaging nearly ten. 

The current i has been set in the ensuing determina- 
tions of cross section as the collector current multiplied 
by two and divided by a factor (one minus fraction of 
ionization electrons rejected by the 6-volt potential 
barrier). Despite the various crudities, the suggested 
possible error of a factor of two in the cross section for 
ionization seems adequate. 


Ill. EXPERIMENTAL RESULTS 
Evidence of Onset Potentials 


Figure 2 presents evidence for ionization of Kr by 
relatively low-energy K* ions. 

Figure 2A was taken with dc detection and is a 
plot of the ionization cross section against ion energy. 
Ionization was first observed at ion energies of about 
66 ev. The corresponding ionization onset potentials 
reported by Beeck? and Varney® were 80 ev and 69 ev, 
respectively. In Fig. 2A an ionization cross section of 
1.3X10-" cm? was taken as the minimum definitely 
detectable ionization signal. This represents an increase 
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in sensitivity of about 2000 over the apparatus used by 
Beeck and probably explains the difference in observed 
onset potentials. Varney’s apparatus did not lend 
itself to absolute measurements, although in the light 
of the present investigation it seems likely that his 
apparatus was considerably more sensitive than Beeck’s. 

The sequence of curves B, C, and D shows the cor- 
responding situation when the phase-sensitive detector 
was employed with increasing sensitivity of detection. 
A seventy-fold increase in sensitivity from B to C 
pushed the observed threshold down from 66 ev to 
about 63 ev. Figure 2D represents a twenty-fold 
further increase in sensitivity. The slope of this curve 
was limited by the long output time constant necessary 
at high sensitivity. It is noteworthy that the additional 
increase in sensitivity did not appreciably decrease the 
apparent ionization threshold. 

Since the energy of the ion beam was modulated with 
a 2-volt square wave in obtaining Fig. 2D, it is reason- 
able to assume that an appreciable ionization current 
flowed only during the positive phase of the square 
wave. Thus the ionization current which flows during 
the positive phase of the square wave is the observed 
rms ionization current multiplied by v2. An ionization 
current of 1.0X10- ampere rms produces ¢ of a full 
scale deflection in Fig. 2D. This corresponds to 
1.4X10- ampere during the positive phase of the 
square wave which is 1.4X10~* of the primary ion 
current. The corresponding ionization cross section is 
2.0X10-* cm*. If this cross section is taken as the 
smallest detectable ionization signal, the present 
apparatus is 1.2X10° times more sensitive than was 
the apparatus used by Beeck. This figure is either the 
cross section 2 volts above onset or the increase in 
cross section for 2 ev increase in accelerating potential. 
The ionization observed in Fig. 2D cannot be attributed 
to “above-onset” ionization among dilute contaminants 
since all investigators have agreed in assigning the 
lowest apparent onset potential to the ion-atom pair, 
K* in Kr. 
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Fic. 2. Ionization curves for K* in Kr with increasing apparatus 
sensitivity. Detection was dc for curve A, and ac for curves B, 
C, and D. The over-all sensitivities used for curves C and D were 
respectively 70 and 1400 times greater than those used for curve B. 





IONIZATION OF INERT GASES BY POSITIVE K IONS 


The fact that an apparent threshold has been reached 
which is independent of increasing apparatus sensitivity 
is evidence for a real ionization threshold at 630.3 ev. 
Since ionization by K* ions in Kr is energetically 
possible at all ion energies above 20.5 ev, it cannot be 
claimed that absolutely no ionization occurs below 
63 ev. The abrupt rise in ionization cross section 
observed at about 63 ev does indicate the onset of a 
distinctly different and remarkably more efficient mode 
of ionization. The existence of such an onset potential 
is predicted by the Weizel-Beeck™ theory of ionization 
by ions. 

Evidence for a real threshold was less definite for the 
other gases studied. No abrupt rise in ionization current 
over vacuum current was observed, and each increase 
in apparatus sensitivity was accompanied by detection 
of ionization at lower ion energy. The lowest ion energies 
at which ionization by K* ions was observed in Ne, 
Ar, and Xe were respectively 115 ev, 67 ev, and 89 ev. 


Ionization Cross Section Curves 


Figure 3 presents the observed ionization cross 
section as a function of K* ion energy for each of the 
gases investigated. The observed results for K* ions in 
A and Kr are in good agreement with those reported 
by Beeck. This agreement is in fact somewhat surprising 
in view of the large uncertainties inherent in the present 
method of determining cross sections. 

The cross section observed for K+ ions in Xe is, 
however, an order of magnitude lower than that reported 
by Beeck. It is interesting to note that the author’s 
result would probably remove the one exception to the 
rule discovered by Beeck which states that of two ions, 
the one more remote from a given gas in the periodic 
table will have the lower ionization cross section for 
that gas. The exception Beeck found was that K* ions 
ionized Xe more efficiently than did Rbt. 

Ionization of Ne by K+ ions remains in doubtful 
status. Beeck reported ionization only at ion energies 
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Fic. 3. Observed ionization cross section asa function of ion energy, 
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Fic. 4. Observed derivative of the ionization 
cross section as a function of ion energy. 


above 320 ev. The author observed feeble ionization 
above 115 ev, but at ion energies of 350 ev, his observed 
ionization cross section was an order of magnitude 
lower than that reported by Beeck at corresponding ion 
energies. The electron current observed for K* ions in 
Ne is indeed so small that an indirect effect is not ruled 
out. Ionization by a Na* contaminant or by recoil 
neutrals were considered but ruled out on the basis of 
observations of the dependence of ionization current on 
beam current and gas pressure. The possibility remains 
that the observed electrons were photoelectrons caused 
by radiations from excited Ne. Such an origin is 
suggested by the fact that Varney, whose apparatus 
was evidently more sensitive than Beeck’s but insensi- 
tive to photoelectrons, was unable to detect ionization 
of Ne by K* ions. 


Derivative of Ionization Cross-Section Curves 


The experimental results obtained by using a pulsed 
ion beam and the phase-sensitive detector at ion 
energies from 0 ev to 300 ev are presented in Fig. 4. 
As mentioned above the observed signals were propor- 
tional to the derivative of the corresponding ionization 
curve. The existence of a fine structure in the differen- 
tiated curves of Kr and Xe was an unexpected result. 
The form of the fine structure in general depended only 
upon the experimental gas; however, for Kr the various 
peaks were associated with different distributions of 
kinetic energy of ionization electrons (see next para- 
graph) as shown by the fact that the peak at 93 ev 
could be selectively removed by increasing the electron 
stopping potential of S; to 11 volts as compared with 
13.5 volts necessary to stop all of the ionization 
electrons. Ne is unique in the continued rise of the 
derivative throughout the entire range of ion energies 
used. 


Energy Distribution of the Ionization Electrons 


An indication of the distribution of kinetic energy of 
the ionization electrons was determined by observing 





DAVID E. MOE 





(A) K*in Xe 
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Fic. 5. Electron current reaching the electron collector as a 
function of the electron stopping potential between electrodes 
S3 and S2 of Fig. 1. Each curve refers to a constant energy of the 
bombarding ion. 


the number of electrons able to overcome given 
stopping potentials between S; and S; of Fig. 1. 
Figure 5(A) shows the number of electrons reaching 


the collector as a function of stopping potential, with 
Xe in the tube. Each curve represents a different energy 
of the bombarding ions, but only ion energies well 
above the observed threshold potential are used. Thus 
in all cases the ratio of ionization current to secondary 
electron current is greater than 10 at a 1-volt electron 
stopping potential. Little significance can be attached 
to the curves below a one-volt stopping potential. 
The maximum electron energy given by Fig. 5(A) was 
about 12 ev, and it is noteworthy that the value of this 
maximum energy did not increase with the kinetic 
energy of the incident ion. While the efficiency of 
ionization increased rapidly with increasing ion energy, 
the energy distribution of the emitted electrons 
remained essentially the same. This observation, in 
agreement with the Weizel-Beeck theory, implies that 
the ionization process is not one of direct transfer of 
kinetic energy from the incident ion to the emitted 
electron. 

Corresponding stopping potential curves for argon 
are shown in Fig. 5(B). The maximum electron energy 
in this case was about 20 ev. Similar curves for Kr and 
Ne gave maximum electron energies of 13.5 ev and 20 
ev, respectively. 

Rouse," in connection with ion scattering experi- 
ments, obtained evidence for ionization electrons of 


1 A. G. Rouse, Phys. Rev. 52, 1238 (1937). 


relatively high energy, but in a subsequent investigation 
he was unable to detect electrons with more than one 
or two electron volts energy. The evidence for higher 
energy electrons obtained in the present investigation 
can perhaps be explained in terms of more efficient 
elimination of low-energy secondary electrons together 
with greater apparatus sensitivity to detect the 
relatively less abundant ionization electrons. 

The electron stopping potential curves were differen- 
tiated by a point to point calculation of slopes, and the 
results are plotted in Fig. 6. These curves give the 
energy distribution of the ionization electrons to the 
extent that the following argument is valid: 

An electron of energy V ev can penetrate a potential 
barrier between S, and S; of Fig. 1 up to V volts only 
if its velocity is directed along the tube axis. An 
electron of energy V ev for which this condition is not 
fullfilled will spiral back through the ionization chamber, 
but will have its axial component of velocity reversed 
again by the stopping potential between G2 and A. 
The electron thus moves in an “electron trap.” Each 
elastic atomic collision will change the axial velocity 
component, but the energy of the electron will remain 
essentially constant. Therefore the electron eventually 
should travel with its velocity directed along the tube 
axis and thus cross any potential barrier up to V volts. 

The shape of the spectra presented in Fig. 6 should be 
considered as tentative since there are several effects 
which conceivably could alter the above argument. 
For example, collisions of trapped electrons with wires 
of grid G2 have been ignored. More serious perhaps are 
inelastic collisions between inert gas atoms and electrons 
of energy higher than the ionization potential of the 
inert gas. Each such collision would remove one electron 
from the high-energy part of the spectrum and yield at 
least one low-energy electron. The resulting distortion 
of the spectrum could be considerable if an appreciable 
fraction of the electrons emitted during an ionizing 
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Fic. 6. Derivatives of the electron stopping potential curves 
for gases bombarded with 250-ev K* ions. 
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event were of high energy. A subsequent investigation 
employing apparatus primarily designed to measure 
electron velocity spectra is contemplated. Such spectra 
are of interest because according to the Weizel-Beeck 
theory of ionization by ions, a quasi molecule is formed 
during an ionizing collision, and it seems likely that the 
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fine structure indicated in the spectra of Fig. 6 is related 
to the energy levels of the quasi molecule. 

The author acknowledges with thanks the very 
considerable help of Professor R. N. Varney under 
whose direction this work was done. The assistance of 
Research Corporation is also gratefully acknowledged. 
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Prompt Gamma Rays Accompanying the Spontaneous Fission of Cf*®*} 


A. B. Situ, P. R. Fretps, AND A. M. FRIEDMAN 
Argonne National Laboratory, Lemont, Illinois 


(Received July 23, 1956) 


Single- and multiple-crystal scintillation techniques are utilized to measure the energy spectrum of 
prompt gamma rays emitted in the spontaneous fission of Cf*®?. It is found that each fission yields an average 
of 10.3 photons having a total energy of 8.2 Mev. These photons are heterogeneous in energy. An upper 
limit is placed on the intensity of neutrons and quanta emitted in the order of 10~ second after fission. 


INTRODUCTION 


KNOWLEDGE of the prompt gamma rays 
accompanying fission is fundamental to a complete 
understanding of the fission process. Furthermore, 
since prompt emission constitutes a significant portion 
of the radiation emanating from a critical assembly, it is 
necessary that the number and energy of the quanta 
be known in order to design the optimum shielding 
for such facilities. 

Early studies'? of the neutron-induced fission of 
U5 indicated that two prompt quanta were emitted 
with a total energy of 4—5, Mev. Several recent studies 
at the Oak Ridge National Laboratory** show that 
within 0.3 microsecond after fission more than 7 Mev 
of energy are emitted as photons. However, the spectral 
distributions and absolute normalizations of these 
measurements are not in complete agreement. These 
discrepancies may well be attributable to the high 
background associated with the neutron atmosphere 
required for the experiments. 

Recently, intense Cf? spontaneous fission sources 
have become available. The spontaneous fission of 
Cf?* has been shown theoretically and experimentally>-’ 
to be similar to the neutron-induced fission of U*®. This 


+ This work is supported by the U. S. Atomic Energy Com- 
mission. 
1M. Deutsch and J. Rotblat, Atomic Energy Commission 
Report AECD-3179 (unpublished). 
( a Hanna, and Van Patter, Can. J. Research 26, 79 
1 . 
3J. Francis and R. Gamble, Oak Ridge National Laboratory 
Report ORNL-1879 (unpublished). 
‘F, Maienschein et al., Oak Ridge National Laboratory Report 
ORNL-1879 (unpublished). 
5 Smith, Friedman, and Fields, Phys. Rev. 102, 813 (1956). 
6 L. Glendenin and E. Steinberg, J. Inorg. and Nuclear Chem. 
1, 45 (1955). 
7R. B. Leachman, Phys. Rev. 101, 1006 (1956). 


offers an opportunity to study the fission phenomenon 
without complicating backgrounds. By utilizing these 
clean experimental conditions, the prompt photons and 
neutrons emitted in the fission of Cf? were measured. 
The results may be extrapolated to apply to the 
general fission act. 


EXPERIMENTAL TECHNIQUES 


‘ All of the measurements carried out in this experiment 
are of a coincidence type requiring simultaneous 
response by the fission and neutron-gamma detectors. 
To obtain the maximum time resolution and minimum 
background, it is fundamental that the detection system 
be as fast as possible. The recently developed gas 
scintillator serves as an excellent fast-fission detector,* 
combining good energy resolution with high speed and 
an insensitivity to gamma radiation. 

Because the prompt gamma-ray spectrum is expected 
to be of a heterogeneous nature, it is desirable that the 
technique employed respond to an incident photon in 
a unique manner. Two methods are utilized. In the 
first the pulse-height distribution from a single 11} 
inch NalI(Tl) crystal is measured in coincidence 
(r=0.3 microsecond) with the pulses from the fission 
dectector. The response of this system to gamma rays 
is not unique but it is the most sensitive method 
available. In the second approach, a double-crystal 
Compton spectrometer is used*" in coincidence 
(r>2.5 millimicroseconds) with the fission detector. 
This system does give a unique response to the incident 
quanta. In most applications of the Compton effect to 


8 C, Eggler and C. Huddleston, Nucleonics 14, 4 (1956). 

*R. Hofstadter and J. McIntyre, Phys. Rev. 78, 134 (1950). 

10 F, Maienschein e¢ al., Oak Ridge National Laboratory Report- 
1142 (unpublished). 

1 P. R. Howland e al., U. S. Naval Radiological Defense 
Laboratory Report USNRDL-TR-65 (unpublished). 





SMITH, FIELDS, 


FAST AMA 
UMiTER 






































OW FERENTIAL 
ANALYZER 














Fic."1. Block diagram of the experimental apparatus. 


spectrometry, energy resolution is the primary concern. 
However, in experiments of this nature sensitivity is 
also of importance, so experimental parameters are 
adjusted to give an optimum compromise between 
these two characteristics. The response of the secondary 
crystal is differentially selected in such a manner that 
the efficiency of this detector for Compton backscat- 
tered quanta is much greater than for annihilation 
radiation. This extends the usefulness of the technique 
to higher energies. A composite diagram of the apparatus 
is shown in Fig. 1. 


EXPERIMENTAL MEASUREMENTS 


The gas cell is coated with carrier-free Cf yielding 
about 5000 fissions/minute. 

The pulse-height distribution resulting from prompt- 
fission gamma rays incident on the single NaI crystal 
is shown in Fig. 2. Toward higher energies the distribu- 
tion is seen to decrease monotonically. At very low 
energies it falls off sharply, with evidence of a small 
photopeak at ~60 kev. The source is mounted on a 
piece of aluminum 0.010 inch thick and no heavy 
shield material is used, so it appears that this 60-kev 
line must be associated with the fission event rather 
than the secondary x-ray effects as has been proposed.” 
In the following, this line will be considered only in 
its integrated contribution to the over-all spectrum. 

The single crystal pulse-height distribution is given 
approximately by: 


12, Magnusson ef al., Phys. Rev. 96, 1576 (1954). 
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N(E)=epn(Eyr()+ f eo(E'>E (EE 


+€pe(E+2me*)y(E+2me*) (1—n) 
+€pr(E+me*)y(E+me)n, 


where NV (EZ) = measured number of pulses corresponding 
to an energy loss, E, in the crystal; y(£)=number of 
photons of energy E incident on the crystal; epn(E) 
=photoelectric efficiency of the crystal corrected for 
total Compton absorption; ec(Z’—£)=Compton effi- 
ciency of the crystal for photons of energy, E’, to 
produce Compton recoil electrons of energy, E£; 
€pr(Z) = pair efficiency of the crystal, and »= probabil- 
ity of the crystal recapturing one annihilation quanta. 
Or, in matrix form, one has N= Ay, where the compo- 
nents of A are calculable from known theory." The 
determination of the incident photon spectrum from the 
pulse-height distribution is equivalent to inverting the 
matrix A in an energy space of sufficient dimension to 
give the desired accuracy. Unfortunately this inversion 
is difficult owing to the small size of many of the 
diagonal components (photoefficiencies). For this 
reason an iterative method is used, the calculation 
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13H. A. Bethe and J. Ashkin, Experimental Nuclear Physics, 
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SPONTANEOUS FISSION OF Cf?5? 


being carried to the desired accuracy. The energy 
calibration and absolute normalization are checked 
against National Bureau of Standards sources. The 
single-crystal method is most satisfactory at higher 
energies where the cross sections are not changing 
rapidly. At lower energies there is considerable error 
due to the necessary averaging of rapidly varying 
quantities. In this region a more accurate measurement 
is obtained by the double-crystal technique. The 
efficiency of this system is calculated in a straight- 
forward manner”. and the results are again checked 
against National Bureau of Standards sources. The 
measured distribution of recoil Compton electrons in 
the primary crystal is shown in Fig. 2. By combining 
the results of the single- and double-crystal measure- 
ments, the composite spectrum of prompt fission gamma 
rays is obtained (Fig. 3). 

Upon completion of the above measurements the 
source is transferred to a large precision fission chamber.® 
A thin aluminum window allows the placement of a 
Nal crystal directly behind the source. The single- 
crystal measurements are repeated with the recording 
system arranged to give a one-to-one time and energy 
correlation between photons and fission fragments. 
In this manner the absolute spectrum of the emitted 
photons is determined as a function of the fragment 
mass ratio. In the analysis of the data the fragment 
ratio is divided into three equal increments, the 


symmetric group, the most probable group, and the 
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Fic. 4. The time distribution of neutrons and gamma rays 
from the fission of Cf?®. 


most asymmetric group. Within the statistical accuracy 
of the measurement (~8%), the photon emission is 
found to be independent of the mass ratio. The averag- 
ing procedure used precludes a detailed analysis but 
certainly a general trend would have been detected. 

In conjunction with the spectrum measurements, a 
search is made for fission neutrons and photons delayed 
in the order of a millimicrosecond. The slow-fast 
coincidence system is applied in a straightforward 
manner with resolving times as short as 2.5 millimicro- 
seconds. Such fast resolving times are possible through 
the use of the gas scintillator as the fission detector and 
a plastic scintillator as the neutron-gamma detector. 
The measured distribution of coincidence events as a 
function of the time delay between the fission and 
neutron-gamma detector is shown in Fig. 4. During 
this measurement the effective centers of the two 
detectors are 1.8 cm apart. With the exception of a 
very slight tail, the curve is seen to be symmetrical 
with respect to time. The resolving times and efficiencies 
of coincident systems of this type have been shown to be 
functions of the pulse duration and size." In order to 
analyze the data, two assumptions are made: first, 
that the gamma distribution under investigation is 
assumed to be equivalent to that determined above, and 
secondly, that the incident neutron distribution is 
assumed to be given by Watt’s expression.’® These 
assumptions are not as critical as one would at first 
suspect, owing to the compensating effect of the 


4 R. Post and L. Schiff, Phys. Rev. 78, 80 (1950). 
16 B. Watt, Phys. Rev. 87, 1037 (1952). 
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Taste I. Experimentally determined upper limits for the 
relative intensity of neutrons and photons emitted in short 
time intervals after the spontaneous fission of Cf***. 





Upper limit for 


Upper limit for 
relative photon 


Time increment, relative neutron 
AT, after fission 


(millimicroseconds) 


intensity in interval, intensity in interval, 
4T AT 
15% 
3% 
3% 
10% 
50% or greater 





86 

3% 

37% 

ime 
© OF more 


increasing sensitivity of the plastic scintillator for 
lower energy delayed neutrons and gammas. Under the 
above assumptions, the efficiency of the plastic scintilla- 
tor for neutrons and gamma rays is calculated. This 
calculation is verified experimentally by separating the 
detectors sufficiently to obtain complete velocity 
resolution of the y rays and neutrons. From these 
measurements it is also evident that the small tail 
noted in Fig. 4 is due to the time of flight of the slower 
fission neutrons from the fission source-detector to 
the effective center of the adjacent plastic scintillator. 
The experimentally determined upper limits for the 
intensity of photons and neutrons emitted in the order 
of 10-* second after the fission of Cf are given in 
Table I. 


greater than 50 








DISCUSSION 


The characteristics of the prompt photon emission 
accompanying the fission of Cf” are given in Table II 
and Fig. 3. For comparison, the photon emission from 
the fission of U* is also given. As predicted, the photon 
spectrum from the fission of Cf is very similar to 
that from the fission of U**. In fact, the measurements 
of Maienschein ef al., are in good agreement with the 
present work. All of the results show that considerably 
more energy is dissipated in prompt photons than is 
theoretically expected. 

The limits set on the presence of delayed neutrons 
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from the fission of Cf? are not in disagreement with 
the known delayed groups from the neutron-induced 
fission processes.!*!* While the fission phenomenon is 
believed to be relatively slow, prompt emanations will 
still occur in times five orders of magnitude shorter 
than the limit of the present technique. Thus any 
quanta or neutrons in the millimicrosecond range must 
be of a delayed nature. If one accepts the usual premise 
that delayed neutron emission follows a fast beta decay, 
the reason for the absence of delayed neutron groups in 
these time intervals is obvious. Even for the most 
favorable hypothetical case of a 10~*-second super- 
allowed transition between mirror nuclei of zero charge, 


TABLE II. Characteristics of prompt photons from fission. 








Energy 

loss in 

Photons/ photons/ 

Fission- Total fission fission 


ing photons/ (0.5- (0.5- 
isotope fission 2.3 Mev) 2.3 Mev) in photons 


Cf2s2 10.3 5.0 5.2 8.2 Mev Present work 
U%+n :-- 5.0 5.1 ot extrapolated : 


Total energy loss 
Reference 











® See reference 4. 
> See reference 3. 


the energy of the beta decay would exceed 15 Mev. 
The probability of a fragment having this amount of 
energy plus the binding energy of a neutron is indeed 
small. If any low-intensity delayed-neutron group 
does exist in this range, it must be explained by an 
entirely new mechanism. The absence of millimicro- 
second delayed gamma rays is also anticipated. The 
region of maximum mass yield in the fission of Cf? 
is well away from nuclei known to emit the £2, M2, 
and M1 type transitions necessary to fulfill the time 
requirements. 
16 J, Bendt and F. Scott, Phys. Rev. 97, 744 (1955). 


17D). J. Hughes et al., Phys. Rev. 73, 111 (1948). 
18 T. Snyder and R. Williams, 81, 171 (1951). 
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Nuclear Excitation Functions and Thick Target Yields: (Cr+d)T 


PETER KaFALAS* AND JOHN W. IRVINE, JR. 
Department of Chemistry and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received July 23, 1956) 


Nuclear excitation functions and thick-target yields have been determined for several reactions which 
occur when chromium of natural isotopic composition is bombarded with deuterons of ~15 Mev. The re- 
actions are Cr®(d,2n)Mn®, ([Cr®(d,2)Mn*™, Cr&(d,2n)Mn™], [Cr(d,p)Cr®!, Cr®(d,n)Mn°4,cr8, 
Cr®(d,t)Cr®], and Cr®(d,a) V8. The excitation function for Cr8(d,n) was approximated by correcting for 
Cr*(d,2n) but the complex reactions yielding Cr®! could not be completely analyzed. Stacked chromium 
foils were bombarded, Mn, Cr, and V isolated chemically and the activities of relatively long-lived products 
measured with a calibrated scintillation counter. Absolute cross sections were calculated for several of the 
reactions and thick target yields as a function of deuteron energy were calculated for the production of Mn®, 
Mn*, Cr®!, and V“. The energy loss of deuterons in chromium has been measured over the range of 3.8 to 


13.6 Mev and some beam straggling data are presented. 





INTRODUCTION 


UCLEAR excitation functions provide the best 
means of obtaining yield data for the cyclotron 
production of radionuclides. Deuteron bombardment 
of chromium has long been used for the production of 
carrier-free manganese and vanadium and chromium 
of moderate specific activity, but few quantitative data 
are available for the reactions of (Cr+d).! 

This paper reports direct determination of the 
excitation function for the reactions Cr®*(d,2n)Mn® 
and Cr(d,a)V** and an indirect determination of 
the excitation function for Cr*(d,n)Mn™. The for- 
mation of Cr® occurs by three reactions, Cr®(d,p), 


Cr®(d,n)Mn5>Cr®, and Cr®(d,t), which cannot be 
resolved readily. However, by neglecting the contri- 
bution of the (d,t) above the threshold of 6.3 Mev, the 
cross section for the sum of (d,p) and (d,n) is obtained. 
Thick-target yields as a function of energy were calcu- 
lated for the production of Mn®, Mn*, Cr®!, and V** 
since these are derived directly from experimental data 
and do not require a knowledge of the contribution 
from each reaction which produces the nuclide of 


interest. 
EXPERIMENTAL PROCEDURE 


Foil Preparation 


Chromium foils were prepared by the electrodepo- 
sition of chromium metal to a thickness of ~12 mg/cm? 
on sheet copper. After 20 hours annealing and out- 
gassing at 225°C and <1y Hg pressure, the mechanical 
properties of the foils were adequate for this work. It 


t This paper is based on a thesis submitted by Peter Kafalas to 
the Department of Chemistry in partial fulfillment of the require- 
ments for the Ph.D. degree (1954). The work was supported in 
part by the U. S. Atomic Energy Commission. 

*Present address: Chemical Engineering Division, Argonne 
National Laboratory, P. O. Box 299, Lemont, Illinois. 

1 Thick target yields of Mn® have been reported by E. T. 
Clarke and J. W. Irvine, Jr. at 14 Mev, Phys. Rev. 70, 893 (1946); 
W. M. Garrison and J. G. Hamilton at 19 Mev, Chem. Rev. 
49, 237 (1951), and an excitation curve for Cr®@(d,2n) to 
20 Mev was reported while the seg work was in progress by 
Burgus, Cowan, Hadley, Hess, Shull, Stevenson, and York, Phys. 
Rev. 95, 750 (1954). 


is essential that the foils be free of any visible oxide 
coating after this treatment since the oxide does not 
dissolve readily and interferes with the chemical 
processing. The copper was removed by long soaking 
(2 days at room temperature) in 1.5M nitric acid 
leaving foils ~1.5 cm in diameter which were mounted 
on aluminum rings to facilitate handling. This pro- 
cedure was developed after many attempts to get foils 
that were strong enough to use. 


Range-Energy Measurements 


A low current of deuterons was obtained by scattering 
the primary beam from a tantalum target. Measure- 
ment of the energy of the individual deuterons was made 
by catching them in a NalI(T]) crystal scintillator and 
making an analysis of the pulse heights obtained. The 
energy of the primary beam was calibrated against the 
protons from the reaction, C”(d,p)C™.? By the insertion 
of chromium foils in the scattered beam and measuring 
the energy attenuation of the deuterons the range- 


Oeuteron Energy (Mev) Curve I 
Devteron Energy (Mev) Curve 0 
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Fic. 1. Energy of deuterons at a given depth in chromium. 


2 See Boyer, Gove, Harvey, Deutsch, and Livingston, Rev. Sci. 
Instr. 22, 310 (1951) and F. A. Aschenbrenner, Phys. Rev. 98, 
657 (1955), for a description of the basic bombardment arrange- 
ments, calibration, and instrumentation used at the M.LT. 
cyclotron. 
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Fic. 2. Excitations functions for deuterons on chromium. 
A—Cr&(4, 2n)Mn®; B—Cr8(dn)Mn™; C—2Z(c) for (d,p) and 


(4,n)~» for Cr® formation; puting the (d,t) contribution 
above 6.3 Mev; D—Cr™(d,a)V* 





energy curve was obtained. This was recalculated to 
give an energy vs depth of penetration curve for 
deuterons in chromium over the range 3.8 to 13.6 Mev 
(Fig. 1). Using a value of Jc;=276 ev, the theoretical 
energy vs depth curve for chromium was calculated by 
the equation of Bethe and Ashkin.* Several other 
values of J were tested but the value of 276 ev calcu- 
lated from J=11.5Z determined for Al gave the best 
fit. For the energy values in the cross-section calcu- 
lations the experimental curve was used. 


Bombardment and Chemical Separations 


A stack of 26 chromium foils was bombarded for 
2.72 wa-hr at 14.70 Mev. Each foil was dissolved in 
hydrochloric acid, carrier manganese and vanadium 
added, and the chloride removed by boiling with nitric 
acid. The addition of solid potassium bromate oxidized 
chromium and vanadium to their highest oxidation 
states and precipitated manganese as MnO». After 
separating the MnO, the solution was neutralized to 
pH 1.3—1.4, hydrogen peroxide added, and chromium 
extracted into ethyl acetate as the peroxide, CrOs. 
The aqueous phase was then made 1M in H,SO, and 
the vanadium extracted into chloroform as the cupfer- 

7H. A. Bethe and J. Ashkin, Experimental Nuclear Physics, 


edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. 1, p. 167. 
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rate. The chemical yield was determined for each 
separation. Table I gives a summary of the yields and 
decontamination factors for the above procedure. 


Activity Measurements 


All activities were measured on solution aliquots 
with a well-type NaI(TI) scintillation counter. The 
counter efficiency was determined by measuring 
standard solutions of Mn® (50.1%), Mn™ (16.3%), 
Cr® (4.38%), and V* (46.1%). 

The Mn® and V“ were standardized by 42 propor- 
tional counting and the disintegration rate calculated 
using the 8+/electron capture ratios of Good, Peaslee, 
and Deutsch.‘ Measurement of standard Mn* in the 
same counter gave a correction factor of 1% for x-rays 
and Auger electrons from the electron capture process. 
Mn* and Cr®! were standardized by K-y coincidence 
measurements.® 

RESULTS 


Cross Sections 


The excitation functions which were determined are 
shown in Fig. 2. For Cr®(d,2n) no effort was made to 
measure the isomer Mn*" (21.3 min). Since this decays 
less than 1% to Mn® it has no measurable effect on 
these results. The threshold of 6.6 Mev is substantially 
lower than the calculated value of 8.06 Mev which is 
ascribed to straggling of the beam. 

Burgus ef al.' have recently determined the same 
excitation function to 20 Mev by bombarding stainless 
steel foils. Although they made a correction for strag- 
gling their threshold is also low, by about 0.8 Mev. 
Their cross-section values are approximately 20 mill- 
barns lower than ours in the range 8-12 Mev and their 
curve crosses ours at 13.5 Mev. 

It should be noted that the work of these authors 
makes no mention of the contribution of the reaction 
Fe(da)Mn® to the measured Mn® activity. Since 
stainless steel foils were used in their Mn® bombard- 
ment neglect of the (d,«) reaction is probably not 
justified. 

Mn* is produced by two reactions, Cr*(d,n)Mn®™ 
and Cr®(d,2n)Mn™. Above the 4.6-Mev threshold for 
Cr*(d,2n) the observed activity includes contributions 
from both reactions. An estimate of the Cr(d,2n) 
contribution was made by assuming this reaction has 


TABLE I. Separation efficiency. 








Chemical Decontamination factor 

yield (%) Mn Cr Vv 
80 ry >10 10° 
75 >10# >108 
60 >10# 10° “Pe 











* Good, Peaslee, and Deutsch, Phys. Rev. 69, 313 ere 


6 These nuclides were standardized for us by W. S. Lyon, ™ 


of the Oak Ridge National Laboratory, Oak Ridge, T 
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twice the cross section of Cr®(d,2n) at equal energies 
in excess of threshold. The factor of two involves the 
assumption of equal cross sections for the formation of 
Mn® and Mn", The difference between the calculated 
curve for Cr(d,2n) and experimental curve for total 
Mn* production is plotted as Curve \B, Fig. 2. 

Cr®! is fcamas by the three reactions: Cr(d,p)Cr®, 
Cr°(d, n)Mne5Cr*, and Cr®(d,#)Cr®. Curve C, Fig. 2, 
is the sum of the cross sections for the (¢d,p) and (d,n) 
reactions, as the Mn® (44 min) was allowed to decay 
before chemical separations were started. Below 6.3 
Mev, the threshold for Cr®(d,t), the curve should be 
correct. Above this value there will be a small syste- 
matic error due to (d,/). On the basis of some unpub- 
lished data of E. T. Clarke on the cross section of 
Co®(d,t)Co®’, the (d,t) contribution is estimated to be 
less than 5% of the (d,p). 

V* is formed by the reaction Cr(d,«)V*. The ex- 
citation function for this reaction is shown as Curve D, 
Fig. 2. The analytical data on the chemical yield were 
poor and are responsible for the rather large scatter in 
the experimental points. 


Yields 


Thick-target yiedls versus energy for the production 
of these four nuclides are shown in Fig. 3. These are 
obtained by graphical integration of the area under the 
experimental curves for total nuclide production. 

The yields at 15 Mev for Mn®™ are about 1.5-2 times 
higher than those obtained routinely with the M.I.T. 
cyclotron by Clarke and Irvine! and Backofen.* Since 
the normal bombardments are made on a chromium 
plated probe in the vacuum chamber, loss due to 
volatilization of manganese is expected. The ratio of 
activity of Mn*/Mn® of ~0.01 is in agreement with 
0.011 reported by Backofen and Herber.’ 


Half-Lives 


The decay was observed over a period of at least 
four half-lives of twenty-one samples each of Cr® and 


TABLE II. Beam straggling. 
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6 EF. W. Backofen (private communication, 1956). 
7 FE. W. Backofen and R. H. Herber, Phys. Rev. 97, 743 (1955). 
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Fic. 3. Thick target yields of Mn®, Mn®™, Cr®!, and V* for 
deuteron bombardment of chromium of normal isotopic 
composition. 


V* and twelve samples with a high Mn®/Mn* ratio. 
The twenty-one Mn®™ samples were followed only for 
about four months. The observed values of Mn®™ 
(5.69+0.03d), Mn™ (290+6d), Cr® (27.9+-0.2d) and 
V*8 (15.99+-0.08d) are in good agreement with the best 
values summarized by Way et al.® 


Straggling of the Deuteron Beam 


In the course of getting the stopping power of 
chromium a set of data on straggling was obtained. 
After passing through the chromium foils the deuteron 
beam was caught in a NalI(T1) crystal and the pulses 
fed into pulse analyzer. The average deuteron energy 
and limits (>95%) are shown in Table II for an initial 
deuteron energy of 13.6 Mev. A pronounced forward 
asymmetry was observed. 
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Gamma-radiation energies were measured at 1540+20, 1210+30, and 658+3 kev, all of which decay 
with the known 65.5-second half-life. Three positron groups were found to be involved in the same decay. 
The end-point energies of these were found to be 3.99+0.05, 2.78+-0.10, and 2.48+0.10 Mev. No gamma 
radiation was found decaying with the longer 15-minute half-life. A single positron group with this longer 
half-life was found to have an end point of 3.44+-0.03 Mev. The long-lived positrons represent a transition 
between the ground states of Mo" and Nb", whereas the 65-second positrons proceed from a 658-kev excited 
state of Mo to three excited states in Nb”, the lowest of which is the well-known 104-kev excited state. 
The two higher excited states decay by gamma emission to this state. 





I. INTRODUCTION 


OLYBDENUM-91 has been found by several 

investigators to exhibit two decay activities, 
one at about 15.5 minutes'* (15.5+0.2 minutes'), 
and one at about 65 seconds** (65.542 seconds’). 
Duffield and Knight,’ employing absorption techniques, 
observed positrons of maximum energy 3.7 Mev 
associated with the 15-minute decay, and positrons of 
maximum energy 2.6 Mev associated with the 65-second 
decay. The same workers reported a 0.3-Mev gamma 


ray (also on the basis of absorption methods) exhibiting 


the shorter decay period. 

More recent work® has indicated the presence of 
three gamma rays accompanying the 65-second decay. 
Axel et al.* have measured these energies, by means of 
scintillation techniques, to be 650+15 kev, 1.22+0.03 
Mev, and 1.55+0.03 Mev. No evidence is given by 
these workers for the existence of a 0.3-Mev gamma ray. 

A detailed investigation of the radiations from Mo” 
decay was undertaken by the present authors in order 
to attempt to clear up questions regarding the true 
decay scheme of Mo". The case is of special interest 
also in view of the position of the isotopes involved, 
42Mo49" and 4;Nbs0", with respect to the magic number 
50 for both the neutrons and protons. 


II. APPARATUS 


Certain of the activities employed for calibration 
purposes were obtained from the U. S. Atomic Energy 
Commission. The remaining activities and sources 


t This work was supported in by the U. S. Atomic Energy 
Commission and the Office of Naval Research. The former is to 
be thanked for providing Sn"*, Cs'*’, Os'®*, Co™, and Na®, the 
radiations from which were used for calibration purposes. 

* Now at Bell Telephone Laboratories, New York, New: York. 

1 W. Bothe and W. Gentner, Naturwiss. 25, 191 (1937). 

2 F, A. Heyn, Nature 139 842 (1937). 

+R. Sagane, Phys. Rev. 53, 492 (1938). 

4Sagane, Kojima, Miyamoto, and Ikawa, Phys. Rev. 54, 542 
(1938) ; 57, 1179 (1940). 
D. N. Kundu and M. L. Pool, al, + Rev. 76, 183(A) (1949). 

on Waffler and O. Hirzel, Helv hys. Acta 21, 200 (1948). 

7R. B. Duffield and J. D. Knight, Phys. Rev. 76, 573 (1949). 

* Katz, Baker, and ontalbetti, Can. f° Phys. 31, 250 (1953). 

® Axel, Fox, and Parker, Phys. Rev. 9 - (1955). 

% R. B. Duffield (private communication). 


were produced by means of (y,”) reactions with the 
University of Illinois 22-Mev betatron employing the 
probe technique." 

The bulk of the measurements associated with the 
65-second activity were made by means of a ten-channel 
scintillation spectrometer. In some instances this was 
supplemented by a single-channel scintillation device 
of adjustable width and sensitivity. This latter pro- 
cedure has been discussed previously.” 

The particles associated with the 15.5-minute 
activity were measured with a double-focusing magnetic 
spectrometer of the Siegbahn type, having a mean 
radius of 15 cm. The detector was a double-beaded, 
end-window Geiger counter, the window consisting of 
Zapon film of thickness somewhat less than 100 ug/cm*. 
For the energies involved in these measurements no 
corrections for the window thickness were necessary. 
The counter was filled with argon at 2 cm pressure and 
alcohol at about 1 cm, the latter being kept constant 
by maintaining the counter system open to a vessel of 
alcohol immersed in a melting ice bath. The presence 
of the bead at the middle of the counter wire makes 
possible the discrimination against events occurring 
in the wall of the counter and favors detection of 
particles entering through the window parallel to the 
axis of the counter. For the latter cases the particles are 
able to trip both regions of the counter, thus giving a 
pulse twice as large as those produced by events which 
discharge but one region. Consequently, background 
can be reduced in this manner. These techniques have 
been consistently employed both in this laboratory in 
the past and also by others. 


Ill. DATA 


Molybdenum activities were prepared by irradiating 
the unseparated metallic sheet. For particle and x-ray 
work material of surface density 17 mg/cm? was used, 
and for work involving only gamma rays the surface 
density was 50 mg/cm?. 


1 R. A. Becker, Rev. Sci. Instr. 22, 773 (1951). 
12 Shore, Bendel, Brown, and Becker, Phys. Rev. 91, 1203 (1953). 
4H. N. Brown and R. A. Becker, Phys. Rev. 96, 1372 (1954). 
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DECAY SCHEME OF 


1. 15-Minute Positrons 


Figure 1 shows a Kurie plot of the 15-minute positron 
group, the data having been obtained with the 255° 
magnetic spectrometer. On the basis of an energy 
calibration with the positrons of Cu®, taken as having 
an end-point energy of 2.91 Mev, the maximum energy 
of the Mo* particles was found to be 3.44+0.03 Mev. 
From the data it would appear that the spectrum is 
simple. This is consistent with the fact that no gamma 
radiation having the same half-life was found. 


2. Photon Spectra 


The gamma radiation was observed with the ten- 
channel scintillation spectrometer, employing a NaI(T]) 
crystal (1}-in. diam X1 in.). The top curve in Fig. 2 
represents a composite spectrum of the two regions, 
350 to 950 kev, and 800 to 1650 kev. The two sets of 
data were normalized in the 700-1000 kev region. 
The data were calibrated by means of the 661-kev 
gamma ray following the Cs"? decay (not shown in 
figure) and by the 1.28-Mev radiation following the 
decay of Na”. For those points in which the statistical 
errors are not indicated the latter are equal to or less 
than the breadth of the point symbol. Three gamma 
rays having a decay half-life of approximately a minute 
were found. None were found which could be attributed 
to the 15-minute activity. 

The energy of the gamma ray which we shall 
designate as i was found to be 658+3 kev. For the 
precise energy determination of y; it was carefully 
compared at high dispersion (data not shown) with 
the 661-kev Cs radiation and the 650-kev gamma ray 
associated with the decay of Os'*®. It was evident that 
the yi peak lay between these two energies, and 
somewhat closer to the Cs peak than to the Os peak. 
The value of 658 kev just quoted represents the mean 
of the results of six determinations. 
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Fic. 1. Kurie plot of the 15-minute positrons from Mo", 
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Fic. 2. Pulse-height spectrum of gamma rays from Mo™ with 
a NalI(Tl) crystal. The upper curve is the spectrum of single 
counts; the middle curve is the gamma spectrum which is in 
coincidence with annihilation radiation. 


The energies of the remaining two gamma rays, 72 
and 3, were found to be 1540+20 kev for y2 and 
1210+30 kev for 73. 

The relative intensities of the three gamma rays and 
annihilation radiation were measured. The efficiency 
curve of the system, geometry and NalI(TI) crystal, 
was empirically determined by observing, for other 
activities, pairs of radiation peaks the relative intensities 
of which are known. In the case of Na” the true relative 
intensity of y1280: Ys11 was taken to be 1.2:2.0, assuming 
10% orbital capture. This follows closely the result of 
Kreger. Os** and Co were also employed, the ratio 
of 650-kev to 880-kev radiation in Os** being taken to 
be 85:15,!5 and the 1.17-Mev and 1.33-Mev radiation 
of Co™ being assumed of equal intensity.'* The efficiency 
curve was extrapolated to higher energy by comparison 
with a similar curve found by Kahn and Lyon" for a 
crystal of this size. 

For the 65-second Mo" activity the relative intensity 
of y3:vy2=0.68+0.1. The apparent intensity of the 
annihilation radiation to the 658-kev radiation, 
corrected for crystal efficiency, was found to be Ys1: 
vi=14+0.2. Thus the intensity ratio of positrons to 
the 658-kev radiation was 6+:y,=0.7+0.1. 

4 W. E. Kreger, Phys. Rev. 96, 1554 (1954). 

16 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

16K. Way, Nuclear Data, National Bureau of Standards 
Circular 499 (U. S. Government Printing Office, Washington, 


D. C., 1950). 
17 B. Kahn and W. S. Lyon, Nucleonics 11-11, 61 (1953). 
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Fic. 3. Kurie plot of the 65-second positrons from Mo*™. 


A large number of x-rays were found. These were 
attributed both to orbital capture transitions and to 
conversion in Mo”, The ratio of the intensity of K 
x-rays to 658-kev gammas was determined by compari- 


son with Cs’, employing fixed geometry and a thin 
crystal for x-ray detection. Zr® and Ag™® were also 
checked in this manner, the results obtained being in 
fair agreement with those of Shore” and Bendel.’* In 
the present experiments, employing an x to 661-kev 
gamma ratio for Cs'*’ of 0.10, the result was x: y1=0.15 
+0.05. 


3. 65-Second Positrons 


The 65-second positrons were observed with the 
ten-channel scintillation spectrometer, employing both 
a plastic Sintilon crystal with a small hole drilled in 
it and an anthracene crystal. The results were compar- 
able in the two cases and are depicted in the form of a 
Kurie plot in Fig. 3. The data were calibrated, as shown, 
by means of the end points of Cl*, Cu®, Zn®, and 
15-minute Mo”. The data indicated that the positron 
spectrum is complex, with a maximum end point at 
3.99+0.05 Mev. A detailed analysis of the data 
revealed the higher energy group to have about 15% 
of the intensity of the lower energy particles. 


4. Coincidence Experiments 


- Two lower energy positron groups, also decaying with 
the 65-second half-life, were found by measuring the 
particles in coincidence with gamma radiation of 

18 Bendel, Shore, Brown, and Becker, Phys. Rev. 90, 888 (1953). 


specified energy. In this experiment the single-channel 
analyzer [plus a NalI(T1) crystal] was used for the 
detection of the gammas. The ten-channel instrument, 
with a plastic scintillator, was employed for the 
particles. Figure 4 shows Kurie plots of the particles, 
the energy calibration being obtained with the positrons 
from Cu® and from 15-minute Mo”. The results 
indicate that +2 is in coincidence with particles of end 
point 2.48+0.10 Mev, and 7; is in coincidence with a 
group having an end-point energy of 2.78+-0.10 Mev. 
A second coincidence type measurement involved 
examining the energies of the gamma rays in coincidence 
with 511-kev radiation. NaI(T1) crystals were employed 
for this, in conjunction with the two pulse-height 
analyzers. The results are shown in Fig. 2, and indicate 
that both 2 and +; follow positron decays. A careful 
examination of data taken in the region of 600 to 800 
kev failed to disclose any 658-kev gamma rays to be 
in coincidence with annihilation radiation. 
Gamma-gamma coincidences were looked for in a 
possible cascade of -y2 and 3. A few prompt coincidences 
were found involving radiation of energy in the range of 
700 kev to 2000 kev. However, a careful comparison 
with the case of Co showed that no more than about 
5% of v2 and ; could be involved in a possible cascade. 
In view of the presence of high-energy positrons, these 
coincidences were attributed, instead, to bremsstrahlung. 


5. Conversion Electrons 


Conversion electrons were found which possessed a 
half-life of approximately a minute. A single peak at 
about 640 kev was found. This was attributed to the 
658-kev transition. None were detected which could 
be associated with the 1540- and 1210-kev transitions. 
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Fic. 4. Kurie plot of the 65-sec positrons in coincidence with 
gamma rays of specified energy. 





DECAY SCHEME OF Mo?! 


The total conversion coefficient was determined 
with the use of two scintillation detectors, the 
ten-channel analyzer in conjunction with a thin stilbene 
cyrstal collecting the particles, and the single-channel 
analyzer the gamma rays. Calibration of the geometry 
was done with Cs'*’. When the value for Cs was taken 
to be 0.11, the result for the 658-kev radiation of Mo* 
was 0,055+0.015. 


IV. DISCUSSION 


Figure 5 shows a tentative level scheme embodying 
the results of the present investigation. The relative 
intensities were estimated from the measured values 
Bt/y1=0.7, €1/71=0.055, y3/y2=0.68, and By+=0.15 
X (8:+-+8s*), and from the theoretical estimates of the 
relative intensity of orbital capture to positron decay, 
assuming allowed transitions and following Feenberg 
and Trigg. In the cases of the positrons, the upper 
number is the kinetic energy in Mev, while the numbers 
in parenthesis are the percentages of the decays of 
parent level and the log ft value. 

Considerations of the energies found for the various 
radiations favor very strongly the order of the levels 
as presented in the figure. The partial lifetime of y:+¢1, 
found from the relative intensities listed in Fig. 5, 
together with the total conversion coefficient measured 
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Fic. 5. Level scheme involved in the decay of Mo" 
and Mo"™™ to Nb" and Nb*™, 


’ E, Feenberg and G. L. Trigg, Revs. Modern Phys. 22, 399 
(1950). 
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in the present investigation, are consistent with 
designating the transition to be M+. That the 62-day, 
104-kev gamma ray is also M4 is due to other sources.” 
The spin-orbit coupling shell model suggests that in 
this region of the periodic table an isomeric pair of 
levels giving rise to an M4 transition shall have the 
single-particle configurations go2 and p12. If we follow 
this suggestion for the pair of levels in Mo”, the work 
of Axel, Fox, Parker,? and of Brolley* indicates the 
g0/2 level to be the lower of the two. 

Hayward ef al.,” at the 1954 Chicago meeting of 
the American Physical Society, reported that the 
122-Mev gamma ray in Zr", previously known™ to 
follow the decay of Y", also follows the decay of the 
104-kev level of Nb”. The measured spin of the ground 
state of Zr" is 5/2, in accord with a ds,z shell-model level. 
Also, since the Y" ground state has been designated™:* 
1/2-, and the 1.22-Mev state of Zr®™ as either 1/2- 
or 3/2-, owing to the observed 0.33-Mev™™ beta 
transition from Y", the work of Hayward et al. favors 
the assignment of 1/2- to the 104-kev state of Nb". 

The details and energetics of the Mo"— Nb” decay 
scheme ascertained in the present work are in good 
agreement with both the conclusions of Axel and 
Brolley, mentioned above, for Mo”, and those of 
Hayward e al. and of Bunker ef al.™ for Zr™. In view 
of these assignments in Mo” and Zr*, we designate the 
ground state of Nb” to be go/2 and the 104-kev state to 
be prs. 

It is to be noticed tliat the high-energy positron B,*, 
involved in the transition between the two 1/2 levels, 
has a rather high ft value. This behavior has been 
observed before for similar transitions, also designated 
as allowed, in Y*®’ to Sr®’ (studied by Mann and Axel”), 
Kr® to Rb*® (studied by Sunyar ef al.2*), and Zr® 
to Y® (studied by Shore et a/.!*). All of these examples, 
including the present one, are in the region of the 
periodic table such that the number of protons and the 
number of neutrons in each isotope involved is in the 
range 36 to 50. The notion of configurational mixing 
has been employed in order to account for these. 

The transitions 6;+ and §;+, shown in Fig. 5, are 
considered to be allowed because of the low /t values. 
Accordingly, for these transitions to be consistent with 
Gamow-Teller selection rules, the two high levels in 
Nb* must be designated as p states. In Nb”, according 
to the shell model, the three protons beyond the closed 
subshell at 38 nucleons would chiefly determine the 


oy Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 

2 J. E. Brolley, Jr., Phys. Rev. 89, 877 (1953). 

2 Hayward, Hoppes, and Ernst, Phys. Rev. 98, 231(A) (1955). 

3K. Way et al., Nuclear Level Schemes, U. S. Atomic Energy 
Commission Report TID-5300 (Superintendent of Documents, 
U. S. Government Printing Office, Washington, D. C., 1955). 

* Bunker, Mize, and Starner, Phys. Rev. 94, 1694 (1954). 

26 L. G. Mann and P. Axel, Phys. Rev. 84, 221 (1951). 

26 Sunyar, Mihelich, Scharff-Goldhaber, Goldhaber, Wall, and 
Deutsch, Phys. Rev. 86, 1023 (1952). 





710 


character of low-lying levels. Accordingly, the two 
lower levels are thought to be described by the proton 
configurations 38 (1/2)*(go/2) or 38(go,2)*, for the ground 
state, and 38(p1/2)(go/2)” for the first excited state. 
For the two upper states it is possible to achieve a 
ps2 designation for both by assuming two distinct 
linear combinations of the single-particle configurations 
34(ps2)*(pry2)*(go/2)® and 34(psy2)*(goy2)*. 

Figure 6 shows a plot, following the method of 
Goldhaber and Hill,” of the odd-A niobium isotopes. 
The diagram shows energy differences between the 
Pry: and the go/2 states as a function of neutron number. 
The curves correspond to energies of the 1/2 states 
whereas the go/2 levels are on a single horizontal line. 
Thus for a group of isotopes like those of Nb, in which 
the 1/2 curve is above the horizontal line, the go,2 level 
is the ground state. It is interesting to notice that the 
minimum is now to be found at a neutron number of 
52 rather than the previously assumed” point at 50 
neutrons. It is interesting to speculate on the possible 
existence of an isomeric state in 4:Nb«s®. If the trend 
continues as shown by the dotted portion of the curve 
one might expect such a level at about 300 or 400 kev, 
with a half-life of several hours, depending on the 
competing modes of decay. Some indication of such a 
state has been found by Mathur e? al.*” At the other end 
of the curve, the designations shown for Nb® and Nb” 
can now be regarded to rest on a firmer basis because 
of the recent measurement of the spins of Mo* and 
Mo” by Owen and Ward.* 

It is of interest to investigate the cases of Y** and 
Y™ for a possible crossover of the pi2 and go/2 levels. 
Evidence has been cited for a 0.7-Mev transition in the 
latter isotope.” The curve of technetium is of interest 
especially at the lower end. 4;Tcs0% (not shown) has 
been reported to have a 390-kev transition, identified 


no a Hyde, Levine, and Kofstad, Phys. Rev. 97, 117 
(1955). 
28 J. Owen and I. M. Ward, Phys. Rev. 102, 591 (1956). 

*N. E. Ballou, Radiochemical Studies: The Fission Products 


(McGraw-Hill Book Company, Inc., New York, 1951), National 
Nuclear Energy Series, Plutonium Project Record, Vol. 9, Div. 
IV, p. 695. 
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as M4 by measurement of conversion electrons.” The 
exact level assignment is uncertain. However, further 
work should lend more certainty since this nucleus 
decays to Mo* which subsequently decays to Nb®, 
the ground state of which has been measured to be 
9/2. Whichever state in Tc® is lower, the 390-kev 
difference is a deviation from the trend of the Tc curve. 

In the case of indium, extrapolation of the curve 
suggests an isomeric state in In™ at approximately 
450 to 500 kev with a half-life of the order of hours. 

A final feature to be noted in the figure is that the 
only curve with a minimum at 50 neutrons is that of 
yttrium. 

*® Bernas, Beydon, Papineau, Compt. rend. 238, 791 (1954). 
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The yield of gamma rays from the proton bombardment of phosphorus has been obtained for proton 
energies from 0.4 to 2.0 Mev. There are seen in this region nineteen resonances, corresponding to energy 
levels in S* at energies from 9.295 to 10.775 Mev. The energy spectra of the gamma rays emitted at several 
of the resonances have been obtained and interpreted in terms of levels in the residual nucleus S*. The spectra 
indicate that a 3.8-Mev gamma ray is present; from a tentative assignment of it to the second excited state 
to ground state transition there follows the result that the second excited state of S** has J=1, even parity. 





A. INTRODUCTION 


N earlier work, the yield of capture gamma rays 
from the proton bombardment of phosphorus has 
been obtained in the energy region from 0.34 to 1.0 Mev 
with the use of thick targets and several resonances 
have been noted.!~* Thin-target resonances have been 
reported*-* for proton energies from 0.5 to 2.5 Mev. A 
study of the angular distribution of the gamma rays 
has given information on the spin and parity of several 
of the highly excited levels of S**.° 
The object of this investigation was to determine 
some of the properties of the low-lying levels of S*. 


B. EXCITATION CURVE 


In the present work, water-cooled thin targets of 
zinc phosphide prepared by evaporation were used. 
The gamma rays were detected with a scintillation 
counter incorporating a cylindrical 1-in.X1}-in. diam- 
eter NaI(T1) crystal which was placed 1 cm from the 
target on the beam axis. The amplifier discriminator was 
set to accept pulses due to gamma rays of energies above 
1 Mev, except above E,=1.63 Mev, where the dis- 
criminator level was set at 2 Mev. Below 0.75 Mev the 
hydrogen molecule-ion beam was used ; the two portions 
of the curve have been normalized by overlapping 
sections. Figure 1 shows the excitation curve and Table 
I gives the resonance energy values after correction for 
the target thickness. The energy scale was calibrated 
with reference to several well-known lithium, fluorine, 
and sodium (,y) resonances. The resonance width 
was 8.5 kev at the 1.232-Mev resonance, as determined 
from a thick target excitation curve. Using this value, 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1§. C. Curran and J. E. Strothers, Proc. Roy. Soc. (London) 
A172, 72 (1939). 

2 Hole, Holtsmark, and Tangen, Naturwiss. 28, 668 (1940). 

*R. Tangen, Kgl. Norske Videnskab. Selskabs Skrifter No. 1 
(1946). 

4 Grove, Cooper, and Harris, Phys. Rev. 80, 107 (1950). 

5G. R. Grove and J. N. Cooper, Phys. Rev. 82, 505 (1951). 

6 H. E. Gove and E. B. Paul, Phys. Rev. 92, 852(A) (1953). 
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® Gove, Paul, Litherland, and Bartholomew, Phys. Rev. 95, 
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the thickness of the thin target at this resonance is 
determined to be 10.5 kev. Upon allowing for the varia- 
tion of the target thickness with proton energy, it is 
possible to compute the level widths at many of the 
resonances; these are listed in Table I. A weak reson- 
ance at 0.722 Mev appears also in the bombardment of 
a zinc sulfide target and is not attributed to phosphorus. 
A small trace of aluminum as a contaminant gives rise 
to the resonances at 0.994 and 1.373 Mev; at other 
energies the aluminum resonances are of insignificant 
size. 

The energy difference between (P*!+H!) and S* has 
been taken as 8.855 Mev" and the excitation energies 
of the levels in S* have been calculated ; they appear in 
column 3 of Table I. 


C. GAMMA-RAY SPECTRA 


A detailed study has been made of the energy spectra 
of the gamma rays emitted at several of the stronger 


TABLE I. Gamma-ray resonances in the proton bombardment 
of phosphorus. The resonant proton energies have been corrected 
for target thickness and the excitation energies of the S* levels 
are based on a Q-value of 8.855 Mev. The error in the resonant 
energies is estimated as +0.010 Mev. 








Resonant energy 


Excitation energy 
(Mev 32 


I’ (kev) S*2(Mev) 


34 9.295 
sive 9.378 
17 


15 











* Paul ef al.® have found two resonances here; one at 0.816 Mev which is 
resonant for 7.5-Mev gamma rays and one at 0.825 Mev which is resonant 
for 10-Mev gamma rays. 


(1984) M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
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Fic. 1. Excitation curve of the gamma rays from proton bombardment of phosphorus. Below 1.63 Mev, the discriminator 
level was set to accept pulses due to gamma rays of energy greater than 1.0 Mev; above, greater than 2.0 Mev. 


resonances in an attempt to learn more about the low- 
lying levels of S*. The spectra have been obtained using 
both a cylindrical 1-in.X1}-in. diameter_ NaI(T1) 
crystal and a cylindrical 3-in.X3-in. diameter NaI(T1) 
crystal with a twenty-channel differential-pulse-height 
analyzer. 


Figure 2 displays a typical pulse-height spectrum ob- 
tained at the prominent 1.227-Mev resonance; the 
1-in.X1}-in. diameter crystal was utilized. The energy 
scale was established using the 1.33-Mev gamma ray 
from Co® and for comparison purposes the spectra due 
to ThC” (2.62 Mev), B"(p,y)C® (4.43 Mev), and 
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Fic. 2. Pulse-height spectrum due to the ma rays from 
proton bombardment of phosphorus at the 1.227-Mev resonance, 
A cylindrical 1-in.X1}-in. diameter NaI(T1) crystal was used. 


F(pyry)O"* (6.14 Mev) are shown. It is possible to 
identify a strong 2.25-Mev gamma ray by “escape 2”, 
“escape 1”, and “total energy” peaks, and others of 
energy 7.5 and 10 Mev (latter not shown). Above 2.25 
Mev there are several peaks spaced approximately 
0.5 Mev apart and it is difficult to make energy assign- 
ments. However, it does seem reasonable that there 
might be a 3.8-Mev gamma ray. Figure 3 is the spec- 
trum taken at the same resonance with the use of the 
3-in.X3-in. diameter crystal; there is shown also the 
response due to 2.62- and 4.43-Mev radiation. It will 
be noted that as compared to the smaller crystal the 
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Fic. 3. Pulse-height spectrum due to the gamma rays from 
proton bombardment of phosphorus at the 1.227-Mev resonance. 
A cylindrical 3-in.X3-in. diameter NaI(T1) crystal was used. 





y RAYS FROM THE PROTON BOMBARDMENT OF 


TABLE II. Gamma-ray energies and probable assignments at 
several of the resonances for the reaction P#(p,y)S®, “Ex” in 
each case designates the highest level excited in the S* nucleus. 








Probable transition 
(Refer to Fig. 4) 


Ex—1st —Gnd 
—3rd —Gnd 
—2nd—Gnd 


Ex—1st —Gnd 
—2nd—Gnd 


Ex— Gnd 
Ex—1st —Gnd 
—6th --Gnd 


—7th —Gnd 
7th—1st —Gnd 


Ex-— Gnd 
Ex—1st —Gnd 


Resonant energy 
E»(Mev) 


1.124 


Gamma-ray energy 
(Mev) 





—2.25 


1.227 


Ex—1st —Gnd 
—7th —Gnd 
—3rd —Gnd 
—2nd—Gnd 

7th—1st —Gnd 


Ex—1st —Gnd 
—2nd—Gnd 








2.62-Mev “total energy” peak is more emphasized 
and the 4.43-Mev “escape 1” peak is now the prominent 
feature, rather then the “escape 2” peak. Comparison 
of the two curves establishes the presence of the 2.25- 
Mev radiation and resolves the intermediate region as 
principally due to a 3.8-Mev gamma ray. A gamma ray 
of this energy was reported as accompanying the beta 
decay of Cl but the evidence was not conclusive." 

A survey of the gamma-ray spectra at several of the 
resonances shows the presence of certain outstanding 
gamma rays which may be identified as arising from 
transitions between known levels. The energy level 
diagram, Fig. 4, is based on data from inelastic neutron 
scattering,” the S*(p,p’)S* reaction,” the P#!(d,n)S* 
reaction,“ and the present report. The gamma-ray 
energies and assignments are listed in Table IT; as the 
latter are based on the energies primarily, they are not 
necessarily unique. 


D. DISCUSSION 


In general, this report of the resonances is in accord 
with earlier work. The values reported here and those 
of reference 10 are both about 20 kev lower than those 
of reference 4 in the 1 to 2-Mev region. During the 
long bombardments required in this work, the present 


1 Breckon, Henrickson, Martin, and Foster, Can. J. Phys. 32, 
223 (1954). 

2R. B. Day, Phys. Rev. 89, 908(A) (1953). 

%8 Arthur, Allen, Bender, Hausman, and McDole, Phys. Rev. 
88, sy Noy 

El Bedewi and M. A. El Wahab, Proc. Phys. Soc. 

(onion) A68, 754 (1955). Appendix by R. Huby tng H. C. 

Newns. 
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Fic. 4. Energy level diagram of S*. 
Energy values are in Mev units. 


investigators noted that surface deposits on the target 
resulted in shifts of resonance energies of this magni- 
tude. 

The available evidence indicates that the first ex- 
cited level of S** comes at 2.25 Mev, and that a gamma 
ray is emitted in the transition to the ground state level. 
A (d,n) angular distribution study“ shows that it is to 
be designated as 3+, 2+, or 1+ (spin 3, 2, or 1, even 
parity). It is probably 2+ .° 

The second excited level comes at 3.81 Mev. A gamma 
ray of this energy has been seen and has been assigned 
to the transition from this level to the ground level. 
If such is the case at the 1.227-Mev resonance the 3.8- 
Mev gamma ray could be preceded in a cascade by a 
6.23-Mev gamma ray, which, however, is not seen with 
sufficiently high intensity for this to be the only cascade 
path to the 3.81-Mev level. An unfortunate coincidence 
in the spacing of known levels is present: The 10.044- 
Mev level (formed at E,= 1.227 Mev) to the 6.29-Mev 
level transition could give rise to a gamma ray of 3.75 
Mey, if it occurred. If this were the case, the 3.8-Mev 
gamma ray would not be seen at other resonances, for 
the initial gamma ray would have its energy altered as 
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the excitation energy changes. At the 1.124-, 1.560-, 
and 1.586-Mev resonances the 3.8-Mev gamma ray is 
seen again. It seems reasonable to assign it to the second 
excited level to ground level transition. If the assign- 
ment of the gamma ray to the transition from the second 
excited level to ground level is correct, then the second 
excited level is to be designated as 1+ as the analysis" 
of the angular distribution of neutrons from the 
P*!(d,n)S® reaction leads to a 1+ or 0+ assignment. 
The emission of electromagnetic radiation would 
eliminate the 0+ possibility. However, Huby and 
Newns" point out that this assignment leads to diffi- 
culty in the assignment of state configurations, with 
the second excited state being described as a (s;)/ 
(d;), T=1, arrangement, which is not expected to 
appear below about 7-Mev excitation energy in S®. 

A 4.3-Mev gamma ray arising at the 1.124-Mev 
resonance could be emitted in the third excited level to 
ground level transition. This may be the same gamma 
ray which has been detected with a magnetic pair 
spectrometer'® at an energy of 4.41+0.04 Mev in the 
P*+d reaction, at deuteron energy 4.6 Mev. If the 
assignment is correct, then the third excited state does 
not have a 0+ configuration. This gamma ray is also 
emitted at the 1.560-Mev resonance. 

The 4.50-Mev fourth excited level may be the ex- 
pected 4+ level occurring at twice the energy of the 
first 2+ level. The absence of the gamma ray corre- 


16 Bent, Bonner, McCrary, and Ranken, Phys. Rev. 100, 774 


(1955). 
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sponding to the transition to the ground level (4+ to 
0+) supports this speculation. 

The sixth excited level at 5.04 Mev lies in such a posi- 
tion that a two-step cascade from the 10.206-Mev level 
(E,= 1.395 Mev) would give rise to two gamma rays of 
nearly the same energy, 5.1-Mev. Such a gamma ray 
has been detected as a prominent one at this resonance. 
If the assignment is correct, then for this level also the 
0+ designation is excluded. In the P*+d work,!® 
a 4.94+0.04 Mev gamma ray has been seen. 

At the 1.428-Mev resonance is seen a 3.6-Mev gamma 
ray which is assigned tentatively to the seventh to 
first excited level transition; there is some evidence for 
the presence of 5.8-Mev radiation directly to the ground 
level. A 5.9-Mev gamma ray observed at the 1.560-Mev 
resonance may be due to the seventh excited level to 
ground level transition ; at this resonance the competing 
3.6-Mev radiation to the first excited level is probably 
present, but is not resolved in the presence of the 3.8- 
and 4.3-Mev gamma rays. 

At each of the resonances there appeared to be radia- 
tion of energy less than 2.25 Mev which could not be 
resolved in the presence of the higher energy radiation. 
This supports the assumption, made in making. the 
above assignments, that a great deal of low-energy 
cascading takes place above about 6 Mev. 
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The spin of neon-21 has been shown to be 3/2 by the atomic beam magnetic resonance method utilizing 
the metastable 2953s *P: state of neon. The assignment is made from a comparison of Zeeman frequencies in 


neon-20 and neon-21 at the same magnetic field. 





INTRODUCTION 


HE spin and quadrupole moment of neon-21 are 
of particular interest because of the “anomalous” 
behavior of sodium-23 in a region where protons and 
neutrons are filling the d5,2 level and should therefore, 
according to zero-order shell theory, result in spin 5/2. 
An explanation for the observed spin has been a (ds,2)* 
configuration, but recent measurements!” have shown 
a relatively large and positive quadrupole moment en- 
tirely out of line with such a quadrupole-free assign- 
ment. A series of experiments designed to obtain the 
spin, magnetic moment, and quadrupole moment of 
neon-21 has therefore been undertaken. 

The investigation by members of the Columbia 
molecular and atomic beams laboratory of the meta- 
stabie states of the rare gases—especially the work of 
Hughes and Weinreich* on helium-3—has provided a 
basis for the research. The principal problem, then, 
has been the extension of existing techniques two orders 
of magnitude farther in signal-to-noise ratio so that 
observations might be made on a single transition in 
neon-21. K. Clausius had kindly furnished us a 10-cc 
sample of neon enriched to 9.8% in neon-21. 


THEORY OF THE EXPERIMENT 


The *P2 metastable state of neon is the lowest mem- 
ber of the configuration 2°3s, which defines the first 
excited states of neon. The lifetime of the state has 
been estimated to be more than 1 second in a field-free 
region. No known electric or magnetic fields utilized in 
this experiment could result in an enhancement by 
more than a factor of ten of the decay rate. Detection of 
the state is accomplished by observation of the electrons 
that are ejected from a metal surface by impinging 
metastables. The probability of this process is approxi- 
mately 1/2. 

An interpretation-free determination of the spin of 
neon-21 may be made from a comparison of the Zeeman 
frequencies in neon-20 and neon-21 at a magnetic field 
which is sufficiently low so that the magnetic energy of 
the atom is negligible in comparison with hyperfine 

t This research was supported in part by the Office of Naval 
Research. 

* Present address: University of California Radiation Labora- 
tory, Berkeley, California. 

1 Perl, Rabi, and Senitzky, Phys. Rev. * 611 (1955). 


2 P. L. Sagalyn, Phys. Rev. 94, 885 (1954). 
3V.W. ae and G. Weinreich, Phys. Rev. 95, 1451 (1954). 


structure intervals in neon-21. The effective g-value 
(gr) for the interacting system of nucleus and electrons 
is then the product of the Landé gy, factor and the 
relative projection of the electronic angular momentum 
on the direction of total angular momentum, F. The 
ratio of Zeeman frequencies in neon-21 to that in 
neon-20, gr/gz, is then just the relative projection 
factor, 


(JF) F(F+1)4+J(J+1)-10+1) 
FP 2F(F+1) 





gr/gs= 


An energy level diagram is shown in Fig. 1. 


APPARATUS 


The apparatus, a modification of the system used 
by Hughes and Tucker,’ is illustrated in Fig. 2. The 
gas system consists of several reservoirs for storing the 
10-cc sample of enriched neon, a titanium metal cleaner 
operating at 750°-1000°C to remove hydrogen, oxygen, 
and nitrogen from the gas, the discharge tube,‘ and a 








m y#-2 





Fic. 1. Energy level diagram of the *P2 state of neon-21 in a 
magnetic field, assuming the hfs to be inverted and to obey the 
interval rule. Observable transitions under these assumptions are 
indicated. 


*G. M. Grosof and J. C. Hubbs, Rev. Sci. Instr. (to be 
published). 
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Fic. 2. The modified 
atomic beam apparatus. 
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mercury diffusion pump which backs the oil pumps on 
the can and returns the neon to the discharge tube at 
operating pressure. Approximately 1 cc of circulating 
gas is required to bring the discharge tube pressure to 
0.3 mm Hg. A Toeppler pump is used to return the gas 
to the reservoirs after conclusion of a run. 

Metastable atoms issue from a 0.003-by-0.7-cm slit 
in the wall of the discharge tube. The direct beam at 
the detector contains approximately 3X10’ electrons 
per second liberated by high-energy photons issuing 
from the source and 2X 10° electrons per second from 
metastable neon-20 atoms. Thus approximately 10 
electrons per second are to be expected from a transition 
between two magnetic substates in neon-21. 

The principal modification to the apparatus was the 
introduction of an ac detection scheme using an electron 
multiplier, a tuned amplifier at 30 cps, and a lock-in 
detector having an output time constant from 10 sec- 
onds to 1 minute. The beam is chopped at a 30-cps 
rate by pulsing the radio-frequency magnetic field. All 
combined sources of noise in the electronic system are 
smaller than the signal obtained from a transition in 
neon-21 by a factor of 10 or more. The signal-to-noise 
ratio obtained for Zeeman transitions in neon-20 by 
use of the flop-out system, which permits the direct 


< 


— — 


HALF -PLANE 
sToP 


HALF-PLANE 
DETECTOR 


Fic. 3. Collimator and detector arrangement for the resonance 
system. Refocused trajectories and trajectories for the appro- 
priate moment change are shown. 


beam to hit the detector, proved to be 7/1 as compared 
to the expected 1000/1 for statistical processes. 


THE RESONANCE METHOD 


A resonance method was sought which would com- 
bine the discrimination of the flop-in method against 
components of the beam that do not experience a 
change of state with the spectroscopic advantages of 
the flop-out system, particularly the applicability of 
the latter system to atoms with integral electronic 
angular momentum. Several possibilities have been 
considered : one for which the standard flop-out system 
is used but the central (refocused) beam is simply 
blocked and everything that experiences a change of 
state is captured by a large detector to the rear of the 
stop, the other a scheme which was adopted, as follows 
(Fig. 3). The collimator is replaced by a half-plane 
stop, and an extended detector, also half-plane, is 
placed in the shadow of the collimator stop. For a 
refocused beam the points of intersection of any tra- 
jectory with the source, collimator, and detector plane 
define a straight line. Thus a transition which results 
in a change of the high-field magnetic moment in one 
direction produces deflections toward the detector. The 
deflection so experienced is given by Am sS.E/E, 
where S,=gsuo(dH/dz)L?/4Eo, so that the fraction of 
atoms that experience a deflection x or greater is given 


Ev*E exp(— E/E )dE 
AmjSqEo/z 
=(1+Am,S,/x) exp(—Am,S./2). 


The effective detector width is thus given by 


z= f p(x)dx=S,Amy. 
0 
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Fic. 4. (a) Zeeman transitions in neon-21 for a magnetic field of 6.6 gauss. (b) Typical Zeeman transition in neon-20. 


Since the system throws away moment changes of one 
sign, a transition results in an intensity equivalent to 
the number of appropriate atoms in the direct beam 
SAm,/2 wide. 

Application of this scheme to the apparatus led to a 
reduction of the background from photons and neon-20 


' by a factor of 30 to 40, and an improvement in the 


signal-to-noise ratio to a consistent 1/1 for a single-line 
transition in neon-21. 


RESULTS 


Zeeman resonances in neon-21 have been observed 
for magnetic fields between 1 and 10 gauss; a typical 
set of data is given in Fig. 4. The experimental data 
show values for the ratio of Zeeman frequencies in 
neon-21 to the resonance frequency of neon-20 of 
0.57+0.005, 0.63+0.01, and 0.80+0.04. Theoretical 
values of gr/gy for J=2, J=3/2, are 0.5714, 0.6285, 


0.800, and 2.00 for Zeeman transitions in the states 
F=7/2 through F=1/2 respectively. The Zeeman 
resonance in the state F= 1/2 has not been observed. 
In addition to these data a large number of transi- 
tions in the intermediate field region have been observed. 
Interpretation of the data is so equivocal, because of 
the very low signal-to-noise ratio and the presence of 
many multiple quantum transitions, that determination 
of the hyperfine structure intervals will have to await 
further improvements in the experimental technique. 
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The right-left asymmetry of D(d,n)He* neutrons scattered by C” was observed for various neutron emis- 
sion angles, deuteron bombarding energies, and C*(m,n) scattering angles. Using a figure for carbon polariza- 
tion based on a C*(,n) phase shift analysis, the maximum neutron polarization was found to be (10.6-++1.0) 
% for neutrons produced at 53° (c.m.) by 600-700 kev deuterons on a thick target. Observation of the right- 
left asymmetry for different neutron scattering angles yielded a sin 20 angular dependence of the carbon 
polarization in agreement with the prediction of the C**(,") phase shift analysis. 





HE polarization of the neutrons from the D(d,n) 
He*® reaction has been measured by several 
workers,! who have reported values of 10-40% for 
incident deuteron energies of 300-800 kev. The polariza- 
tion is observable through the right-left asymmetry in- 
duced when the neutrons are elastically scattered by 
a nucleus involving strong spin-orbit coupling.? Two 
groups have reported statistically significant results. 
Meier, Scherrer, and Trumpy! observed the right-left 
asymmetry of the D(d,m) neutrons scattered by carbon. 
They inferred the carbon polarization P, from a phase 
shift analysis of C"(n,m) zenith angular distribution 
data. Using this value of P., they found a maximum 
neutron polarization of (10.8+1.2)% for 600-kev in- 
cident deuterons. 

Levintov ef al.' observed the right-left asymmetry in 
He*(n,n) scattering of the D(d,n) neutrons. Using the 
phase shifts determined by Seagrave’ for He‘(n,n) 
scattering, they deduced from their observed right-left 
asymmetry a neutron polarization of (17.5+2.0)% for 
neutrons produced at 49° by 800-kev deuterons. 

The reaction has been studied theoretically by Blin- 
Stoyle* and Fierz,5 who find for the polarization of 
neutrons emitted at c.m. angle 4, 


dam sin2ms, 


Pa(0i)=mPa(0)) =m (1) 
where 
n,=k.Xk,/|kaXk,| . 


The coefficients a,, depend upon the “approach” cross 
sections® and the spin-orbit coupling. Owing to in- 
sufficient knowledge of nuclear forces, calculation of the 
coefficients is not possible. 

We have performed further measurements of the 
D(d,n) neutron polarization at neutron emission angles 


¢ Supported by the U. S. Atomic Energy Commission and the 
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near the polarization maximum for deuteron bombard- 
ing energies of 500, 600, and 700 kev. Using this source 
of polarized neutrons, we have also observed the de- 
pendence of the carbon polarization upon the scattering 
angle 62 (Fig. 1). 


EXPERIMENTAL METHOD 


The right-left asymmetry of neutrons scattered in 
carbon was employed in the polarization analysis as 
in the work of Meier ef al. It can be shown’ that for the 
scattering of neutrons of polarization P,(@:) by a 
scatterer of polarization P.(62) (the degree of polariza- 
tion induced by scattering unpolarized neutron at c.m. 
angle 62), the differential cross section can be written 
in terms of that for unpolarized neutrons as 


o (62,62) =ou(62)L1+P,(:)P.(62) J. (2) 


The phase analysis of Meier et al.' for C(n,n) scatter- 
ing shows that in the 2.4-3.6 Mev neutron energy range, 
the P; and P,; phases are strongly split by spin-orbit 
coupling, yielding a maximum carbon polarization of 1 
such that over most of the range, 


P, (62) = nP, (62) =—MNe sin262, (3) 
where 
n.=k,Xk,’/|k,Xk,’|. 


If the C(n,n) event lies in the D(d,n) reaction plane, 
the right-left asymmetry ratio before correction for 
finite geometry is then 


1 P,,(01)P. (62) 


‘ 4 
1+P,(6:)P.(62) " 





R(+6;,02) = 


Here the choice of signs corresponds to neutron emis- 
sion to the left or right (Fig. 1). 

From observed values of R(6:) with 62 fixed at 2/4 
(as described below), we have determined the neutron 
polarization P,(6;), assuming Eq. (3) to be correct. 
The validity of these results, however, depends upon 
that of the phase shifts of Meier e¢ al. which yield 
Eq. (3). If P.(#/4) were less than 1, the values of 


7L. Wolfenstein, Phys. Rev. 75, 1664 (1949); J. V. Lepore, 
Phys. Rev. 79, 137 (1950); W. Simon and T. A. Welton, Phys. 
Rev. 90, 1063 (1953) ; 92, 1050 (1953). 
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Fic. 1. Definition of the vector momenta and angles referred 
to in the text. Kn, Kw, and Ky’ represent the momenta of the 
incident deuteron, produced neutron, and scattered neutron. 


P,,(6;) determined as described would be lower than the 
correct values. 

In order to further investigate this point, we have 
observed R(@2) with 6; fixed at a value yielding maxi- 
mum neutron polarization. From these data corrected 
for finite detector geometry, we determine P,(62). The 
absolute values are again dependent upon the phase 
analysis of Meier et al.; the angular dependence, how- 
ever, is not and constitutes a test of that analysis. 


EXPERIMENTAL DETAILS 


The right-left asymmetry was measured with the 
arrangement shown in Fig. 2. Stilbene crystals (3-in. 
cubes) simultaneously detected neutrons scattered to 
the right and left, with wedges of HXO+H;BO;+ Pb 
shielding the detectors from the deuterium target. The 
radius of the scatterer was one quarter of a mean free 
path. The difference between the “scatterer in” and 
“scatterer out” counting rates was taken as the scat- 
tered neutron rate. The “difference” pulse height 
spectrum with a carbon scatterer showed a well-defined 
plateau and sharp break characteristic of the proton 
energy spectrum in s-wave n-p scattering. For each 
deuteron energy and neutron emission angle, the 
counters were differentially biased to accept pulses just 
below the sharp break, corresponding to the maxi- 
mum neutron energy. This made possible discrimina- 
tion against neutrons inelastically scattered from the 
surroundings; the carbon scattering was wholly elastic. 
The “in” minus “out” difference rate varied from 12% 
to 40% of the “out” rate, depending upon the scatter- 
ing angle 62. 

The deuterium target was a thick “drive in” target, 
produced by prolonged bombardment of a water- 
cooled copper disk with 50 to 75 microamperes of 
deuterons. Among previous workers, only Meier e¢ al.! 
attempt to employ a thin target. The close agreement 
between their results and those given below suggests 
that the backing of their thin heavy-ice target may have 
constituted a thick “drive in” target. Even with a 
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thick target, the range of neutron energies at the various 
angles 6; (2.55—3.3 Mev) falls within the supposed 
range of validity of Eq. (2). The energy spectrum of the 
neutrons detected and contributing to the results re- 
ported herein is not well known. However, an estimate 
based on the variations of the reaction cross section and 
detector efficiencies with neutron energy indicates that a 
it is quite narrow. For neutrons produced at 53° (c.m.) 
by 600-kev deuterons, the estimated mean neutron 
energy is 3.10 Mev compared to the maximum energy 
of 3.22 Mev. 

Multiple scattering effects were considered insigni- 
ficant by virtue of the following argument. In addition 
to (1) neutrons singly scattered into the detectors, 
the total counting rates included (2) once-scattered 
neutrons which subsequently scattered into the solid 
angles of the detectors and excluded (3) those which 
scattered out of these solid angles. Both of these latter 
scattered intensities should be roughly proportional to 
the rate of singly scattered neutrons. Thus the right- 
left ratio of total rates should closely approximate the 
ratio of singly scattered rates, which is the quantity of 
interest. The influence of multiple scattering is dis- 
cussed more fully by Meier et al.! 

The right-left asymmetry was measured in the fol- 
lowing way. The ratio of the right to left “difference” 
counting rates yielded an observed ratio r which was 
related to the “true” ratio R by a constant involving 
the ratio of the over-all detector efficiencies (r=kR). 
This constant k was eliminated by observing r at both 
6, and — 6, [corresponding to the two choices of signs in 
Eq. (4) ]. Thus, 


r() } 
R(—6,)=(RO@)P'; Ro) =| |. 
r(—6) 


The only geometrical asymmetry not eliminated by this 
procedure was that due to the finite angle subtended at 
the target by the scatterer and the anisotropy of the 
D(d,n) neutrons. The scatterer subtended an angle of 
only 1° over which the neutron intensity changes by 
only 1.5% for 600-kev incident deuterons on a thin 
target. Taking into account the fact that the target 
was thick and the scatterer was cylindrical, the maxi- 
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Fic. 3. The (negative) polarization of the D(d,m) neutrons 
vs emission angle for various deuteron energies. ¥ —Meier e¢ al.!; 
e—authors. 


mum asymmetry due to this effect was estimated to be 
less than 0.2% and was considered negligible. 


RESULTS 


In order to determine P,,(0;), the carbon scatterer was 
set at 62(c.m.)=2/4. The asymmetry ratio R(@,) was 
determined for several values of 6;(c.m.) at deuteron 
bombarding energies of 500, 600, and 700 kev. After 
correction for the finite size of the scatterer and de- 
tectors (see Appendix), one obtains from Eq. (4) 


1—R(6,) 
Pa(o)=1.09] | 
1+R(61) 


The values of P,(6,) obtained from the data through 
this relation are shown in Fig. 3. The solid curves are 

P,(6:) as computed from Eq. (1), using the results of 
Chagnon and Owen® for do/d&, taking only the m=1 


® P. R. Chagnon and G. E. Owen, Phys. Rev. 101, 1798 (1956). 
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Fic. 4. The product of the neutron polarization and carbon 
polarization vs the carbon scattering angle. Neutrons produced 
at 53° (c.m.) by 600-kev deuterons were employed. 


term in the numerator, and adjusting a; to fit the ex- 
perimental results. The agreement is seen to be only 
fair. The fact that the spread of the points is greater 
than the indicated statistical deviations suggests the 
presence of some instrumental fluctuation. 

In order to observe P.(62), neutrons produced by 
600-kev deuterons and emitted at @:=53° were allowed 
to strike the carbon scatterer, and again by the pro- 
cedure outlined above, R(62) was observed for values of 
62 from 45° to 145°, by moving the scatterer along the 
rack shown in Fig. 2. After correction for the finite 
geometry which in this case will change with 62 (see 
Appendix), one obtains from Eq. (4), 


iznoak 


where y(62) is the finite-geometry correction. Through 
this relation, the data yield the values of P»P.(6:) 
shown in Fig. 4. The agreement with the solid curve, 
which is simply sin26. from Eq. (3), is fairly good ard 
supports the view that the origin of the carbon polariza- 
tion is the splitting of the P; and P, phase shifts. 

The method of correcting for finite geometry out- 
lined in the Appendix is due to Dr. John S. Plaskett. 
We are much indebted to him for his help in this regard. 


P,.P.(62)=7 "03 


APPENDIX I. CORRECTION FOR THE FINITE SIZE 
OF THE SCATTERER AND DETECTOR 


The angles subtended by the scatterer at the target 
were only a few degrees and involve completely neg- 
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ligible corrections for the finite size of the scatterer. 
Therefore, in considering the scattering geometry we 
can assume the neutrons to be a parallel beam in the 
+2; direction, scattering from a right circular cylinder 
(symmetry axis along x;) into a cubic detector with 
edges parallel to the coordinate axes and with the center 
lying in the (%2,%3) plane. The differential cross section 
may be considered a function of the direction cosines 1; 
of the scattered neutron direction, and in view of Eqs. 
(1), (2), and (3) may be written, 


o(Lilols) = oul) (1+2P alls). (5) 


If the detector efficiency is assumed to be proportional 
to the volume traversed by the scattered neutrons, the 
number per second scattered at x:vax%3 and detected at 
x1'x2'x3' in the detector is Jo(l,;)dx,dx,’, where 1;, x, 
and x,’ each represent all three direction cosines and 
coordinates, and where J is a constant involving the 
incident neutron intensity and the detector efficiency. 
The integral of this expression over the scatterer and 
detector volumes yields the counting rate, 


ai! — x5 
C=I f f o( )asades 
Ve“ Va |r’—r| 


Strictly speaking, absorption in the scatterer and de- 
tector introduces a dependence of J upon «; and also 
shifts the “effective centers” of the scatterer and de- 
tector (to be used below). However, evaluation of this 
effect for the setup employed reveals that it is neg- 
ligible. It changes the mean scattering angle, for ex- 
ample, by one degree at the most. 

It is convenient to express the cross section in the 
integrand by a function of «,;/—2i, viz., f(ai/—2;); and 
to introduce a vector & from scatterer center (X;) to 
detector center (X;’). To compute the integral we ex- 
pand f(x,/—x,) in a Taylor’s Series about &;, retaining 
terms through the second derivatives. The integral can 
then be evaluated in terms of the moments of the 
scatterer and detector and the mixed second derivatives 
of the cross section evaluated at £;, viz., fj (&;). Using 
the summation convention, the result may be written, 


C=ILS(E)+E(M i +M in’) f ix (Es) VV, 
where 


1 
My=— |] (xj—X;j)(xe—Xx)dxi, 


/—X,;') (x4 —X;) dx’. 
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The first moments conveniently do not appear; also 
for the orientation of the scatterer and detector em- 
ployed, the third moments would vanish had the 
Taylor’s Series been extended to third-order derivatives. 

The evaluation of the counting rate is somewhat 
laborious but is simplified by the fact that for the case 
at hand only fi, f22, and fs3 are required. The final 
result for the counting rate can be written in terms of 
the direction cosines of —, which we denote X,, 


CAs) =e1(As) + 2(As) Pro, 
where 
€1(A;)=cu—ou (AF B)As tou” Br2?, 
€2(A,x) = 2oyA2\3(1—2A —4B) 
_ 2ou'rof (A ote 5B)\3?— 2B)]+ 20."rA*A3B. 


In these expressions the primes denote derivatives of 
7, With respect to /; evaluated at A3, and A and B in- 
volve the moments and the magnitude £ as follows: 


A=(1/2?)(MutM’, 


1 1 
B=—(M2+Ma')=—(M33+Ms3z’). 
2? 2? 


The approximation in this last equation is quite good 
for the geometry employed. Since & always lies in the 
(22,3) plane, all terms containing \, are zero and do not 
appear. Also, scattering to the right (¢=7/2) and left 
(@¢=—-7/2) correspond respectively to \2 (and, hence, 
€2) being positive or negative. The observed right-left 
asymmetry ratio is then 


R= (€:+ €2Pn)/(€1— €2P 2) 
or, letting €:/¢2=¥, 
P,=y7(1—R)/(1+R). 


The factor y was evaluated for the measurements 
described, obtaining o, and its derivatives from the 
data of Meier et al.' Fortunately y is not strongly 
dependent upon these quantities and o,(/;) could be 
closely approximated by a parabola. 

In the case of the second group of experiments, in 
which P,P, was measured for various 0.=cos~J;, we 
used the correction factor y’ =~ sin2@,. The uncorrected 
results for P,P,(02) fit sin22 quite well, which justifies 
somewhat this procedure. In any case the corrections 
were only about 10% or smaller. 
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The beta and gamma radiations of the 18-hour Re'** have been examined with scintillation and magnetic 
spectrometers. Of the total beta disintegrations, 79% lead to the ground state, 20% to the first excited state 
at 155 kev, and 1% to the other excited states of Os'**. The beta-ray spectra leading to the ground state 
and the first two excited states of Os'** are first forbidden. Thirteen gamma rays have been detected. Ex- 
tensive gamma-gamma coincidence studies were made. The K-shell conversion coefficient of the 155-kev 
gamma ray has been obtained which agrees quite well with the £2 assignment for that gamma ray. The 
K/L ratio also supports this assignment. No conversion electrons corresponding to the 478-kev gamma ray 
were found and it is concluded that it is primarily E2 in nature with a small admixture of M1 transition. 


A decay scheme is proposed on the basis of these data. 





INTRODUCTION 


ATURAL rhenium metal has two stable isotopes, 
Re'® and Re'*’. Slow-neutron bombardment 
produces two activities, Re'®* and Re'**, with half-lives 
of 92 and 18 hours, respectively. Re'** decays by 
electron capture to W'® and by electron emission to 
Os!**, Re'®* decays by electron emission to Os'**. In all 
these modes of decay, the product nucleus is even-even 
in character. Because of an appreciable difference in 
the half-lives, it is not difficult to assign the radiations 
to the proper isotope. Moreover, the yield of the activi- 
ties can be controlled by varying the bombarding time. 
In earlier studies, and, indeed, in more recent investi- 
gations,’? natural rhenium metal has been used to 
produce the activities. In the present study, rhenium 
enriched in Re'®’ has been used to produce Re'*, 
NalI(TI) scintillation spectrometers and a thin-lens 
magnetic spectrometer have been used in making the 
measurements. 


RHENIUM-188 


Isotopically enriched (98.22%) Re!’ was bombarded 
by slow neutrons in the Brookhaven pile for a period 
of 24 hours. Several samples of 25 mg each were em- 
ployed. In each case, the measurements were com- 
menced within 12 hours after the target material was 
removed from the pile, and were continued for about 
three days thereafter. 

The gamma-ray spectrum of Re'**, as revealed in a 
scintillation spectrometer, is shown in Fig. 1. Enough 
carbon was placed on the top of the crystal to absorb 
the beta rays and reduce the external bremsstrahlung. 
Four photopeaks are clearly visible at energies 62, 155, 
478, and 633 kev. The smaller peak near 30 kev arises 
from the escape pulses of the 62-kev K x-rays of 
osmium, which are emitted after internal conversion of 
some of the gamma rays. Several high-energy gamma 

t Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

* Permanent address, Gwalior (M.B.), India. 

1 Potnis, Dubey, and Mandeville, Phys. Rev. 102, 459 (1956). 

2M. W. Johns e al., Can. J. Phys. 34, 69 (1956). (Other 
references may be found in these papers.) 


rays of low intensity are also present. In order to 
study these radiations of higher energy, a strong source 
was used and the intensities of the 155-kev gamma ray 
and 62-kev x-rays were reduced by introduction of 
suitable absorbers. The pulse height distribution of 
the gamma rays obtained under these conditions is 
shown in Fig. 2. All of the gamma rays reported in 
recent studies'* are seen to be present. The half-life 
of all the gamma rays was found to be about 18 hours. 
Thus these gamma rays are definitely emitted in the 
decay of Re'**. From Figs. 1 and 2 an estimate of the 
unconverted quantum intensities can be made, after 
applying the proper corrections for absorbing material 
between the source and the crystal, detection efficiency 
for the gamma rays of various energies, and photopeak 
to Compton ratio variation with gamma-ray energy. 
The intensities so obtained are given in Table I. 

These intensity values agree fairly well with the 
previous estimates.!? However, Johns” estimate of the 
intensity of the 155-kev gamma ray relative to that of 
the 633-kev gamma ray is about 1.5 times the present 
one. 


GAMMA-GAMMA COINCIDENCES 


The gamma ray of 155-kev energy has been found? 
to be in coincidence with all other gamma rays except 
the 633- and 1960-kev gamma rays. The complexity of 


TABLE I. Unconverted quantum intensities. 








Gamma-ray energy in kev Relative intensity 





155 6.30 
478 0.67 


633 0.98 \" 
0.02 
660 


828 

931 
1132 
1307 
1610 
1780 
1805 
1960 


ecccsescor 
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* These intensities are from reference 1. 
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Fic. 1. Energy spectrum of gamma rays from Re!#8, 


the 633-kev photopeak was shown! to be due to an The data of the present coincidence experiments are 
additional gamma ray of 660-kev energy. It has also shown in Fig. 3. One channel of the scintillation 
been observed? that the 633-kev gamma ray isin coinci- spectrometer was fixed on a particular gamma ray and 
dence with the 828-, 1133-, and 1308-kev gamma rays. the other was used to scan the spectrum. The region 
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Fic. 3. Gamma-gamma coincidences observed when one channel of the scintillation spectrometer is fixed on the photopeaks at 
energies A—828 kev, B—633 kev, C—1132 kev, and D—478 kev. 


which is scanned by the second channel is shown by 
the singles curve in the figure. The channel widths 
used are also indicated. Because of the low intensities 
of the gamma rays of higher energy, wide channels 
were used to get an appreciable number of coincidences. 
Although the coincidence rate was small, the ratio of 
true to chance coincidences was always greater than 
five or more. 

Figure 3(A) shows the 828-kev gamma ray to be in 
coincidence with the 478- and 633-kev quanta. In Fig. 
3(B) the fixed channel covers the composite photopeak 
at 633-kev energy which is seen to be in coincidence 
with the photopeaks at 478, 633, and 828 kev. The 
coincidences under the 633-kev photopeak shows that 
there are two gamma rays of comparable energy which 
are in cascade. Since the 633-kev gamma ray appears 
to be the crossover transition of the 155-kev—478-kev 
cascade, the coincidences under the photopeak at 478 
kev should be due to the 478 kev—660 kev gamma-ray 
cascade. These data clearly show the presence of the 
660-kev gamma ray and fixes its position in the decay 
scheme in relation to the 155- and 478-kev gamma rays. 
From the presence of the coincidences under the 828-kev 
photopeak it is difficult to say whether both 660- and 


633-kev gamma rays or only one of them is in coinci- 
dence with the 828-kev gamma ray. It seems to be 
unlikely that all three of these gamma rays are in 
cascade, because the total energy corresponding to the 
sum of the three gamma rays would be nearly equal to 
the total disintegration energy available; so it is con- 
cluded that the 828-kev gamma ray is only in coinci- 
dence with the 633-kev gamma ray. No portion of the 
633-kev and 660-kev photopeak is in coincidence with 
the 931-kev gamma ray. Figure 3(C) shows that the 
1132-kev gamma ray is in coincidence with 478- and 
633-kev photopeaks but not with the 828- and 931-kev 
photopeaks. Figure 3(D) shows that the 478-kev 
gamma ray is in coincidence with the 478-, 633-, and 
828-kev quanta. Coincidences under the 478-kev photo- 
peak show clearly that this peak is also complex. Two 
gamma rays of comparable energies are in coincidence 
with each other. From the same figure, it is clear that 
the 478-kev gamma ray is not in coincidence with the 
931-kev gamma ray. 

The following coincidences were performed for which 
no data are shown. The 931-kev gamma ray was found 
to be in coincidence only with the 155-kev gamma ray 
and with none other. In another experiment, one 
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channel of the spectrometer was fixed so as to count 
all the gamma rays greater in energy than 1600 kev 
and the other was set to count all the gamma rays 
between 450 and 950 kev. No coincidences were de- 
tected, thus showing that the 478, 633, 660, 828, and 
931 kev gamma rays are not in coincidence with any of 
the gamma rays of energies greater than 1600 kev. With 
these data it is possible to give the energy level diagram 
for Os'** as shown in Fig. 6. 


BETA-RAY MEASUREMENTS 


The beta-ray spectrum of Re'** were examined in a 
thin-lens magnetic spectrometer. A Geiger counter with 
a thin window made of “Nu-Skin” was used as the 
detector. The source was very thin and was formed by 
allowing evaporation of the solvent of a nitric acid 
solution on a very thin mica foil. The resolution thus 
obtained was about two percent. The internal conver- 
sion electron spectrum is shown in Fig. 4. Only the K, 
L, and M+N electrons corresponding to the gamma 
ray of energy 155 kev were found to be present. From 
the figure, the K/L ratio for the 155-kev gamma ray is 
estimated to be 0.70+0.05. A search for the conversion 
lines of the 478-kev gamma ray gave a negative result. 
It appears that the other higher energy gamma rays 
are also not converted to an appreciable extent. 

The continuous beta-ray spectrum gives the Fermi 
plot shown in Fig. 5. The end point of the highest 
energy component is found to be at 2150+40 kev, in 
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Fic. 4. Internal conversion electron spectrum of 
the gamma rays of Re!8, 


good agreement with the previous values. Beta-gamma 
coincidences, with an anthracene counter detecting 
beta rays and the NaI(T1) counter counting only the 
155-kev gamma ray, gave an end point at about 2000 
kev. Although no clear break is indicated at that energy 
on the Fermi plot, the highest energy component is 
extrapolated back as shown in the figure. It was 





Fic. 5. Fermi plot of 
the beta rays of Re!®. 
N is obtained by divid- 
ing the counting rate by 
the current. Insert shows 
the resolved components 
drawn in broken lines. 
The 1% component is 
not shown. 
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Fic. 6. Energy level diagram of Os'**. 


assumed that both the components have an allowed 
shape. The percentages of the 2150- and 2000-kev 
components have been estimated to be 79% and 20%, 
respectively, which values are in excellent agreement 
with those of Johns.? About one percent of the disinte- 
grations lead to higher levels. The values of log/ft of 
the three components terminating at the ground, 155- 
and 633-kev levels in Os!** are estimated to be 8.1, 8.6, 
and 9.4, respectively. They indicate that all of the 
spectra are of first-forbidden degree and thus involve a 
parity change. When combined, the data of Figs. 4 
and 5 gave the K-conversion coefficient ax for the 
155-kev gamma ray to be 0.29+0.03. 

The value of ax for the 155-kev gamma ray could 
also be found from the data of Fig. 1. Assuming that 
most of the Os K x-rays arise from the internal con- 
version of the 155-kev gamma ray, the ratio of the 
areas under the x-ray photopeak to the area under the 
155-kev photopeak should give the value of ax. The 
data are corrected for the escape peaks of the 62- and 
155-kev photopeaks, for absorption in the material 
intervening between the source and the crystal, for the 
variation of the detection efficiency of the gamma rays 
with energy and a similar variation in the photopeak 
to Compton ratio, and finally for the fluorescence yield 
of Os K x-rays. The value thus obtained is ax=0.37 
+0.05. Thus, the values of ax calculated from two 
different sets of measurements are in good agreement 
with the value of Johns.? The theoretical values for ax 
of the 155-kev gamma ray for M1, E1, and E2* are, 
respectively, 1.73, 0.11, and 0.33. These measured 
values clearly are in agreement with an E2 assignment 
for the 155-kev gamma ray. The K/L ratio is also in 
agreement with the expected value 0.70‘ for this assign- 
ment. The value 0.37 measured by the second method is 


*M. E. Rose et al., Phys. Rev. 83, 79 (1951). 


4M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 


somewhat higher than the theoretical one. This may 
arise from the presence of Os K x-rays associated with 
internal conversion of the higher energy gamma rays. ~ 
The angular correlation measurements of the 155 kev 
—478 kev cascade! have established the spins of both 
the 155- and 478-kev levels to be 2. It was concluded 
in that measurement' that the 478-kev gamma ray is a 
mixture of 99.5% E2 and 0.5% M1 transitions. Accord- 
ing to Johns,’ ax for the 478-kev gamma ray is 0.06 
+0.02. The theoretical values* of ax for M1 and E2 
transitions at this energy are 0.08 and 0.02. It is 
suggested? that the 478-kev gamma ray should be a 
mixture of 66% M1 and 34% E2, which is in disagree- 
ment with the percentages obtained from the angular 
correlation data.! Since no conversion electrons of the 
478-kev gamma rays are found in the present measure- 
ment, it is concluded that the 478-kev gamma ray is 
primarily £2 in nature with a small mixture of M1. 


DECAY SCHEME OF Re'**—Qs!8 


The decay scheme thus obtained is shown in Fig. 6. 
It is in essential agreement with the one proposed by 
Johns,’ with the difference that no evidence was found 
in the present measurements for a gamma ray of 450-kev 
energy as is indicated in reference 2. The complexity 
of the 478-kev gamma ray is explained by the presence 
of a 479-kev transition as shown in the decay scheme 
which fact explains the coincidence data of Fig. 3(D). 
The ground state of Os!** has spin zero with even parity 
as is expected for an even-even nucleus. The first- 
forbidden nature of the beta-ray spectra indicates that 
the ground state spin of Re'** should be 1 or 2 with odd 
parity. The level order for protons in the 50-82 shell 
is indicated® to be gz/2°, ds/2®, Ai1y2!”, dss", 51/22. Hence, 
the 75th odd proton could either be ds/2 or d3/2. Simi- 
larly, the level order for neutrons in the 82-126 shell 
is® f7/2°, hg/2", pay, foy2®, Pry2*, t13/2'*. So the 113th odd 
neutron should have orbital p12. If the orbital of the 
proton is assumed to be ds2 and that of the neutron 
pi, then according to the Nordheim® strong-coupling 
rule the spin of the ground state of Re'** could only be 
2. If it is supposed that the orbital of the proton is d3/2 
and that of the neutron is 1/2, Nordheim’s weak- 
coupling rule admits the possibilities of a ground-state 
spin of 2 or 1 for Re'®*. If the ground-state of Re!® 
had a spin value of 2 with odd parity, the shape of the 
ground state beta transition would be “a” in character 
(Al =2; yes). Since the said spectrum is highly domi- 
nant in percentage of transitions, the Fermi-Kurie plot 
of the experimentally observed points should have 
shown the usual high-energy “bulge” upward, if the 
spectrum were of the “a” type. Hence, the spin 1 for 


. G. Mayer and J. H. D. Jensen, Elementary Theory “4 
Nedeor Structure (John Wiley and ox "Inc. .» New York, 1955), 


p. 85. 
Ps L. W. Nordheim, Revs. Modern Phys. 23, 322 (1951). 
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the ground state of the Re'®* appears to be more 
probable. 

The 155-kev level is indicated’ as a rotational level. 
If it be so, the subsequent levels should be at 516.6, 
1085, 1860 kev with spins 4, 6, and 8 and with even 
parity. The 1086-kev level found experimentally tallies 
rather closely with the one expected as a rotational level. 
However, if the spin assignments suggested are indeed 


7A. Bohr and B. R. Mottelson, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (Interscience Publishers, 
Inc., New York, 1955), p. 489. 
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the case, the presence of the 931-kev gamma ray with 
its observed intensity is difficult to explain. 
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Energy Levels of Si**+ 
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AND 
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The neutron spectrum from the Al?"(d,n)Si®* reaction has been investigated at eight angles by means 
of nuclear emulsions. The energy of the incident deuterons was 2.167+-0.015 Mev. The data indicate energy 
levels of Si at 1.78+-0.10, 4.54+0.2, 4.95+0.2, 6.24+0.06, 6.88+0.06, 7.39+-0.06, 7.89+0.06, 8.31+0.10, 
8.57+0.08, 9.37+-0.04, 10.00+-0.10, and 10.25+0.06 Mev. 


INTRODUCTION 


T is of interest to study alpha-particle nuclei because 

of the partial success of the alpha-particle model 
in correlating theory with experiment in light alpha- 
particle nuclei, for instance! in O**, We have used the 
nuclear emulsion technique to study the reaction 
Al?7(d,n)Si?* in order to obtain more accurate values 
for the energies of the excited states of 1,Si*. In a 
future paper it is hoped to present evidence on the 
parities of many of these states. 

The position of the first excited state has been 
extensively investigated,?-* and its spin and parity 
have been found. The region of excitation above 11.8 
Mev in Si®* shows many levels, found by studying 


t This research was supported by the United States Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command. 

*Temporarily at Brookhaven National Laboratory, Upton, 
New York. 

t Now at the Radiation Laboratory, University of California, 
Livermore, California. 

1D. M. Dennison, Phys. Rev. 96, 378 (1955). 

2H. T. Motz and D. E. Alburger, Phys. Rev. 86, 165 (1952). 

3 Willard, Bair, Cohn, and Kingston, Bull. Am. Phys. Soc. 
Ser. II, 1, 264 (1956). 

‘Day, Johnsrud, and Lind, Bull. Am. Phys. Soc. Ser. II, 1, 
56 (1936): 

5 Cohn, Bair, Kingston, and Willard, Phys. Rev. 99, 644(A) 
(1955). 

® Rothman, Hans, and Mandeville, Phys. Rev. 100, 83 (1955). 

7]. S. Hughes and D. Sinclair, Proc. Phys. Soc. (London) 
A69, 125 (1956). 

8 Rutherglen, Grant, Flack, and Deuchars, Proc. Phys. Soc. 
AG67, 101 (1954). 


resonances in the yield of reactions involving Si** as 
the compound nucleus. These are listed in the compila- 
tion of Endt and Kluyver.® The intermediate region, 
between 1.8 and 11.8 Mev, has been investigated by 
Rutherglen,* Casson,” Hattori," Peck,” and Calvert." 
In these experiments possible ambiguousness in the 
interpretation of the results or lack of accuracy in 
energy measurements precluded the precise determina- 
tion of level energies. Bent e¢ al.“ used a magnetic 
lens pair spectrometer to find the energies of the y rays 
from the reaction Al?’(d,n)Si?*. The interpretation of 
the origin of these y rays is sometimes obscure, since 
they may come either from direct transitions to the 
ground state or by cascades through excited states. 
The accuracy of their energy measurements, however, 
is comparable to or better than those of the present 
experiment, as can be seen in Table I. 


EXPERIMENTAL PROCEDURE 


A thin aluminum target having a thickness corre- 
sponding to an energy loss, for deuterons, of 15 kev 


(1954) Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
1H. Casson, Phys. Rev. 89, 809 (1953). 
" Hattori, Hisatake, Mikumo, and Momota, J. Phys. Soc, 
Japan 10, 242 (1955). 
2 R. A. Peck, Phys. Rev. 76, 1279 (1949). 
3 Calvert, Jaffe, Litherland, and Maslin, Proc. Phys. Soc. 
(London) A68, 1008 (1955). 
( oH Bonner, McCrary, and Ranken, Phys. Rev. 100, 774 
1955). 
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Taste I. Energy levels in Si**.* 
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values 
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11 
12 0.87 0.96. 
(2) (2) (3) (3) 


0.8 . 
(2) (2) 


1.782+0.01° 


4.47+-0.10,4 

4.6,° 4.65-0.10'« 
4.91+0.21,4 

5.2,° 5.04-+0.108« 
6.11-+0.10,4 
6.13-40.15'« 
6.90.18 


7.380.068» 
7.91+0.04s-» 
8.28+0.04«» 


1.78+0.10 
4.54+0.2 

4.95+0.2 

6.240.06 
6.88+0.06 
7,390.06 
7,890.06 
8.31+0.10 
8.570.08 
9.37+0.04 


10.00+0.10 
10.25-+0.06 


7.58+0.10 
4.82+0.2 
4.41+0.2 
3.12+0.06 
2.480.06 
1,970.06 
1.47+0.06 
1.05+0.10 
0.79+0.08 
—0.01+0.04 


—0.64+0.10 
—0.89+0.06 


9.45+0.086-4 
9.87+0.08«» 








* All energies are given in Mev. 


> The han ae | factor at each angle is indicated in parentheses under the Q-value at the angle. It was taken to be roughly proportional to the 


relative number 
* See reference 2. 
4 See reference 12, 


tracks in the group. 


ce 


10. 
& The energies listed are y-ray energies and are not directly determined to be ground-state transitions in Si**, 


b See reference 14. 


was bombarded with 2.167+0.015 Mev deuterons from 
the Rockefeller Van de Graaff generator at the Mas- 
sachusetts Institute of Technology. The target was an 
aluminum foil, which was caused to adhere to a 
tantalum backing with a drop of water. Neutrons from 
the reaction Al?’(d,n)Si?* were detected by means of 
Ilford C-2 emulsions, 1X3 inches, and 400 microns 
thick. The plates were wrapped in several thicknesses 


to 232 


ai *"a.n) si28 
Eq=2.16 MEV 


2000 TRACKS 
o° 
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ee | 





$128 


——£, of 


Fic. 1. Data at 0° (in the laboratory system). N is the corrected 
number of neutrons per 100-kev interval. Z, is the neutron 
energy. EZ, is the excitation energy in Si**. 


of aluminum foil and mounted" at nine angles to the 
incident beam, with the one-inch edge of the plates 
vertical, and pointing toward the target. The distance 
from the target to the front edge of the plates was 10 
centimeters. The exposure was 10 000 microcoulombs, 
and gave a density of tracks satisfying acceptance 
criteria’® of about 1000 tracks per cm? scanned. The 
plates were subsequently developed by using a modifica- 
tion” of the Los Alamos method.'* 

Scanning was performed with a Leitz binocular 
microscope on which was mounted a Heine stage 
equipped with dial gauges. Track lengths were measured 
by means of an eyepiece scale if shorter than several 
fields of view, and with the moving stage if longer. 
The angle of dip of the proton recoil track into the 


15 See illustration in F. Ajzenberg and W. W. Buechner, Phys. 
Rev. 91, 674 (1953). 

16 The dip angle must be less than 9° in the unprocessed emulsion 
and the angle which the proton recoil track makes with the 
= edge of the plate must be less than ten degrees, for a track 
with a dip, and less than 15° for a track with no dip. For ter- 
minology, see reference 18. 

17 The plates are presoaked in distilled water for 45 minutes at 
19°C, placed in solution A for 80 minutes at 4°C, in solution B 
for 80 minutes at 4°C, dry developed for 35 minutes (being warmed 
to 19°C in the process) and then placed in 13% acetic acid for 
40 minutes at 19°C. The surface silver is removed, and the plates 
are first placed in 1:3 hypo solution for approximately 7 hours at 
19°C, and then in fresh 1 :6 hypo solution overnight at 19°C 
(no agitation). The plates are washed for 6 hours and dried for 
about two days at 50% relative humidity. For further details of 
the development procedure and formulas for solutions A and B, 
see reference 18. 

18 L, Rosen, Nucleonics 11, 33 (July, 1953). 
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emulsion was measured with the fine-focus adjustment 120 27 28 
of the microscope, which is calibrated in microns. AI (4,n) Si 
The angle made by the track with the long edge of Eqg= 2.16 MEV 
the plate was measured by means of an eyepiece 80 1500 TRACKS 


goniometer to an accuracy of one degree. An oil 45° 
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Fic. 5. The 45° data (see also caption of Fig. 1). 
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Fig. 2. The 10° data (see also caption of Fig. 1). 60° 





al27 (dn) si28 

4 6 8 

Eq = 2.16 MEV En (MEV) 

1500 TRACKS Be, LF hs I A, 
20° -—E, of si*® 
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Fic. 3. The 20° data (see also caption of Fig. 1). 











120 al?” (d,n) si28 
Eq*2.16 MEV —E, of Si 
80 1500 TRACKS Fic. 7. The 90° data (see also caption of Fig. 1). 


30° 





28 


immersion objective (100) was used in conjunction 
with a pair of 10X eyepieces. A total of 12 500 tracks 
were measured at eight angles to the incident beam. 
The range-energy table of Gibson, Prowse, and 
6 8 10 Rotblat was used to convert the lengths of proton 
Pa a 2 0 recoil tracks to neutron energies. Neutron energies were 
IO aera SEE A AER ee AY then tabulated in 100-kev intervals, and the number of 
oF. sit tracks in each interval was corrected for variation of 











Fic. 4. The 30° data (see also caption of Fig. 1). 19 Gibson, Prowse, and Rotblat, Nature 173, 1180 (1954). 
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the n-p scattering cross section” and for geometry.” 
The fractional error assigned to the number of neutrons 
in each energy interval is the reciprocal of the square 
root of the number of neutrons in the interval. 


DISCUSSION OF RESULTS 


Figures 1 to 8 show our data. The ground state 
group is weak at all angles, and the statistics were too 
poor to obtain a Q-value for the ground state reaction. 
Since the energy of the first excited state is very well 
known, the excitation energies of the other levels were 
calculated from it. The second and third excited states 
could not be resolved because their energy separation 
is too small. However, nine neutron groups correspond- 
ing to higher excited states have been well enough 
resolved to enable us to obtain quite accurate Q-values. 
The Q-values obtained are shown in Table I, together 
with previous results of other investigators. The level 
scheme derived from all known data on the levels of 
Si?® below 10.5 Mev is shown in Fig. 9. We have 
probably not observed all the levels in this excitation 
region because levels whose excitation energies are 
separated by less than the neutron group width” 


a Gammel (private communication). 
% H. T. Richards, Phys. Rev. 59, 796 (1941). 
"The average neutron group width at half-maximum varied 


in this experiment from 4.5% of the neutron energy at 9 Mev 
to 15% at 1 Mev. 


at half-maximum cannot be resolved. In particular, 
above ~9.0 Mev excitation both T=1 and T=0 
states can be present in Si (see the isobaric diagram” of 
A=28 shown as Fig. 9). From the known levels of 
Al’*, there should be six 7= 1 states in the corresponding 
region of Si**(9.0S E,<10.5 Mev) in addition to an 
undetermined number of T=0 states. However, we 
have resolved only three neutron groups in this region. 
The neutron groups with E,=1.4 Mev (120°) to 1.8 
Mev (0°) are probably due to C” contamination of the 
target [C"(d,n)N®, O= —0.28 Mev]. 

In a future paper we will present a stripping analysis 
of the angular distributions at bombarding energies 


1.372. (1-633 1.63 
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Fic. 9. The mass 28 isobaric triad. Corrections have been 
made for Coulomb energy differences and the n-p mass difference 
[see e.g., T. Lauritsen, Annual Review of Nuclear Science (Annual 
Review, Inc., Stanford, 1952), Vol. 1, p. 67]. 


of 2.16 and 6.00 Mev, and resulting conclusions as to 
the parities of states of Si®*. Absolute differential 
cross sections will also be given in the later paper. 
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The angular distributions of 0.5-Mev neutrons elastically scattered by Au, Bi, U?**, U5, and Pu*® and of 
1.0-Mev neutrons elastically scattered by the latter three materials have been measured. The differential 
and total elastic scattering cross sections, the elastic transport cross sections, and the inelastic collision cross 
sections are presented. Some theoretical angular distributions and cross sections based on a complex square- 
well model for U8 are also included. The angular distributions of fission neutrons produced by 0.5- and 
1.0-Mev incident neutrons are found to be isotropic, and the ratio of #(Pu*) to #(U**) is 1.30.2 at both 


energies. 





I. INTRODUCTION 


HE angular distributions of elastically scattered 
neutrons have been studied by several authors. 
A summary of the general features of these results as a 
function of atomic weight and energy has recently been 
made.' Very few data, however, have been reported on 
the fissionable elements. The increasing detail involved 
in calculations pertaining to chain-reacting systems has 
made it desirable to obtain more information about 
relevant cross sections. The scattering of neutrons with 
energies less than 1 Mev is particularly important. 
From the theoretical point of view, considerable in- 
terest has been shown lately in the optical model** 
of the nucleus. The total cross sections averaged over 
resonances in the 1- to 3-Mev region and the angular 
dependence of neutron elastic scattering at 1 Mev have 
been reasonably well reproduced by describing the 
interaction in terms of a complex square-well potential 
of the form 
V=—V,(1+it), r<R 
V=0, r>R 


where the potential depth Vo and the absorption param- 
eter ¢ are constants and R is the nuclear radius. 

The present work was undertaken to provide more 
heavy-element cross sections important to both reactor 
design and nuclear theory. The differential cross sec- 
tions for elastically scattered 0.5-Mev neutrons were 
measured for Au, Bi, U**, U**, and Pu, and for 1.0- 
Mev neutrons for the latter three materials. The angular 
distributions of fission neutrons were also obtained at 
both energies for U** and Pu®®. 


* This work performed under the auspices of the U. S. Atomic 
Energy Commission. 

¢ Summer student from the University of Wisconsin, Madison, 
Wisconsin. 

1M. Walt, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, Paper 588. Dr. Walt’s report also in- 
cludes the preliminary values from this experiment. 

2 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

3. F. Weisskopf, Proceedings of the International Conference on 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, Paper 830. 


Il. EXPERIMENTAL ARRANGEMENT 


The experimental arrangement is shown in Fig. 1. 
Neutrons from the T(p,m)He* reaction were scattered 
by the sample and detected by a hydrogen recoil 
counter located in an oil-filled collimator and shield. 
The counter, a cylinder six inches long with a 1.5-inch 
inner diameter, was filled with 375 psi of hydrogen. It 
was located 25 inches from the scattering sample inside 
the collimator and shield tank. The whole assembly was 
rotatable about the sample. The minimum angle used 
was 25°. Scattering of source neutrons into the counter 
by the front part of the collimator on the side away 
from the target prevented the use of smaller angles. 
The highest angle obtainable was 130°, this limit being 
reached when the shield hit the target tube. The 
effectiveness of the shield was quite good; the ratio of 
scattered neutrons to background neutrons was about 
2 to 1 at 25°, and 4 to 1 at 130°. The angular resolution 
of this arrangement was +3°. Samples were limited in 
size by the collimating geometry to 3-inch diameter 
spheres. The samples were placed three inches from the 
T(p,n)He? neutron source, which was a gas target 2 cm 
long and with a 0.2-mil aluminum entrance foil. At 
0.5 Mev, the neutron energy spread was 60 kev and at 
1.0 Mev the spread was 50 kev. For the elements used, 
these energy spreads were sufficient to average over 
resonances. The effect of the shield tank on the neutron 
spectrum at the sample was found to be negligible for 
neutrons in the energy range detected by the recoil 
counter. 





Fic. 1. The experimental arrangement. 


731 





732 


Ill. EXPERIMENTAL PROCEDURE 


Since a recoil counter is an energy-discriminating 
detector, it was possible to reduce the sensitivity of the 
counter to inelastically scattered neutrons. The biases 
on the scalers used to record the counter pulses were 
adjusted in such a manner that only the pulses corres- 
ponding to maximum or nearly maximum energy proton 
recoils were accepted. Two scalers were used at all times. 
One of these was biased such that the detection effi- 
ciency relative to the primary energy was reduced to 
0.6 for neutrons having 90% of the primary energy and 
to 0.2 for neutrons having 80% of the primary energy. 
When data were taken with 0.5-Mev neutrons, the 
second scaler was biased lower, so that the relative 
efficiencies were 0.9 for 90% of the primary energy, 
0.7 for 80%, and 0.3 for 60% of the primary energy. 
At 1.0 Mev the second scaler bias resulted in efficiencies 
of 0.8 for 90% and 0.4 for 80% of the incident energy. 
These efficiencies were obtained as a function of neutron 
energy by comparing the counts per unit charge on the 
target from the recoil counter with the counts per unit 
charge on the target from an energy-insensitive long 
counter.‘ 

Data were taken with the detector at 25°, 130°, and 
at 15° intervals from 30° to 120° with and without 
the sample in place. Interspersed were runs made at 0°, 
without the scattering sample, for measuring the in- 
cident flux. By measuring the incident flux in this 
manner, knowledge of the absolute sensitivity and solid 
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Fic. 2. The differential cross section in barns per steradian for 
elastic scattering of 0.5-Mev neutrons by Au and Bi plotted as a 
function of the cosine of the laboratory angle. The errors shown 
are the standard deviations and the points without errors in- 
dicated have errors equal approximately to those of the adjacent 
points. 


‘A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
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Fic. 3. The differential cross section in barns per steradian for 
elastic scattering of 0.5-Mev neutrons by U™*, U5, and Pu 
plotted as a function of the cosine of the laboratory angle. The 
errors shown are the standard deviations and the points without 
errors indicated have errors equal approximately to those of the 
adjacent points. Also shown are the theoretical angular distribu- 
tions predicted by a complex square-well model using Vp=42 Mev, 
R=1.45X10-"At cm, and ¢=0.03 and 0.01. 


angle of the counter was not necessary. The cross section 
was obtained from these data by using 


“() C(0°) FEN r2’ 


where S(6) is the number of counts at @ due to elastic- 
ally scattered primaries; C(0°) is the number of counts 
at 0° due to incident neutrons; F is a factor computed 
from the total cross section to allow for the flux attenua- 
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Fic. 4. The differential cross section in barns per steradian for 
elastic scattering of 1.0-Mev neutrons by U*, U5, and Pu” 
plotted as a function of the cosine of the laboratory angle. The 
errors shown are the standard deviations and the points without 
errors indicated have errors equal approximately to those of the 
adjacent points. Also shown are the theoretical angular distri- 
butions predicted by a complex square-well model using Vo=42 
Mev, R=1.45X 10-84? cm, and ¢=0.03 and 0.10. 


tion in the sample; £ is the efficiency of the counter for 
neutrons scattered at angle @ relative to the zero degree 
efficiency (for heavy elements this is a very small 
correction) ; V is the total number of scattering nuclei; 
d, r;, and r2 are, respectively, the geometric mean dis- 
tances between the neutron source and the sample, 
the sample and the counter, and the neutron source and 
the counter. 

For the nonfissionable nuclides, S(@) was the differ- 


AND 1.0-MEV NEUTRONS 
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ence between the two runs taken at 6 with and without 
the scattering sample. With the fissionable materials a 
further complication arose from the fission neutrons, 
some of which had energies greater than the detector 
threshold and thus were counted. An experimental cor- 
rection was made for these neutrons in the following 
manner. A third scaler was biased to record only pulses 
corresponding to energies greater than the primary 
energy. The energy of the primary neutrons was set at 
80 kev, which was below the energy to produce counts, 
and the relative counts in the scalers due only to fission 
neutrons were observed. This distribution of counts 
was then normalized to the record of the third scaler for 
runs using fast primary neutrons. The fission neutron 
effect was then subtracted. 

All runs were normalized by neutron monitoring with 
a long counter. The effect of scattering by the shield 
tank into the long counter was measured under condi- 
tions of steady beam current and target gas pressure. 


IV. RESULTS 


After the cross sections were computed with the above 
formula, the angular distributions were corrected for 
mutiple scattering in the sample by the method de- 
veloped and tested by Walt and Barschall.® The prob- 
lem was coded for and solved on an IBM 701 computer. 
The magnitude of the correction varied from about 15% 
at 25° to 10% at 45° and from 0 to 5% between 60° and 
130°. The final corrected angular distributions based on 
the high-bias data are given in Figs. 2 through 4: The 
errors shown are the estimated standard deviations. 
At the large angles the errors are mostly statistical, 
whereas at the small angles the statistical errors, 
multiple scattering errors, and other errors combined 
are roughly the same. 

Table I summarizes the experimental values of the 
cross sections. The total and fission cross sections were 
obtained from BNL-325.* The elastic scattering, 


TABLE I. Experimental values of elastic scattering, elastic 
transport, inelastic collision, inelastic collision minus fission, and 
total cross sections. 








Neutron 
energy oe Gel Fel tr Gin vin—os* 
Element (Mev) (barns) (barns) (barns) (barns) (barns) 
Au 0.5 6.3 5.4 4.0 0.9 
Bi : ’ j ' ; 
Pu? . ' . 


Us 
U8 





SP NWN AN 
Unnione 








« The total and fission cross sections were obtained from BNL-325.* 


5 M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 

6D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Super- 
intendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955). 
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TABLE II. Theoretical values of total, elastic scattering, elastic 
transport, and compound nucleus formation cross sections for 
U™*, Parameters are Vo=42 Mev, R=1.45X10-4A! cm, and 
¢=0.03 and 0.10. 








Neutron 
Ele- energy Gel Gel tr Go 
ment (Mev) (barns) (barns) (barns) 
.03 0.10 0.03 0.10 0.03 0.10 

74 44 3.7 4 2.0 


1 1. 
8 64 37 29 11 20 


ew 
(barns) 
¢=0.03 0.10 
U*™ 05 105 94 
10 89 84 





0 
9 
7 








elastic transport, and inelastic collision cross sections 
were computed from the data according to the 
definitions: 


oa f o(0)de, 


Tel tr= fe (0) (1—cos8)dw, 


Jin Tr— Cel, 


where o(@) is the differential elastic scattering cross 
section and dw is the solid angle. The 1.0-Mev U™8 
aingular distribution agrees very well with that pre- 
vously reported by Walt.! The errors in the inelastic 
collision cross sections are determined primarily from 
the errors in the total elastic scattering cross sections. 
Since these latter are 10 to 15%, the errors in the in- 
elastic collision cross sections are about 0.6 to 0.8 b. All 
the elements studied here except Bi have low-lying 
levels in the 50-kev region to which inelastic scattering 
can occur without much loss of energy by the incident 
neutron. Since the detector did not discriminate 
effectively against such inelastically scattered neutrons, 
the inelastic collision cross sections quoted are only 
lower limits and no not include the effects of low-lying 
levels. The lowest level in Bi is at 0.9 Mev, and thus for 
0.5-Mev primary neutrons there cannot be any in- 
elastic scattering. 

The purpose in using the different scaler biases was 
to get more information on inelastic scattering. The 
difference between the detection efficiencies determined 
by the two scaler biases was greatest for neutrons with 
energies 100 to 200 kev below the primary energy. Thus 
if considerable inelastic scattering occurred to a 150-kev 
level, the elastic cross section as determined from the 
low-bias scaler would be greater than that from the 
high-bias scaler, since some of the counts in the low- 
bias scaler would arise from inelastically scattered 
neutrons. 

In Au and Pu, which have no levels in this region, 
one would expect no difference between the two biases 
and indeed none was observed. The level structure 
above 100 kev in U** is not known, but the fact that the 
data from the two biases yield the same elastic cross 
section indicates no levels in the 100- to 200-kev region 
which contributes appreciably to inelastic scattering. 


PERKINS, OLSON, AND TASCHEK 


In U™*, however, a difference was observed between 
the two biases at both 0.5 Mev and 1.0 Mev, signifying 
inelastic scattering to one or more levels in the 150-kev 
region, and agreeing with data taken by other methods. 
The first excited state in U¥* has been reported at 
45 kev’ and recent inelastic scattering measurements” 
indicate a second level at 150 kev. In addition, 
Batchelor" has found considerable inelastic scattering 
to low-lying levels in U™*. 

In Figs. 3 and 4 the theoretical predictions” based on 
a complex square-well potential are given for U¥*. These 
curves show the shape-elastic scattering only and do not 
include the elastic scattering following compound 
nucleus formation. The contribution of compound 
elastic scattering would add a component symmetric 
about 90°, but this is limited to the difference between 
the cross section for compound nucleus formation and 
the large cross section for inelastic collision. The 
parameters used were Vo=42 Mev, R=1.45X10-"A? 
cm, and ¢=0.03 and 0.10. Table IT lists the theoretical 
values of the total, elastic scattering, elastic transport, 
and compound nucleus formation cross sections. Al- 
though in general this potential, radius, and ¢=0.03,? 
give a reasonable fit to the cross sections observed over 
most of the periodic table in this energy range, the 
agreement with the heavy-element angular distribution 
data is not good. However, it has been shown" that a 
diffuse-edge nuclear potential with a smaller radius and 
greater depth gives better agreement between theory 
and experiment. 


V. FISSION NEUTRON ANGULAR DISTRIBUTION 


As stated in Sec. III, the counts in the third scaler 
were proportional to the number of fission neutrons. 
Since these data were taken at each angle, it was pos- 
sible to obtain a relative angular distribution of fission 
neutrons produced by the primary energy neutrons. To 
do this, however, it was necessary to know the neutron 
spectrum at the sample in order to eliminate those 
fission neutrons produced by scattered neutrons, with 
the greatest source of these neutrons being the shield 
tank. This background correction was made as follows. 
The recoil counter was placed at the sample position 
and the number of counts per monitor count was ob- 
served with and without the shield tank in position. 
No difference was seen, indicating that the shield tank 
caused no significant increase in the flux of neutrons 
having an energy greater than 200 kev. The 200-kev 
lower limit was determined by the gamma-ray sensitiv- 


7™N. P. Heydenburg and G. M. Temmer, Phys. Rev. 93, 906 
(1954). 

8 Divatia, Davis, Moffat, and Lind, Phys. Rev. 100, 1266 
(1955). 

® R. B. Day (private communication). 

1 R. C. Allen (private communication). 

1 R. Batchelor, Proc. Phys. Soc. (London) A69, 214 (1956). 

12 The authors are grateful to R. G. Thomas for providing these 
calculations. 

13 J. R. Beyster and M. Walt (private communication). 
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Fic. 5. The angular distributions of fission neutrons produced 
by 0.5-Mev and 1.0-Mev neutrons incident on U** and Pu, 
The errors shown are the standard deviations of the relative yields 
and are due mostly to statistical errors at the small angles and to 
background corrections at the large angles. 


ity of the counter. Next a U™® fission chamber was 
placed at the sample position. From the number of 
counts per monitor count with and without a cadmium 
shield and with and without the shield tank the spec- 
trum at the sample position was determined. In the 


AND 1.0-MEV NEUTRONS 
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worst case, with the shield tank at 130°, 95% of the 
neutrons were direct primaries, 3% of the neutrons had 
energies below 200 kev and above the cadmium reso- 
nance, and 2% were below the cadimum cut-off. At 0°, 
the middle group was negligible and the below-cadmium 
group was about 0.5%. To obtain the number of fission 
neutrons produced by these extra neutrons, thin shells 
of U*® were put around the fission chamber and the 
counting rate as a function of thickness was observed. 
From these data it was possible to deduce the thickness 
of the outer layer of the 3-inch-diameter scatterer 
affected by the slow neutrons and the magnitude of this 
effect relative to the fast-neutron effect. The correction 
to the actual fission angular distribution varied from 
0% at 25° to 10% at 130° and was assumed to be the 
same for U** and Pu*®. 

The angular distributions of the fission neutrons are 
shown in Fig. 5. The U™® distributions are isotropic as 
expected since at these energies the neutrons are 
presumably emitted by the fragments which are known 
to be emitted isotropically.“ The neutrons emitted in 
Pu fission also have an isotropic distribution, indicat- 
ing that the fragments are probably emitted isotropi- 
cally. Since the number of fission neutrons detected was 
proportional to the product o,i, where a; is the fission 
cross section and # is the average number of neutrons 
emitted per fission, the ratio of these products for the 
two elements was obtained at each energy. Using the 
known fission cross sections it was found that >(Pu*) / 
>(U**)=1.3+0.2 at both energies, agreeing with the 
. emiempirical theory"® based on the boil-off of neutrons 
from excited fission fragments. 
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Available data on the statistical weight factor g for /=0 neutron resonances are summarized and the 
reliability of each result is discussed. There are reliable measurements for seventeen resonances which lie 
between 0 and 50 kev. In many cases, the results were obtained in two or more independent experiments. 
In sixteen cases, the compound nucleus has the spin J=1+4, while in only one case the spin is /=J—}. 
No data are available for weak resonances. Despite the limited data, it is strongly indicated that the com- 
pound nucleus is formed preferentially in the 7+ 4 spin state. At present there is no basis for deciding 
whether this result arises from a difference in the level spacing D, or a difference in the average neutron 


width 


n° for the two possible spin states. Regardless of the source of this effect it is apparent that the 


frequent assumption—that the strength function [°,°/D is the same for the two spin states—may not 


be correct. 





I. INTRODUCTION 


HEN a neutron combines with a target nucleus, 
a compound nucleus is formed having the excita- 
tion energy Ec= Eg+E, where Ez is the binding energy 
(~6 to 10 Mev), and E is the kinetic energy of the 
neutron. For relatively heavy target nuclei, e.g., A > 50, 
the compound nucleus will usually have a high density 
of quantum states at the energy of excitation. If Ec 
happens to coincide with an excited state of appropriate 
spin and parity, the probability for forming the com- 
pound nucleus is large and a resonance occurs in the 
neutron cross section at the corresponding kinetic 
energy, E. 

Let us limit our discussion to target nuclei having 
ground state spin 740 (i.e., not even-even), and to 
interactions for which the neutron orbital angular 
momentum is zero (/=0). Interactions in the “slow” 
neutron region (E<~10 kev) are, for all practical 
purposes, exclusively /=0. (At 1 ev, the ratio of the 
strength of resonances having /=1 to those having /=0 
is of the order of 10~* because of the effect of the 
centrifugal barrier.) The states of the compound nucleus 
which can be produced by a /=0 neutron are those 
having spin J=J+} or J=I—}, and parity 7, where J 
and z are the spia and parity of the ground state of 
the target nucleus, respectively. 

The Breit-Wigner single-level formula,! which ex- 
presses the variation of cross section as a function of 
energy in the region of resonance, contains the statistical 
factor, g=(2J+1)/[(27+1)(2S+1) ], where the neu- 
tron spin S=}. For /=0 and JO, g has two possible 
values: 

g+=3(1+1/(27+1)] 
and (1) 
g-=3{1—-1/(27+1)], 


corresponding respectively to states of J=J+ } and 
J=I-}. 
The g-values have been measured for only a few 


*Work performed under contract with the U. S. Atomic 
Energy Commission. 
1G. Breit and E. P. Wigner, Phys. Rev. 49, 519, 642 (1936). 


resonances. Because of the lack of this information, it 
has been normal to assume? that the resonances are 
about evenly distributed between g, and g_. This 
assumption implies two conditions: (1) That roughly 
the same number of states of (+43), rand (J—}4), wexist 
in the compound nucleus,’ and (2) that the probability 
of compound nucleus formation, I',, is independent of 
the relative orientation of the spins of the neutron and 
nucleus. 

If the above assumption is true, the measured g-values 
for randomly selected neutron resonances should be 
about equally distributed between g, and g_. Existing 
data, however, contradict this, because g; appears to 
be highly favored. The importance of this effect makes 
it worthwhile to examine the available results rather 
carefully. 


II. SUMMARY OF EXPERIMENTAL DATA ON g-VALUES 
A. g-Values of the First Resonance 


In recent years it has been possible to assign the 
g-values for several low-energy neutron resonances. In 
each case, the data are for the lowest energy resonance 
appearing in the cross section. If the binding energy, 
Ez, is not correlated with the spectrum of excited 
states of the compound nucleus, then the lowest reso- 
nance in the cross section should be either g, or g_ with 
about equal probability. Thus, a measurement of the 
g-value of the lowest resonance for many isotopes would 
represent a random sampling of g-values. 

The measured g-values for low-energy resonances are 
summarized in Table I. Out of nine cases, g; was 
obtained for eight, g_ for only one. (Note that this one 
g_ is a doubtful assignment.) 

Before accepting these results, it is necessary to 


2 See, for example, Harvey, Hughes, Carter, and Pilcher, Phys. 
Rev. 99, 10 (1955), reference 10; Sailor, Foote, and Landon, 
Phys. Rev. 93, 1292 (1954). 

3 The densities of levels in the compound state are predicted 
theoretically to be a function of J. In an extreme case, it appears 
possible that the density of /=1 levels might be a factor of two 
or three times the density of J=0 levels. See, for example, C. 
Bloch, Phys. Rev. 93, 1094 (1954); and C. Critchfield and S. 
Oleksa, Phys. Rev. 82, 243 (1951). 
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examine the experiments for systematic errors and to 
attempt to appraise their general reliability. For pur- 
poses of rating the various results, let us define a 
confidence factor which would be unity if the assignment 
were absolutely certain, and would be 0.50 if it were 
completely uncertain, i.e., if the assignment were a pure 
guess. Thus, a confidence factor of 0.75 would indicate 
a three to one chance that the assignment is correct. 

The results in Table I were obtained by two general 
methods: (1) by making transmission measurements on 
polarized nuclei with polarized neutrons (designated by 
P in the Method column of the table) ; (2) by measuring 
the cross section for resonance scattering (designated 
by 5S). The two methods are quite independent and 
contain no mutual systematic errors so far as can be 
determined. 

The polarization work, carried out at Oak Ridge 
National Laboratory,*~* used thermal neutrons which 
were monochromatic and polarized. It has been suc- 
cessfully applied to In™> and Sm™ in which the thermal 
cross section is dominated by a single resonance. The 
measurement on Mn**> made by this group® yielded no 
g-value assignment because the thermal region is 
affected by two or more resonances. 

The resonance scattering measurements have been 
made with four independent experimental arrange- 
ments: (1) “back-scattering” method’ used at Chalk 
River; (2) “thick-sample” method® used at Columbia 
University; (3) “bright-line” method’ used at Brook- 
haven National Laboratory; and (4) “thick-thin 
sample” method” used at Brookhaven. Results by the 
four methods have been in mutual agreement, whenever 
data have been repeated by more than one method. 

Let us now examine each case specifically : 

Rh'®; This resonance was measured by Brockhouse’ 
using the “‘back-scattering” method. He states that the 
counting rates were statistically significant, but were 
low compared to background. For this reason, the result 
cannot be assigned a large confidence factor. 

Ag": This is the only J—} case reported in the table. 
Analysis of the data'! was unde difficult by the tail of 
the 5.19-ev Ag! resonance. In addition, the total cross 
section data of various groups have not yielded con- 
sistent parameters. This is due partly to the large 
Doppler broadening of the resonance and partly to 
insufficient instrument resolution in the total cross 
section work. As a result of these factors, Sheer and 


‘Roberts, Bernstein, Dabbs, and Stanford, Phys. Rev. 95, 
105 (1954). 

5 Dabbs, Roberts, and Bernstein, Phys. Rev. 98, 1512 (1955). 

6 Bernstein, Roberts, Stanford, Dabbs, and Stephenson, Phys. 
Rev. 94, 1243 (1954); J. W. T. Dabbs and L. D. Roberts, Phys. 
Rev. 95, 970 (1954). 

7B. N. Brockhouse, Can. J. Phys. 31, 432 (1953); Brockhouse, 
Hurst, and Bloom, Phys. Rev. 83, 840 (1951); B. N. Brockhouse 
and D. G. Hurst, Phys. Rev. 83, 841 (1951). 

8 J. Titman and C. Sheer, Phys. Rev. a 746 (1951). 

®L. B. Borst, Phys. Rev. "90, 859 (1953). 

0H. L. Foote, Jr. and J. Moore (unpublished) ; Phys. Rev. 98, 
1161 (1955). 

1 C, Sheer and J. Moore, Phys. Rev. 98, 565 (1955). 
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TaBLe I. Measured g-values for the lowest-energy resonance in 
various isotopes. The spin of the target nucleus is J, the energy 
of the resonance is Zo, g is the statistical weight factor defined in 
Eq. (1), and J is the spin of the compound state. The method of 
measurement is designated as S for neutron resonance scattering, 
or P for polarization. The confidence factor was estimated by the 
author and is defined in the text. 








Target 
isotope 


Rh 
Agi? 
Agi 
Cdus 
Tels3 
Au 
Sm 
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Eo (ev) Method factor Reference 
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++t++4+4+4+14]% 
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Ss b 
Ss b 
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c 
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j 

a a, 


P 
P 








® See reference 7. 

b See reference 11, 
© See reference 12. 
4 See reference 13. 
* See reference 14. 
! See reference 15. 


® See references 8 and 16. 
b See reference 10, 

i See reference 4. 

i See reference 17. 

k See reference 5. 

! See reference 18. 


Moore have described their g-value assignment as 
“tentative.” We, therefore, feel justified in assigning 
a low confidence factor to this result. 

Ag'®: Highly detailed data by Wood,'? and Sheer 
and Moore?! are in excellent agreement and make the 
g-value assignment highly reliable. 

Cd"*: Accurate data by Brockhouse’ and less accu- 
rate data by Beeman" are in agreement. A high degree 
of confidence can be placed in this result. 

Te!*%; Independent measurements by Foote and 
Heindl’® agree. The data in both cases are highly 
detailed and comprehensive, so the result has high 
reliability. 

Au'*7; The 4.91-ev resonance in gold has been studied 
more carefully than any other neutron resonance. The 
scattering measurements were made by three methods, 
the ‘thick sample,’ the “bright-line,’”’!? and the “thick- 
thin sample’””’ methods. Although Titman and Sheer® 
initially chose the J—} value, a later improvement in 
the total cross section data caused them to change their 
assignment to 7+4.'6 All results are now in excellent 
agreement and a maximum confidence factor appears 
justified. 

Sm“: This resonance has been studied both by 
scattering’ and polarization‘ and the results obtained 
by these very different methods agree. 

Ta*!; The data in this case are limited to “bright- 
line” measurements by Wood and Foote.” The total 
cross section parameters are less accurate than for Au’®” 
and Ag’ because of the larger Doppler broadening of 
the resonance. The g-value determination was also 


12 R. E. Wood, Phys. Rev. 95, 644 (1954); dissertation, Uni- 
versity of Utah, 1955 (unpublished). 

13 W. W. Beeman, Phys. Rev. 72, 986 (1947). 

“4H. L. Foote, Jr., dissertation, University of Utah, 1954 
(unpublished) ; Phys. Rev. 94, 790 (1954). 
rs $: Na Heindl, dissertation, ‘Columbia University, 1956 (unpub- 

ed 
16 See footnote 41 in reference 11. 
17 R, E. Wood and H. L. Foote, Jr. (unpublished). 
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TABLE II. g-value assignments for /=0 resonances in the rye 4 
region Ey<50 kev. The method of determining J is indicated by 
when resonance was resolved and peak cross section could be 
used, A when area of the transmission was analyzed for two or 
more samples, and F when curve fitting was used. 
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® Hibdon, Muehlhause, Selove, and Woolf, Phys. Rev. 77, 730 (1950). 

b Toller, Newson, and Merzbacher, Phys. Rev. 99, 1625 (1955), and 
H. W. Newson and W. Haeberli (private communication). 

¢H, Marshak and H. W. Newson (unpublished); some of these results 
are quoted in Phys. Rev. 98, 1162 (1955). The confidence factors are those 
of H. Marshak (private communication). 

4 See reference 23. 

® A. Stolovy and J. A. Harvey (to be published); see page 1336 of J. S. 
Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1956). 


more difficult than for the other two because of ths 
higher spin of Ta’*. The results are reliable, but lese 
so than for Au’ and Ag™, 

In!“; A disagreement exists between (a) the older 
data by Brockhouse’ and by Borst® and (b) more recent 
results by Dabbs et al.,5 and by Moore.'* However, the 
assignment of Brockhouse’ was based on erroneous total 
cross-section parameters.’ The improved parameters 
of Landon™ would tend to bring this into agreement 
with Dabbs and Moore. The data of Borst® were the 
first taken with the “bright-line” method, and since 
they did not have the advantage of many later refine- 
ments, they are very inadequate. The highly refined 
results of Moore!* and the polarization work’ make the 
assignment of J+-} very reliable. 

It is evident from the above discussion that all results 
except Rh™ and Ag are dependable and must be 
considered significant. It should be mentioned that for 
Ag, Te, Au’, Ta!®, and In" the observed g-value 
agrees quite accurately with the value calculated from 
Eq. (1). Values are not available to the author for the 
other cases. Also for Ag’, Au’, and In"™® the inter- 
ference “minimum” indicates that the potential scatter- 
ing for the J—} state is of the expected magnitude, 
namely ¢ p¢—» ~ 4rg_R’. 

The question now arises as to whether or not the 
cases in Table I represent a random sampling. It should 
be noted that the nuclei are not confined to some par- 
ticular class, but represent a variety of types including 
both even-odd and odd-even. The criteria for choosing 
an isotope for measurement consist primarily of the 
following factors: (1) availability of the material, 
(2) the practicality of fabricating a sample, (3) the 
existence of a low-energy resonance in the cross section 
which is strong enough to give a measurable effect. 

18 J. Moore, dissertation, Columbia University, 1956 (unpub- 
lished); Phys. Rev. 99, 610 (1955). 


 V. L. Sailor (unpublished). 
* H. H. Landon and V. L. Sailor, Phys. Rev. 98, 1267 (1955). 
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The third criterion undoubtedly discriminates against 
isotopes having an unusually weak lowest energy reso- 
nance, e.g., U5. It tends also to favor g, resonances 
because, when all other factors are equal, the g, reso- 
nances are stronger by the ratio g,/g_. A g-value assign- 
ment has never been made for a very weak resonance. 
We must conclude, therefore, that the sampling in 
Table I has favored moderately strong and strong 
resonances. 


B. Experimental Results at Higher Energy 


A few g-value assignments have been made for /=0 
resonances at higher energy in the lighter elements. 
These are all cases in which capture is negligible, so 
the resonance can be treated as purely scattering. The 
maximum cross section for these resonances reaches a 
value which is approximately oo= 4X ’g. Usually, the 
instrument resolution lowers the oo appreciably so that 
some analysis is necessary. Occasionally, when resolu- 
tion broadening is not excessive, the observed cross 
section will definitely exceed the J—} value, making 
the g-value assignment relatively easy. Available results 
up to 50 kev are listed in Table II. Eight out of nine 
cases gave I+4 for the compound state.?!:22 

The values for Mn*> deserve special attention. The 
data of Bollinger et al.% were obtained with the new 
fast chopper at the Argonne National Laboratory. 
Four resonances were present (the fourth at Ey>=7.3 
kev), of which three were fitted to a multilevel formula. 
The fit is reasonably convincing although not perfect. 
It appears that the assignments must be given a high 
confidence factor. Thus, at the present time, the Mn* 
resonance at Ey>=0.337 kev is the only resonance below 
50 kev which rather definitely appears to require the 
I—} assignment. 

Above 50 kev, available results seem about equally 
divided between g, and g_ (see Table ITI).* These data 
have been included primarily for comparison purposes, 
and will not be discussed. 


III. CONCLUSIONS 


The measurements of g-values for neutron resonances 
are limited in number; however, the reliability of 


%1 Note added in proof—The 2.9-kev resonance in Na® has 
recently been remeasured on the Harwell high-resolution time-of- 
flight spectrometer. The spin assigned is J = ] — } with a confidence 
factor of 0.95 in disagreement with the older result listed in 
Table II (J. E. Lynn, private communication). 

2 Note added in proof—The 134-ev resonance in Co® is re- 
ported to have a spin of J=I+4 (J. E. Lynn and E. R. Rae, 

rivate communication). This result is also reported by E. R. Rae 
in the Proceedings of the 1954 Glasgow Conference on Nuclear and 
i —— (Pergamon Press, London and New York, 1955), 
pp. 71 ff. 

% Bollinger, Dahlberg, Palmer, and Thomas, Phys. Rev. 100, 
126 (1955). 

% Note added in proof. —H. W. Newson (private communication) 
reports the following new assignments: The resonance in Al*’ at 
36 kev is +4 with a confidence factor of 0.80; the resonance in 
Mg* at 81 kev is ]—} and at 101 kev is J—} each with a confidence 
factor of 0.60. 
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individual measurements is quite good in most cases. 
Unfortunately, no measurements have been possible 
for very weak resonances ; and, at low energy (i.e., below 
100 ev), there are no isotopes for which more than one 
g-value has been determined.** Despite these limitations 
the measurements, taken as a group, command atten- 
tion. Of the eighteen resonances”® in Tables I and II 
below 50 kev, sixteen are g,, and only one appears 
definitely to be g_. One is very uncertain but was 
assigned to g_. The probability of obtaining such an 
overwhelming number of g, cases in a random sampling 
would be very small if g,; and g_ were equally probable. 

In view of the limited data, the conclusions must be 
tentative. The results indicate that resonances having 
average or greater than average strength are pre- 
dominantly g,. These results could be attributed to a 


25 Note added in proof.—Ten resonances in silver have been 
studied by E. R. Rae with the Harwell time-of-flight spectrometer, 
and have been reported by him at the recent International Con- 
ference on Nuclear Reactions, Amsterdam, July 2-7, 1956. He 
reports six cases of spin +4, two cases of J—}, and two not 
assigned. The +4 resonances are in Ag’ at 5.2, 30.7, 42, and 
71 ev and in Ag”? at 41, and 51.8 ev. The /—4 resonances are in 
Ag at 56 and 88 ev. The spins of the resonances in Ag” at 16.3 
and 45 ev could not be assigned. Rae points out that these results 
are not inconsistent with the weighting factor, (2/+1) which 
appears in the level density formula proposed by Bethe in 1937 
[H. A. Bethe, Revs. Modern Phys. 9, 69 (1939), see Eq. 302]. 
The presence of such a factor in the level density could possibly 
account also for the results listed in Tables I and II. More data 
are needed before a definite decision can be made. 

26 Note added in proof.—An additional g- case should appear in 
Table I. This is the “negative energy” resonance in Hg™ at 
Ey —2 ev, which is probably J =] —}4. The absence of the ground- 
state transition in the capture gamma-ray spectrum following 
thermal neutron capture indicates that the Hg™® compound 
nucleus is formed in a J =0, odd parity state. This assignment was 
made by B. B. Kinsey and G. A. Bartholomew, Can. J. Phys. 31, 
1051 (1954); and Adyasevish, Groshev, and Demidov, Academy 
of Science, U.S.S.R., Atomic Energy Conference Report, 1955 
(Academy of Science, Moscow, 1955), p. 270. 
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TABLE III. g-value assignments for /=0 resonances lying above 
50 kev. See Table II for key to symbols. 








Confi- 
dence 
factor 


Target 
isotope 1 Eo (kev) g 


3/2 297 3/8 

3/2 542 

5/2 90 7/12 R 

7/2 69.1 9/16 R 
va 7/2 87.1 7/16 R 


Refer- 
ence 











* P. H. Stelson and W. M. Preston, Phys. Rev. 88, 1354 (1952). 
bSee reference b, Table II. 
* See reference c, Table II. 


difference in the average level spacing?” D, or to a 
difference in the average neutron width [,° for the 
two possible values of J. At the present time there is 
no definite evidence to indicate how either D or [f° 
should depend on J. It would appear that the strength 
function, [',°/D could be quite different for the two 
possible spin states, being substantially larger for the 
J=I++4 state. 

More comprehensive data, particularly on the weaker 
resonances, are badly needed. Until such data become 
available it appears imprudent to assume that the 
observed resonances are equally distributed between 
the two spin states or that [',°/D is the same for the 
two spin states. 

The author wishes to thank H. W. Newson, W. 
Haeberli, and H. Marshak for permission to quote 
their results on Al?’, V°!, and Mn® prior to publication. 

27 The density of g_ resonances would be determined by the 
number of available J=J—} states in the compound nucleus. 
As is shown in reference 3, the density of states is a function of J. 


It should be noted also that if the density of states is less for the 
smaller J, then the average distance between levels, D, would be 


larger for J—}. Thus if I',°/D were the same for the two spin 


states, the level density difference would predict a larger T',° for 
the J—} state. 
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Decay of Cl**} 


J. R. Penninc,* H. R. Mattrup, J. C. Hopxims, anp F. H. Scumimpr 
Department of Physics, University of Washington, Seattle, Washington 
(Received July 30, 1956) 


The beta- and gamma-ray spectra of 55-minute Cl were studied by means of magnetic and scintillation 
spectrometers. A first forbidden unique (AJ =2, yes) beta transition takes place to the ground state of A® 
in 7+2% of all decays with an end-point energy of 3.45+0.02 Mev and a log ft value of 7.8 (log fit=8.3). 
Beta transitions to the second excited level of A® at 1.52 Mev take place in 856% of the transitions and 
have an end-point energy of 1.91+0.02 Mev (log /t=5.57). The remaining 8+-4% of the beta transitions 
take place to the first excited level at 1.266 Mev (log ft=6.8). Three gamma rays were found with energies 
of 0.246+0.003, 1.266+0.010, and 1.520+-0.010 Mev, and relative intensities of 0.9-+-0.1, 1, and 0.85-+40.05, 
respectively. The 0.240- and 1.266-Mev gamma rays are in cascade. Each of the three gamma rays is in coinci- 
dence with beta rays with end-point energies of 1.90+0.05 Mev. A beta-gamma delay is observed with a 
half-life of (0.95+0.05)X 10~ second. The metastable level is shown to be the second excited state. A decay 


scheme based on these data is proposed. 





INTRODUCTION 


HE only previous investigation of the decay 
characteristics of Cl*® was made by Haslam et al. 
who used absorption techniques to examine the beta- 
and gamma-ray spectra of this isotope. They reported 
two beta branches with end-point energies of 2.96+0.04 
and 1.65+0.03 Mev and relative intensities which 
corresponded to 7% and 93% of the disintegrations, 
respectively. A gamma ray of 1.3520.05 Mev was in 
coincidence with the 1.65-Mev beta branch and also 
with lower energy gamma rays. The low-energy gamma 
ray was reported to have an energy of 0.350.05 Mev 
and an internal conversion coefficient of 0.05. The half- 
life was determined to be 55.50.2 minutes. 

The location of the low-energy gamma ray in the 
level scheme of the daughter nucleus A® has not been 
clear. Haslam ef al. proposed that the higher energy 
beta branch takes place to a first excited state of A® at 
350 kev. However, Nussbaum? after surveying the level 
structure of isotopes with shell configurations similar 
to that of A® concluded that such a low-lying level is 
not likely. 

In view of the sparsity of experimental information on 
the decay scheme of this isotope and the difficulties 
inherent in the application of absorption techniques, we 
reinvestigated the beta and gamma spectra of Cl* 
with the combined aid of magnetic and scintillation 
spectrometers. A preliminary account of this work has 
been published in abstract form.’ 

The only information on the level structure of A® 
besides that of the beta decay measurements has come 
from the recent work by Scott and Segel* who studied 


t Supported in part by the U. S. Atomic Energy Commission. 

* Now at the Ramo-Wooldridge Corporation, Los Angeles, 
California. 

1 Haslam, Katz, Moody, and Skarsgard, Phys. Rev. 80, 318 
1950). 
' s “4 H. Nussbaum, thesis, University of Amsterdam, 1955 (un- 
published). 

3 Penning, Maltrud, Hopkins, and Schmidt, Bull. Am. Phys. 
Soc. Ser. II, 1, 162 (1956). 

4M. J. Scott and R. E. Segel, Phys. Rev. 102, 1557 (1956). 


the (,p) reaction on K*. They report levels in A® at 
1.25+0.05 and 2.46+0.10 Mev. 


SOURCE PREPARATION 


The active chlorine was produced by the A” (a,ap)Cl* 
reaction on argon gas in the University of Washington 
60-inch cyclotron. The activity was precipitated as 
AgCl from washings of the target bell jar. The source 
was deposited on a 0.0005-in. aluminum foil and covered 
with a thin zapon film. Because of the flocculent nature 
of the precipitate, the source was quite thick and no 
attempt was made to separate out low-energy beta 
components. 

In addition to the Cl, a contamination of Cl** was 
produced by the A“(a,apn) reaction. The ratio of the 
cross section for the production of Cl** to that for the 
production of Cl* was estimated to be about one to four 
at a nominal a energy of 37 Mev. Cl** decays with a 
half-life of 37.3 min.* For the scintillation counter 
studies the Cl** activity could be allowed to decay until 
it was a negligible fraction of the chlorine activity. 
Unfortunately, the magnetic spectrometer measure- 
ments required strong sources and counting had to 
begin while the amount of Cl** activity was still ap- 
preciable. The contribution to the beta spectrum due to 
Cl** was subtracted out in a manner described in more 
detail in the section on the beta-ray measurements. 


GAMMA-RAY MEASUREMENTS 


The gamma-ray spectrum was measured with 
NalI(T]) scintillation spectrometers in conjunction with 
a 20-channel pulse-height analyzer. A typical spectrum 
is shown in Fig. 1. Three gamma rays are present with 
energies of 0.246+-0.003, 1.266+0.010, and 1.520+0.010 
Mev. The energy calibration was made with sources of 
Hg™, In", Na®, Cs!87, and Y*’. Special care was taken 


5 Schmidt, Farwell, Henderson, Morgan, and Streib, Rev. Sci. 
Instr. 25, 499 (1954). 
( ®P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
1954). 
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to insure that no errors were introduced because 
of possible variation in photomultiplier gain with 
counting rate.’ 

The relative photopeak efficiency of the NaI(TI) 
crystal was obtained from the gamma-ray spectra of 
In", Na”, and Y** for each of which the relative gamma 
ray intensities are well known.’ The sources were 
positioned in a standard geometry and all measure- 
ments were made through a }-inch Lucite plus a 3-inch 
aluminum absorber. The total photopeak areas (cor- 
rected for background) were used under the assumption 
that the photopeaks could be approximated by Gaussian 
curves. 

The relative intensities of the 0.246-, 1.266-, and 
1.520-Mev gamma rays were then measured and found 
to be 0.9+0.1, 1, and 0.85+0.05, respectively. The 
high-energy background seen in Fig. 1 is due to a re- 
sidual trace of the 2.16-Mev gamma ray® associated 
with the Cl** contamination. An upper limit of 
0.55+0.10% relative to the 1.266-Mev gamma ray 
could be set on the intensity of any gamma ray with an 
energy greater than 1.52 Mev associated with the 
decay of Cl. 

Coincidence measurements were made between the 
gamma rays by means of a conventional fast-slow 
coincidence arrangement which had a resolving time 
(27) equal to 0.15 microsecond. The result is displayed 
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Fic. 1. Pulse-height spectrum of Cl taken with a NaI(TI) 
scintillation spectrometer 1} inches in diameter and 2 inches 
thick. 


7 Bell, Davis, and Bernstein, Rev. Sci. Instr. 26, 726 (1955). 
8 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 
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the spectrum of the gating pulses and the ranges of pulse heights 
used for gating. 








in Fig. 2 for the gamma spectra in coincidence with the 
photopeak of the 0.246-Mev gamma rays. The 0.246- 
and 1.266-Mev gamma rays were found to be in 
coincidence with each other, while the 1.52-Mev gamma 
was not in coincidence with either. 


BETA-RAY MEASUREMENTS 


The initial measurements of the beta spectra of Cl*® 
were made with a 1} inch diameter by 1} inch high, 
stilbene, scintillation spectrometer. Energy calibration 
was made from the internal conversion electron spectra 
of Cs? and Bi’, and from Kurie plots of the beta 
spectra of In" and Rh®. The Bi” internal conversion 
spectrum was corrected for the finite resolution of the 
spectrometer (25% for the 626-kev electrons of Cs"*7) 
and for the K/L ratio of the conversion electrons, A 
tentative energy calibration was obtained from the 
internal conversion peaks and Kurie plots were made of 
the beta spectra of In" and Rh. The energy calibra- 
tion was then adjusted until correct end-point energies 
were obtained for the calibration beta spectra. 

The Kurie plot which resulted from the total beta 
spectrum of Cl*® is shown in Fig. 3. Also shown in the 
figure are Kurie plots of the beta spectra in coincidence 
with the photopeaks of the indicated gamma rays. The 
ungated beta spectrum has an end-point energy of 
3.4340.05 Mev. The end-point energies of the beta 
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Fic. 3. Kurie plots of the beta-ray spectra from Cl® obtained 
with a stilbene scintillation spectrometer. The Kurie plot of the 
ungated beta-ray spectrum is shown together with Kurie plots of 
the spectra in coincidence with the photopeaks of the indicated 


gamma rays. 


spectra in coincidence with the 0.246-, 1.27-, and 1.52- 
Mev gamma rays all have the same end-point energy of 
1.90+0.05 Mev. No shape correction factors were used 
in the analysis. The spectra obtained with the scintilla- 
tion spectrometer were too crude to show any deviation 
from an allowed shape. 

More precise measurements of the beta spectrum of 
Cl® were then made with a uniform-field solenoidal 
beta-ray spectrometer.’ The spectrometer was operated 
with a transmission of approximately 3.2% and a 
resolution of 2% full width at half-maximum. 

In order to maintain reasonable counting rates the 
magnetic spectrometer measurements were begun while 
the Cl** contamination was still appreciable. The beta- 
ray measurements were begun at an energy of 3.61 Mev 
which was the highest attainable by the spectrometer. 
Cl** decays with three beta components® with energies 
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Fic. 4. Kurie plot of the high-energy portion of the Cl® beta-ray 
spectrum obtained with the magnetic spectrometer. Corrections 
have been applied for the Cl* contamination, background, and the 
decay of the Cl®. 


* F. H. Schmidt, Rev. Sci. Instr. 23, 361 (1952). 
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and relative intensities of 4.81 Mev (53%), 2.77 Mev 
(16%), and 1.11 Mev (31%). That portion of the 
observed beta spectrum above the end-point energy 
(3.45 Mev) of the highest energy beta component of 
Cl was used to normalize the reconstructed beta 
spectrum of the highest energy (4.81 Mev) beta com- 
ponent of Cl**. The contribution of Cl** to the total beta 
spectrum could then be calculated for any energy and 
subtracted out. Corrections were made for the decay 
of the separate activities. Since the 4.81-Mev beta 
transition in Cl** is known to be first-forbidden unique,® 
the appropriate shape correction factor was included. 
At the beginning of the beta measurements the Cl®* was 
approximately 3% of the total activity, but by the time 
the portion of the spectrum below about 1.5 Mev was 
being studied the Cl** had decayed so as to make a 
negligible contribution to the beta counting rate. 
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Fic. 5. Kurie plot of the high-energy beta spectrum from Cl® 
taken with the magnetic spectrometer after the shape correc- 
tion factor characteristic of first forbidden unique beta transi- 
tions has been applied. 


The Kurie plot which was obtained for the high 
energy portion of the Cl® beta spectrum is shown in 
Fig. 4. The curve has a distinct shape which can be 
fitted with the shape correction factor characteristic of 
first forbidden unique transitions; i.e., A7=2; yes. The 
Kurie plot which results after the shape correction 
factor has been applied is shown in Fig. 5. The end- 
point energy is 3.45+0.02 Mev, and accounts for the 
(7+2)% of the total disintegrations. A Kurie plot of the 
spectrum which remained after subtraction of the first 
forbidden unique portion is shown in Fig. 6. It exhibits a 
principal component which is linear with an end point 
at 1.91+0.02 Mev. Beyond this energy lie several data 
points which can be interpreted as a weak beta com- 
ponent with an end point corresponding to a transition 
to the first excited state. Neither resolution corrections 
nor statistical errors are sufficiently large to account 
for these points. From the analysis of the beta-ray 
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spectrum we obtain (8+-4)% for the 2.18-Mev transi- 
tion, and (85+6)% for the 1.91-Mev transition. 

A search was made in the magnetic spectrometer for 
internal conversion electrons associated with the three 
gamma rays. None were found. Upper limits of 2.1X10-, 
1.6X10-*, and 3.210-* were set on the total internal 
conversion coefficients of the 0.246-, 1.266-, and 1.52- 
Mev gamma rays, respectively. 


METASTABLE STATE OF Cl* 


A diode coincidence circuit patterned after one de- 
scribed by DeBenedetti and Richings” was constructed 
in order to search for possible metastable states in A®. 
Two stilbene crystals were used as detectors; one, 1 inch 
in diameter and # inch thick, and the other, 13 inch by 
1} inch. The crystals were mounted on selected RCA 
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Fic. 6. Kurie plot of the beta-ray spectrum from Cl which 
results after the Cl® high-energy beta component has been sub- 
tracted (open circles). The high-energy tail was assumed to have 
an end-point energy of 2.18 Mev and was subtracted out. The 
— plot of the resulting spectrum is indicated by the closed 
circles. 


5819 photomultipliers which were operated at about 
2000 volts. A fast-slow coincidence arrangement was 
again used so that energy selection could be made in 
each channel. 

Figure 7 shows a typical curve for Cl® obtained for 
betas with energies between 0.7 and 1.0 Mev in coin- 
cidence with gammas with energies also between 0.7 
and 1.0 Mev. The resolving time (27) of the coincidence 
circuit was 2 millimicroseconds as determined from the 
prompt coincidence curve of Co™. The Co™ curve was, 
of course, made with gamma rays in each channel but 
the same ranges of pulse heights was used. 

The Cl} curve has been corrected for the decay of the 
Cl® activity. It is seen that a metastable state with a 


10S. DeBenedetti and H. J. Richings, Rev. Sci. Instr. 23, 37 
(1952). 
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Fic. 7. Number of delayed coincidences as a function of the 
delay time for beta-gamma coincidences in the decay of Cl*, 
Pulses in an energy range of from 700 to 1000 kev were accepted 
in both the beta and gamma channels. The prompt curve from 
Co® was made with gamma-gamma coincidences, but with the 
same range of pulse heights in each channel. 


half-life of (0.95+0.05)X10~ second exists in A®. 
Gamma-gamma coincidence measurements with sources 
of Cl® showed that the half-life of the intermediate 
state in the cascade transition of the 0.246- and 1.266- 
Mev gamma rays was less than 0.5X10~* second. The 
metastable state is thus the 1.52-Mev level. 


DISCUSSION OF RESULTS 


The results of this experiment are summarized in the 
decay scheme which is displayed in Fig. 8. Beta transi- 
tions were observed to the ground, first (1.266-Mev) 
and second (1.52-Mev) excited states of A® with 
relative intensities of 7+2, 8+4, and 85+6%, respec- 
tively. Although the evidence for the existence of the 
beta transition to the 1.266-Mev level is not as con- 
vincing as might be desired, it is consistent with the 
relative intensity measurements of the three gamma 
rays. Moreover, the work of Scott and Segel has shown 
that a level exists in A® at 1.24+0.05 Mev. We identify 
this level with our 1.266-Mev gamma ray. The remain- 
ing principal features of the decay scheme are sup- 
ported by beta-gamma and gamma-gamma coincidence 
measurements. 

A® undergoes a first forbidden unique (AJ=2, yes) 
beta transition® to K®. Since the spin and parity of 
K*® are known® to be $+, the ground state of A® is 
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Fic. 8. Decay scheme proposed for Cl. 


determined to be 7/2—. Similarly the log ft value" 
(log ft=7.8, log f:t=8.3) and the characteristic shape 
which were measured for the ground state component 
in the decay of Cl® show that this beta transition is also 
first forbidden unique. Therefore the ground state of 
Cl® is 3+. These assignments are in agreement with 
the predictions of the shell model; A® with 21 neutrons 
has one neutron in the fr. state, and Cl® with 17 
protons has one proton in a d; orbital. 

The log ft value of 5.57 for the 1.91-Mev beta branch 
to the 1.52-Mev level in A® determines this transition 
to be allowed. The spin of the 1.52-Mev level is, there- 
fore, 3, $, or 5/2 and the parity is even. From the partial 
half-life of 2.1X10-* sec for the 1.52-Mev gamma 
transition, one obtains an M2 reduced transition 
probability of 6.7 which is excellent agreement with the 
three other known M2 transitions.” Hence, the 1.52- 
Mev level is uniquely determined to be a $+ state. No 

1 J, P. Davidson, Phys. Rev. 82, 48 (1951). 


12M. Goldhaber and J. Weneser, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1955), Vol. 5, p. 1. 


other assignment is compatible with both the beta 
decay and the half-life measurements. 

The upper limit of 2.1 10- set on the total internal 
conversion coefficient for the 246-kev gamma transition 
determined this radiation to be either Z1 or M1." Asa 
consequence, the spin of the 1.266-Mev level is 3, 3, or 
5/2. Since an assignment of $ would result in a 1.266- 
Mev metastable state with a half-life of several micro- 
seconds, the only possibilities which remain are 3 or 5/2. 
If the parity of this state were even, the beta transitions 
to this state would be allowed. The log ft of 6.8 for this 
transition makes a forbidden decay the more probable. 
An odd parity is therefore assigned to the 1.266-Mev 
level. 

A considerable discrepancy has existed between the 
mass of Cl as determined from the Cl®—A®—K*® 
beta decay chain and the value of 38.97871+10 which 
Wilkinson and Carver" reported from their measure- 
ment of the threshold of the A“(y,p)CI* reaction. The 
mass of A® determined by beta decay has been verified 
by the measurement of Halpern ef al.'® of the threshold 
energy for the A®(y,n)A® reaction. The discrepancy in 
the mass of Cl is, therefore, between the Cl® beta- 
decay disintegration energy and the (y,p) threshold 
energy measurement of Wilkinson and Carver. Our 
results permit the recalculation of the mass of Cl® from 
the beta-decay chain. The result for the mass Cl is 
38.98024+ 14 which is still in marked disagreement with 
the result of Wilkinson. 

We wish to thank T. J. Morgan and the crew of the 
University of Washington 60-inch cyclotron for their 
assistance with the bombardments. Also we wish to 
acknowledge the help of Harold Fauska with the 
electronic equipment. Special thanks are due to Francis 
Bartis for extensive assistance with calculational details. 


33 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report ORNL-1023, 1951 (unpublished). 


4 DZ). H. Wilkinson and J. H. Carver, Phys. Rev. 83, 466 (1951). 
18 Halpern, Nathans, and Yerjin, Phys. Rev. 95, 1529 (1954). 





PHYSICAL REVIEW VOLUME 104, 


NUMBER 3 NOVEMBER 1, 1956 


Rotational and Intrinsic Levels in Tm'®* and Lu!”*+* 


E. N. Hatcu, F. Boru, P. MArmrer,f AND J. W. M. DuMonp 
California Institute of Technology, Pasadena, California 
(Received July 23, 1956) 


Nuclear levels in Tm! excited by electron capture of Yb!, and levels in Lu!”’ excited by both beta decay 
of Yb!"5 and electron capture of Hf!’5 have been studied by using the curved-crystal gamma-ray spectrometer 
and the ring-focusing beta-ray spectrometer, as well as a semicircular beta-ray spectrometer for low energies. 
From the precision energies and the multipolarity determinations, the levels in Tm! have the following 
energies in kev, and spin and parity assignments: A (ground state) (1/2+), B 8.42 (3/2+), C 118.20 (5/2+), 
D 138.95 (7/2+-), E 316.19 (7/2+-), F 379.31 (7/2—), G 472.91 (9/2—). Levels A, B, C, and D are members 
of a rotational band whose characteristic constants are given. Levels E and F are interpreted as particle 
excitations and level G as a rotational level based on the state F. The Lu’ excited states have the following 
energies in kev, spins, and parities: A (ground state) (7/2+), B 113.81 (9/2+), C 251.46 (11/2+), D 
343.40 (5/2+), E 396.31 (9/2—), F 432.76 (7/2+-), G 504.7 (1/2+-). A, B, and C form a rotational band 
for which the characteristic constants are given. Some features of the levels and transition probabilities 


are discussed and compared with the unified model. 


constants and of intrinsic excitation levels is given. 


A brief survey of second-order rotational energy 





INTRODUCTION 


HE unified nuclear model as first proposed by Bohr 
and Mottelson' has proved to be very success- 
ful in explaining nuclear levels and transition probabil- 
ities in strongly deformed nuclei. It is well known that 
the relative spacings of rotational energy levels pre- 
dicted by the Bohr-Mottelson model are verified by 
experiment to better than one part in one hundred. 
Furthermore, recent analysis by Mottelson and Nilsson? 
provides good indication that the strong-coupling 
unified model of a spheroidal nucleus can predict 
successfully the ground-state configuration of the odd 
particle. This analysis is based on calculations by 
Nilsson? of independent-particle energy levels and wave 
functions for a spheroidal potential. The unified model, 
therefore, can be considered a good guide in predicting 
not only collective excitation states, but also, at least 
qualitatively, intrinsic states whose excitation we might 
expect in a nuclear decay process. 
The energy of a rotational state with spin J belonging 
to a band with quantum number K can be written‘ as 


Ex(1)=Ex® 
+Ex [I (I+1)+6x, 120(—1)4?(I+1/2)] 
+Ex®[I(I+1)+6x, 120(—1)"7(7+1/2) P. (1) 


where Ex® is a constant, Ex™ is the rotational 


+ Work supported by the U. S. Atomic Energy Commission. 
* A portion of this work was submitted by E. N. Hatch as 


a Ph.D. thesis, California Institute of Technology, 1956 
(unpublished). : 
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2 B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 (1955). 

3S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

4K is defined as the projection of the nuclear spin J on the 


nuclear symmetry axis. 


splitting term h?/29, 9 being the moment of inertia 
associated with the rotational motion, and Ex® is a 
small, usually negative second-order correction term. 
The decoupling term containing the decoupling param- 
eter a is different from zero only for K=1/2. 

The significance of the second-order term is becoming 
increasingly evident. This term, as Bohr and Mottelson 
have shown,! is characteristic of the rotation-vibration 
interaction and thus of the change in deformation of 
the spheroidal nucleus. A similar second-order term 
with positive sign may occur, as Kerman® has pointed 
out, as a result of the interplay of collective motion and 
single particle motion. The second-order term may 
provide, therefore, a tool in studying rotation-particle 
coupling. 

It has been observed that the odd-A nuclei of the 
rare earth elements show pronounced rotational spectra 
in addition to low-lying intrinsic structure. These 
nuclei appear to be most appropriate for studies of 
nuclear excitation using precision spectroscopic methods. 
Therefore it has seemed worthwhile to reinvestigate 
with these methods two strongly deformed odd-A 
nuclei, Tm!® and Lu’’®.® There have been several 
previous investigations of both Tm! 7-” and Lu!75,.9.1-4 

Tm'® has a spin 1/2 ground state and is expected 
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Marmier, Boehm, and DuMond, Bull. Am. Phys. Soc. Ser. II, 
1, 170 (1956), and by Boehm, Hatch, Marmier, and DuMond, 
Bull. Am. Phys. Soc. Ser. II, 1, 170 (1956). 
laa Jensen, Hughes, and Nichols, Phys. Rev. 82, 579 

1951). 

8S. A. E. Johansson, Phys. Rev. 100, 835 (1955). 

® Cork, Brice, Martin, Schmid, and Helmer, Phys. Rev. 101, 
1042 (1956). 

1 Huus, Bjerregaard, and Elbek, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, No. 17 (1956). 

11N. Marty, Compt. rend. 240, 963 (1955). 

12H, DeWaard, Phil. Mag. 46, 445 (1955) ; Akerlind, Hartmann, 
and Wiedling, Phil. Mag. 46, 448 (1955). 

13 Burford, Perkins, and Haynes, Phys. Rev. 99, 3 (1955). 

4 Mize, Bunker, and Starner, Phys. Rev. 100, 1390 (1955). 
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TABLE I. Data for transitions in Tm'™, 











Initial 
and final 
energy 
levels 


y-Tay y-ray 
energy relative 


(kev) intensity @Ktheo 


Internal conversion coefficients* 


Decay» 
fraction 
ali @QLil percent 


@Liil Multipolarity 





8.42+0.05 e 
20.752-0.05 e 
63.12+0.01 65 
93.60+0.04 4.4 
109.78+0.02 22 
118.20+0.03 2.6 
130,530.03 15 
177.24+0.05 31 
197.97+0.06 51 

240.4 +0.7 1 
261.0 +0.5 8 
307.7 +0.5 18 


or-SSSoNNS.: - 
S2earr :: 


z 


0.05 


(95) (M1) 
(13) 
90 


e@zt:apn arm =20:2.5:1 
0.10¢ 0.02 0.03 
0.42 se hohe 
0.34 


(M1) 

Fi 
M1(+£2) 
Mie 


> 2 
0.31 0.27 E2 
eee eee Mii 
Mii 
(E1) 
(1) 
2 


0.09 
0.07 


az=0.01 








* All conversion coefficients except those entered in the column headed axtheo are experimental values. The theoretical ax were obtained from tables 


computed by Sliv.*? 


> Each decay fraction is proportional to (1+atotai) times the corresponding y-ray intensity and is normalized so that the sum of the decay fractions 
into the ground state is 100%. atotai was obtained by adding the appropriate conversion coefficients. If an experimental coefficient was not available, the 


corresponding theoretical value was used in atotal. 


¢ These transitions were observed only with the semicircular 8-ray spectrometer. s : 
4 K-conversion line was observed at 3.8 kev, but its intensity was not obtained because of large uncertainty in window absorption of semicircular 


spectrometer detector. 


¢ Theoretical values given by Rose ef al.™ for E1 transition at 63.1 kev: az1 =0.09, ax11 =0.03, and azi1 =0.04, 


t axtheo is the Sliv?? value for M1 transition. 
« Upper limit of 22 admixture is 3%. 
b [-lines observed but not resolved from other conversion lines. 
i Upper limit of Z2 admixture is 20%. 

i Transition observed with curved-crystal spectrometer only. 

k K-line observable but of low intensity. 


to exhibit the anomalous rotational spectrum as 
predicted by Eq. (1) for K=1/2. While these investiga- 
tions were under way Johannson* and Cork’ have 
published decay schemes of this nucleus and have 
pointed out some of the principal features of the 
nuclear spectrum. The present work on Tm’® will 
furnish principally the rotational parameters of the 
ground state band and an assignment of higher intrinsic 
levels. With respect to Lu’” this investigation will give, 
apart from precision energies, a level assignment 
similar to the one proposed by Chase and Wilets'® with 
one additional level not reported earlier. 

Following neutron capture in natural Yb, Yb'® 
and Yb!"* are formed having half-lives of 31 days and 
4.2 days, respectively. Yb'® decays by electron capture 
to excited states in Tm!®. Beta decay of Yb!”* excites 
levels in Lu'”®. On the other hand, levels in Lu’”® are 
reached by electron capture of Hf!”*, which is produced 
by neutron capture in Hf!*. These three decay processes 
have been studied in the present investigation. 


INSTRUMENTS AND SOURCES 


The two-meter curved-crystal gamma-ray diffraction 
spectrometer has been employed for the energy deter- 
mination of the observed gamma-ray transitions in 
Tm'® and Lu’ (except where noted in Tables I and 
II). This instrument and its operation have been 
described earlier.!* For the precision determination of 
gamma-ray energies the resolution of this spectrometer 
was AE/E=0.3X10~ E, where E is the gamma-ray 


18D. M. Chase and L. Wilets, Phys. Rev. 101, 1038 (1956). 
16 Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952). 


energy in kev and AE is the width of the line profile 
at half-maximum. 

In conjunction with the gamma-ray spectrometer, 
two beta-ray spectrometers were used: the homo- 
geneous-field ring-focusing spectrometer!’ and a semi- 
circular spectrometer. 

The ring-focusing spectrometer in some cases has been 
operated with a beta-gamma coincidence arrangement 
of the well-known fast-slow type. The fast coincidences 
were obtained in a Garwin-type'® coincidence mixer with 
2X 10~* second resolving time and with previous fast- 
pulse amplification and pulse shaping. Variable delay 
lines could be inserted in either channel. For coincidence 
measurements the gamma-ray detector was a Nal 
crystal and the electron detector a 0.5-mm stilbene 
crystal, 2 inches in diameter, mounted on a Lucite light 
pipe 13 inches long. Since the magnetic field decreases 
rapidly outside the ellipsoidal coils of the spectrometer, 
a thin y-metal shielding was sufficient to insure 
negligible residual magnetic field at the position of 
the photomultiplier. Pulse height discrimination and 
slow triple coincidence mixing was of conventional 
type. The coincidence output counting rate was 
usually recorded together with the counting rate of 
the beta channel on a continuous chart recorder. 
The resolution of the beta-ray spectrometer was 0.3% 
for most of the standard runs and 1% for the coincidence 
runs. 

Since the ring-focusing spectrometer is limited at the 


17 DuMond, Kohl, Bogart, Muller, and Wilts, Office of Naval 
Research Special Technical Report, No. 16, March, 1952, 
(unpublished). 

18 R, L. Garwin, Rev. Sci. Instr. 24, 618 (1953). 
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TABLE II. Data for transitions in Lu!”®, 








Initial 
and final 
energy 
levels 


y-ray 
energy 
(kev) 


y-Tay 
relative 


intensity ak 


internal conversion coefficients 


Experimental Decay* 
fraction 
percent 


aL Multipolarity 





Lu'” transitions following 8 decay from Yb!" 


113.81+0.02 


137.65+0.05 
144.85+0.03 
251.3 +0.5 
282.57+0.13 
396.1 +0.3 


31 1.6 
1.0 
0.11 
d 


100 
Lu!” transitions following 


89.36+0.01 40 
113.81+0.05 
161.3 +0.2 
229.6 +0.6 
318.9 +0.6 
343.40+0.08 
433.0 +0.5 


3. 
0. é 
7. 0.11 

0.105 
0.061 


1000 


16 


0.030 
0.067 


2.2) art, 111=0.43, az111=0.022 
~2 att, 
0.5 


(ant =0.39, Q@QLii =0.10, 
azi1=0.13) 


50 80% M1+20% E2» 


M1+E2 
E1 
(E2) 


98% E1+2% M2 
80% E1+20% M2 


2.5 

2.9 

2.0 
28 
48 


0.0037 
0.0085 
electron capture from Hf!75 


1 97% M1+3% E2 
90% M1+10% E2> 
(E2) 

E2 

(M1) 

M1¢ 

M1! 


3 

inant ~6 1.1 
0. 0.04 

0.05 0.7 

0.019 
0.0095 


97 
1.5 








* Decay fractions are computed and normalized as in Table I. 

> Discrepancy in mixing percentages is within experimental errors. 

¢ L-conversion lines were observed but not resolved from other lines, 

4 Transition observed with curved-crystal spectrometer only. 

¢ Low-intensity transition observed with ring-focusing spectrometer only. 
{ Up to 25% E2 admixture cannot be excluded. 


low-energy side to electron energies of about 25 kev 
owing to the proton resonance field measuring device, 
and also owing to the detector cut-off, a low-energy 
semicircular beta-ray spectrometer has been employed. 
This 180° spectrometer has a radius of 12 cm. The 
field is produced by two iron-free coils in near Helmholtz 
conditions. The gradient of the field near the extreme 
trajectories provides a second-order focusing. Field 
current stabilization is obtained to two parts in ten 
thousand with a rotating mechanical unit and electronic 
servo system. Source and Geiger-counter window 
dimensions for a standard resolution of 0.8% are 0.1 
cm X4 cm. With a 10-ug/cm* Formvar counter window, 
transmission is assured down to 2-kev electron energy. 

The radioactive sources were obtained by irradiating 
Yb.0; and Hf!“O, with neutrons at high flux in the 
Materials Testing Reactor at Arco, Idaho. The Yb.O; 
was specified to be 99.8% pure. The enriched Hf!“O, 
(10% Hf!) was loaned by the Stable Isotope Division 
of the Oak Ridge National Laboratory. 

The curved-crystal spectrometer required line sources 
of about one curie strength. The source material was 
enclosed before irradiation in quartz capillaries of 
0.007-inch inner diameter and 2-cm length. 

Sources for both beta-ray spectrometers were pre- 
pared by vacuum evaporation of the radioactive 
material onto a thin mica sheet from which the actual 
spectrometer sources were punched. The ring-focusing 
spectrometer required at 0.3% resolution a 1.2-mm 
diameter disk source. The semicircular spectrometer 
requires strip sources of the dimensions given above. 
The radioactive deposit on the mica is always invisible, 
in the worst case several light wavelengths thick. 


Such sources give rise to line profiles free from “tails” 
down to lowest energies. 


RESULTS 


The precision energies of gamma-ray transitions in 
Tm'® and Lu!”® were obtained by matching the profiles 
of the gamma lines resulting from reflection from the 
opposite sides of the (310) planes of the curved quartz 
diffracting crystal. The well-known wavelength” of the 
Ta Ka, x-ray emitted from the radioactive Hf source 
was used as standard for all measurements. To improve 
resolution of the instrument at higher energies, the 
quartz (110) planes, which exhibit strong reflection in 
third and fifth order, were employed in one case 
(343.40-kev line of Lu!”®). 

The relative intensities of the gamma-ray transitions 
were determined by comparing areas of the photopeaks 
due to gamma rays reflected at the Bragg angle. 
Corrections for self-absorption in the source, reflec- 
tivity” of the curved quartz crystal, and the efficiency 
of the Nal scintillaton detector were applied. 

The spectrum from a radioactive Yb source from 48 
to 400 kev as recorded on a chart recorder from the 
output of the spectrometer is shown in Fig. 1. The Yb 
source emitting this spectrum consisted of 50 mg of 


® Y. Cauchois and H. Hulubei, Longueurs D’Onde des Emissions 
af Fd ‘. Discontinuités d’ Absorption X (Hermann and C’®, Paris, 
1 " 

” Curved crystal reflectivity was measured [E. N. Hatch, 
Ph.D. thesis, California Institute of Technology, 1956 (unpub- 
lished) ] over the range 84 kev to 340 kev and was found{to be 
consistent with a 1/E* energy dependence, in agreement with 
earlier work by Lind [Lind, West, and DuMond, Phys. Rev. 77, 
475 (1950) J. 
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Fic. 1. Gamma-ray and 
x-ray spectrum from a 
neutron-irridiated Yb 
source from 48 to 400 kev 
as observed with the curved- 
crystal spectrometer. The 
gamma lines which are 
labeled with their energies 
in kev correspond to transi- 
tions in Tm, Lu’, and 
Hf? 


COUNTING RATE 





|= 93.60 


aa Tt: er. ee 
200 180 160 140 120 100 
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radioactive Yb,O;and had an intensity of approximately 
one curie. This source provided an energy resolution, 
AE/E, of about twice that which resulted with the 
source used for the precision energy measurements. 
The lines in the spectrum shown in Fig. 1 are due to 
the de-excitation in Tm'’®, Lu'”®, and Hf'’’. The last 
decay is evidenced by the Hf K, x-rays and the Hf!” 
112.97 and 208.36 kev gamma lines. Hf!” is formed by 
beta decay of Lu'”’, which itself is a decay product of 
Yb!77, 

In Fig. 2 (A) is shown the Tm'® beta-ray spectrum 
from 2 to 12.5 kev as recorded on a chart recorder from 
the output of the semicircular spectrometer. The 
unlabeled peaks are principally L-Auger lines. To 
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Fic. 2 (A) Conversion line and Z-Auger spectrum of Tm'™® 
from 2 to 12.5 kev observed with the semicircular beta-ray 
spectrometer. The momentum resolution is 1%. (B) For compari- 
son a pure Lu L-Auger spectrum following Hf!” electron capture 
is shown. Here the momentum resolution is 0.7%. The group of 
lines between 5 and 6 kev is due mainly to Auger conversion of 
the La; x-rays, those around 7 kev mainly to Lg; and Lf x-rays, 
and the higher group to Ly; x-rays. The abscissa values of curves 
A and B are slightly shifted in order to achieve an approximate 
correspondance between Auger lines of both elements. 





identify the Tm L-Auger lines in this spectrum, an 
independent study of the Lu L-Auger spectrum emitted 
by a Hf!”® source was undertaken, since in the Lu!” 
spectrum no conversion electrons at low energies are 
present. Figure 2(B) represents a typical chart run of 
the Lu!”® L-Auger spectrum. 

From the beta-ray spectra obtained with the ring- 
focusing spectrometer, relative intensities of the 
conversion lines resulted from comparing the peak 
heights after correcting for absorption in the detector 
window. 

The combined results of the gamma- and beta-ray 
measurements are presented in Tables I and II and in 
Figs. 3 and 4. The experimental conversion coefficients 
in Table I resulted from dividing the intensity of each 
conversion line by the corresponding gamma-ray 
intensity. A normalization factor for transitions follow- 
ing the Yb'® and Yb!” decays was established by 
assuming that the Tm’® transition DB had the theoret- 
ical K-conversion coefficient of a pure E2 transition. 
This assumption was based on the experimental 
conversion ratio Ly: Ly;: ZL, from which it is evident 
that transition DB is E2 with less than 5% M1 admix- 
ture. Similarly, the conversion coefficients for transi- 
tions following the Hf!”® decay have been determined 
by using the 133.02-kev E2 transition™ in Ta!* as 
normalization standard. Ta'*! was present in the Hf 
source as a product of the beta decay of Hf!*!. 

By comparing the experimental K- and L-conversion 
coefficients with the corresponding theoretical coeffi- 
cients, the multipolarities of the transitions were 
obtained. Theoretical K-shell conversion coefficients 
were taken from tables by Sliv,” while the theoretical 
L-subshell conversion coefficients were interpolated 
from the tables of Rose et al.” 

It has been recently pointed out by Wapstra and 
Nijgh™* that some experimental K-shell conversion 
coefficients for M1 transitions in nuclei with mass 


21 F, Boehm and P. Marmier, Phys. Rev. 103, 342 (1956). 

2. Sliv (privately circulated tables). 

3 Rose, Goertzel, and Swift (privately circulated tables). 

* A. H. Wapstra and G. J. Nijgh, Nuclear Phys. 1, No. 4, 245 
(1956). 
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Fic. 3. Level scheme proposed for Tm!*. The energies are given 
in kev. The numbers characterizing each energy level are: the 
configuration in the spherical limit,? the K quantum number, 
and the nuclear spin and parity. 


numbers A~200 are about 40% lower than the 
corresponding theoretical coefficients of Rose et al.* 
Sliv® has computed K-shell conversion coefficients 
for elements 65<Z<95, including the effect of the 
finite extension of the nucleus with the result that M1 
coefficients are substantially lower than the earlier 
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values by Rose. The experimental K-shell conversion 
coefficients for the Tm! 109.78-, 177.24-, and 197.97- 
kev transitions are in good agreement with the theoret- 
ical M1 vaues of Sliv and are about 15% lower than 
corresponding coefficients computed by Rose et al. 

The Tm'® 63.12-kev transition was assigned El 
multipolarity on the basis of its L-subshell conversion 
(Table I). This assignment is not in agreement with 
the M1i+£2 assignment suggested by Cork e al.® 
Conversion peaks of the Tm'® 240.4- and 261.0-kev 
gamma rays were found to be very weak. By using 
gamma-ray intensity values (Table I), it was possible 
to set an upper limit for the K-conversion coefficients, 
from which it follows that the £1 multipolarities are 
most likely for these transitions. 

Johannson® has reported a transition in Tm'® at 
194 kev. There is no evidence for this transition from 
the present measurements. 

Some of the genetic relationships between transitions 
in Tm! were checked with the described beta-gamma 
coincidence apparatus. The results of these measure- 
ments, which will not be reported in detail, support 
the level scheme given in Fig. 3. 

In Lu’ the multipole assignments given in Table II 
are essentially in agreement with those proposed by 
Mize et al.,’* in particular with respect to the 282.57- 
and 396.1-kev transitions, which Cork et al. have 
suggested a different assignment. Conversion electrons 
due to the 161.3-kev gamma ray have been found to be 
in coincidence with the 343.40-kev transition. This 
result means that the 161.3-kev gamma ray feeds 
either the level D or the level F (Fig. 4). However, no 
crossover transition of 161.3+89.36 kev has been 
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found; therefore more weight is given to the former 
alternative. From the conversion properties, the 
161.3-kev line probably has E2 character. If one assumes 
a 900-kev disintegration energy,'** the electron-capture 
branches initiating from the 5/2—Hf!”* ground state 
to levels D and F have log ft values of 7.3 and 7.9, 
respectively. Thus these transitions can be classified as 
first forbidden. Because of the very low intensity of 
the 161.3-kev line, the electron-capture process feeding 
this line must have a very large log ft value, such as 
10.2, and therefore is likely to be of the (AJ=2, yes) 
type ending on either a 1/2+ or a 9/2+ spin level. 
A 1/2+ state G, as indicated on Fig. 4, explains best 
the observed features, particularly the absence of 
transitions to states with a spin higher than 5/2. 


Levels in Tm'® 


The level scheme for Tm’® obtained from the 
present measurements is shown in Fig. 3. Based on the 
measured ground-state spin of 1/2,”* the assignment of 
spins and parities to levels B through F from the 
observed transition multipolarities is unique. The 
93.60-kev transition was placed so as to decay into 
level F to agree with the delay-coincidence measure- 
ments by Johansson.*® The spin of level G is not uniquely 
determined by multipolarity considerations. 

Using previous data’: Mottelson and Nilsson?’ have 
interpreted levels B, C, and D as belonging to the 
rotational band from the K= 1/2 ground state of Tm'®. 
Level E has been assigned spin and parity 7/2+ from 
the present data and is interpreted as being an individ- 
ual particle excitation. From the established £1 
multipolarity of the 63.12-kev transition, level F could 
be assigned spin and parity of either 5/2—, 7/2—, or 
9/2—. Since transition FB was not observed, and since 
pure M2 multipolarity for the 261.0-kev transition 
could be definitely excluded, level F was assigned 
7/2— and interpreted as a particle excitation. The 
interpretation of level G as the first rotational state 
based on level F rather than as an individual particle 
state is consistent with the experimental data and 
will be discussed below. 

From the gamma-ray decay fractions (Table I) it was 
established that 10% of the electron capture leads to 
Tm!® level G, while 90% decays to level F. According 
to the classification of odd-A nuclear ground states 
by Mottelson and Nilsson,’ the Yb'® ground state is 
predicted to have spin 7/2+. Thus the electron- 
capture decay from Yb!® to levels G and F would be 
first forbidden, in accord with a log ft of about 7 and 8, 
which one obtains assuming a total decay energy of 
1.1 Mev.” 

If the second-order term in Eq. (1) is neglected 
and the constants Ey, £2, and @ are determined 


2K, Way and M. Wood, Phys. Rev. 94, 119 (1953). 
26 K. H. Lindenberger and A. Steudel, Naturwiss. 42, 41 (1955). 
27 B. R. Mottelson and S. G. Nilsson, Z. Physik 141, 217 (1955). 
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using the measured gamma energies of states B and C,; 
level D is predicted at an energy of Ey/2(7/2)= 137.85 
kev. Taking into account the second-order term and 
using the energies of levels B, C, and D, the following 
constants are obtained: a= —0.7680, Ey. = —18.247 
kev, Eyjo™ = 11.969 kev, Eyj2 = +0.03389 kev. The 
resulting value for the decoupling parameter a is in 
agreement with the calculation by Mottelson and 
Nilsson.”’ It should be noted that a positive second-order 
term is required to fit the measured energies. Similarly, 
a second-order term with positive sign has been found 
in the rotational band of W!*.5 

Using the above parameters a 9/2 rotational level 
is predicted at 351.65 kev and an 11/2 level at 387.37 
kev. Transitions to or from these levels have not been 
observed. Since these higher spin levels are not pop- 
ulated, the effect of K-mixing cannot be verified as 
has been done in the analysis of W'* by Kerman.® As 
mentioned above, level F appears to be a rotational 
level. This assumption is based on the apparent M1+ E2 
character of the 93.60-kev transition and on the 
observed branching ratio of the electron capture to 
levels F and G. To first approximation a splitting 
constant E7/2“=10.4 kev is obtained. This relatively 
small value for Ex. might indicate that a larger 
moment of inertia is associated with the rotational 
band based on level F compared with that of the 
ground-state band.f 

For each of the observed intrinsic levels in Tm! 
there is a corresponding individual particle level 
available from the curves by Mottelson and Nilsson.? 
The identification of the intrinsic levels, which is based 
on the observed spins and parities, is given in Fig. 3. 

One striking feature of the level scheme in Fig. 3 is 
the lack of observation of allowed electron-capture 
decay to level E. From conventional beta-decay 
selection rules this transition would be expected to 
compete strongly with the less energetic first-forbidden 
decay to levels G and F. A possible explanation is 
perhaps found in the selection rules given by Alaga®® 
for beta transitions in strongly deformed nuclei. 
According to these selection rules electron capture from 
the assumed 7/2+ ground state of Yb'® to level E 
would be classed as a hindered transition and would 
have a reduced transition probability over the un- 
hindered decay to levels G and F. A similar explanation 
may also account for the lack of an observed cross-over 
transition GE, since the same type of selection rules 
should apply to gamma-ray transitions. 

If it is assumed that transitions FE, FD, and FC 
are pure Ei transitions, the experimental branching 
ratio of the reduced transition probabilities can be 
obtained. This ratio, B(63.12): B(240.4): B(261.0)=3.2 


t Note added in proof.—Recent lifetime studies on Tm’ levels 
have suggested that level G could be interpreted as an intrinsic 
excitation state rather than as a rotational level [Mihelich, Ward, 
and Jacob (private communication) ]. 

%8 G. Alaga, Phys. Rev. 100, 432 (1955). 
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X 10°: 1:6, indicates that the 240.4- and the 261.0-kev 
transitions are greatly suppressed compared with the 
63.12-kev transition. This suppression can be explained 
by K-forbiddenness. The fact that the AK=3 transi- 
tions occur at all probably indicates K-admixture in 
the bands. In the same way the long half-life of level Z 
(0.7 usec)” can be attributed to K-forbiddenness, as 
Johannson* has indicated. 


Levels in Lu!”® 


The level schemes obtained from the investigations 
of Lu!”§ are shown in Fig. 4. The essential features of 
the decay from both Yb!”® and Hf!’® have been given 
previously by Mize et al.,* and have been discussed by 
Chase and Wilets.'® 

If the second-order term in Eq. (1) is neglected, 
the formula predicts the energy of level C to be E(11/2) 
= 252.91 kev which compares closely with the measured 
energy of 251.46 kev. Including the second-order term, 
one can calculate the following constants: Ey). 
=—201.74 kev, Er2=12.913 kev, and Ey.2%= 
—0.006595 kev. In addition, a level at Ey/2(13/2) 
=412.10 kev is predicted. No gamma transitions to 
or from this level have been observed. It is interesting 
to note that if the same values for Ex and Ex® as 
were obtained for the ground-state band are applied 
to the K=5/2 band, the calculated energy of transition 
FD is 89.26 kev, which is within 0.1 kev of the experi- 


2S. DeBenedetti and F. K. McGowan, Phys. Rev. 74, 728 
(1948) ; E. W. Fuller, Proc. Phys. Soc. (London) A63, 1044 (1950) ; 
A. W. Sunyar and J. W. Mihelich, Phys. Rev. 81, 300 (1951). 


mental value. This close agreement possibly indicates 
that the moment of inertia of the K=5/2 band is very 
close to that of the ground-state band. 

Considering levels A through F in Fig. 4, the following 
gamma transitions have not been observed in the 
present measurements: FE, ED, DC, and FC. The E1 
transition rate between F and E would be expected to 
be reduced because of K forbiddenness. An M2 transi- 
tion between levels E and D would be very weak due 
to the competition of lower multipole transitions to 
the K=7/2 band. The absence of the other transitions 
can be accounted for in a similar way. The fact that the 
318.9- and 433.0-kev transitions are less intense than 
the 89.36-kev transition may be due to the former two 
transitions being hindered by selection rules of the 
Alaga”* type. 

The intrinsic levels A, D, and E in Fig. 4 have been 
assigned to states from the Mottelson and Nilsson? 
curves by Chase and Wilets.!® Level G with proposed 
spin and parity 1/2+ can be interpreted as a (d3)2,1/2) 
particle excitation. A low-lying first rotational state 
(d3/2,1/2)3/2, like the ones found in Tm!® and Ta!*!,#! 
has not been observed. 


CONCLUSION 


In Table III are compiled second-order correction 
terms, Ex, for some odd-A isotopes. In compiling 
these terms no perturbation effect, such as rotation- 
particle coupling, has been considered. Table III, 
therefore, gives some indication of cases in which the 
effect of rotation-particle coupling is appreciable. 
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TABLE III. Coefficients Ex for second-order terms 
of some odd-A nuclei.* 








Ex® (kev) 


—0.006595 
—0.006157> 
—0.003 
+0.051314 
+0.003184 
+0.03389 


Nucleus K 


me 
Tala 7/2+ 
me, 
Tm’ 1/2+ 





(+0.004)° 








* For computation of these coefficients, energies of the first and second 
rotational levels were used, except in the case of nuclei with spin 1/2 
ground states where the third rotational level also had to be considered. 

b P, Marmier and F. Boehm, Phys. Rev. 97, 103 (1955). 

© See reference 21. The energy of the second rotational state was taken 
from Coulomb excitation data® and therefore has large uncertainty. 

4 See reference 5 and Murray, Boehm, Marmier, and DuMond, Phys. 
Rev. 97, 1007 (1955). 


Lu’, Hf!77, and Ta!*! show negative values for Ex 
of about the same magnitude. In all three cases the 
lowest excited intrinsic level is situated higher than 300 
kev above the ground state. The negative sign indicates 
the preponderance of a rotation-vibration type of 
interaction. The rotational spectrum of Tm!® and two 
bands in W'* indicate a positive second-order term. 
In these cases rotation-particle coupling is presumably 
strong. 

It is interesting to note some regularities in the scheme 
of intrinsic levels studied here and reported earlier by 
other workers.” We have compiled in Fig. 5 the intrinsic 
levels of some odd-Z nuclei in the rare earth region. 


*® Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953); Nuclear Data Cards, edited by C. L. McGinnis 
(National Research Council, Washington, D. C.). 
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The levels are compared with the calculations of Nilsson® 
assuming a deformation parameter 6 of 0.28. The display 
of the calculated levels in the ordinate is qualitative 
only and does not represent an energy scale. As Mottel- 
son and Nilsson? have shown, experimentally observed 
groundstates of the nuclei presented in Fig. 5 follow 
remarkably well the predicted odd proton states. 
The Mottelson and Nilsson? assignment for the ground- 
states has been assumed in Fig. 5. The following points 
are worth noting: The (g7/2,7/2) state, which is a 
groundstate in Lu!”®, Lu'’’, and Ta'*! appears also as 
an excited state in Tm'™® and Re!®, The (d3/2,1/2) 
configuration, which is the ground state of Tm!®, 
appears also as an excited state in Tb'® and possibly in 
Lu’ and Ta!®. The (ds/2,5/2) configurations occur in 
Lu’”® and Ta!* at similar excitation energies and also 
form the ground states of the Re isotopes. The 9/2— 
levels occur in Lu”, Lu!”’, and Re!*’ as excited states, 
but do not appear as ground states, as Mottelson and 
Nilsson? have pointed out. Similar regularities in 
iridium and gold isotopes have been discussed by 
Mihelich and de-Shalit® on the basis of the spherical 
shell model. 
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The K-shell conversion coefficients of the 676-kev and the 1088-kev gamma rays of Hg! have been 
measured to be ax (676) =0.019+0.005 and ax(1088) =0.0046+-0.0006. The 676-kev gamma ray is shown 
to be a mixture of M1 ard E2 radiations in approximately equal amounts. 





HE large double-focusing 8-ray spectroscope at 

Carnegie Institute of Technology has been used 
to make measurements on the gamma rays accompany- 
ing the decay of Au™*. Radioactive gold emits 6 rays,! 
decaying principally to the 412-kev level in Hg’®*, 
However, a small percentage of the decays leave the 
Hg" nucleus in an excited state at 1088 kev. The 
de-excitation to the ground state occurs either by a 
gamma cascade through the 412-kev level or by a 
direct transition to the ground state. Each of the 
excited states is known to be 2+! if one assumes the 
ground state is 0+. 

It is not convenient for the measurement of the 
conversion coefficients of the 676-kev and the 1088-kev 
gamma rays to utilize the 8 spectrum accompanying 
decay to the 1088-kev level. Not only is this spectrum 
obscured by the stronger spectrum leading to the 
412-kev level, but also, two gamma rays originate from 
the 1088-kev level and thus a branching ratio is in- 
‘volved. Therefore the well-known method of comparison 
was used in which the spectroscope is essentially cali- 
brated using lines having known conversion coefficients. 
The measurements consisted of two parts. First the 
relative intensities of the conversion lines of the 412-kev, 
the 676-kev, and the 1088-kev gamma rays were 
measured. Secondly the relative gamma intensities 
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Fic. 1. Photopeak of 412-kev line of Hg’. Statistical errors are 
slightly larger than circles. 


+ This research was supported by the U. S. Army, Office of 
Ordnance Research. 

1 See table of Hollander, Perlman, and Seaborg, Revs. Modern 
Phys. 25, 469 (1953). 


were measured, using as calibration lines the 662-kev 
transition in Ba™’, the 1171-kev transition in Ni®, and 
the Hg’* 412-kev transitions. From these measurements 
and the known conversion coefficient of the 412-kev 
line, the other two conversion coefficients were found. 
Relative gamma-ray intensities were determined in 
the experiment from the photoelectric peaks these 
gammas produced in a lead converter. Calibration of 
the converter was necessary to correctly interpret the 
photopeaks in terms of gamma intensities. Because the 
total photoelectric cross section as a function of energy 
is known, it might be concluded that the correction 
would be a simple matter, but the variation in the 
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Fic. 2. K-conversion peak of 412-kev line of Hg". 
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Fic. 3. Photopeak of 675-kev line of Hg”. Statistical errors are 
slightly larger than circles. 
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Fic. 4. K-conversion peak of 675-kev line of Hg™®. 
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Fic. 5. Photopeaks of 662-kev line of Ba’. The points above 
background on the upper side of this line, it is thought, are not 
part of the photopeak. The line shape for the line as drawn was 
compared to that for the 675-kev photopeak, taken under the 
same circumstances, and they agree. Nevertheless, a large enough 
uncertainty estimate was included for this line to allow for the 
maximum variation in its area. This uncertainty was the principle 
limitation on the accuracy of the ax (Hg*"*). 


angular distribution of the ejected photoelectrons with 
energy makes the correction difficult to calculate. 
Therefore, the three calibration lines mentioned above 


were used to measure the effect of angular distribution 
as follows: If C is the number of conversion electrons 
measured in the instrument for a transition, P the 
number of photoelectrons, ax the K-conversion coeffi- 
cient, and o the total photoelectric cross section, then 
the variation of the quantity k=Cc/axP shows the 
effect of the angular distribution of the photoelectrons 
at different energies. 
Defining 
C(Hg,412) o(Hg,412) 


~ ax(Hg,412) P(Hg,412)’ 
C(Ba,662) o(Ba,662) 
ax(Ba,662) P(Ba,662)’ 








C(Ni,1171) o(Ni,1171) 
ax(Ni,1171) P(Ni,1171)’ 





where the gamma-ray energies are in kev, the relative 
gamma-ray intensities can be written 


N,(Hg,676) ke P(Hg,676) o(Hg,412) 
N,(Hg,412) k, P(Hg,412) o(Hg,676) 
N,(Hg,1088) _ ks P(Hg,1088) o(Hg,412) 
N,(Hg,412) &, P(Hg,412) o(Hg,1088) 











The calculation of the conversion coefficients was 
obtained from 


C(Hg,676) N,(Hg,412) 
ax (Hg,676) = — 


C(Hg,412) NV ,(Hg,676) 
C(Hg,1088) N’,(Hg,412) 
C(Hg,412) N,(Hg,1088) 





aK (Hg,412), 


ax (Hg,1088) = 





ax (H g,412). 


The conversion peaks and photopeaks taken with the 
spectroscope are shown in Figs. 1-10. The values of h, 
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Fic. 6. K-conversion peak 
of 662-kev line of Ba'#’. 
Error slightly larger than 
size of circles. 














INTERNAL CONVERSION 


ke, and ks found from the calibration runs are given in 
Table I and show that the effect of changes in the 
angular distribution of the photoelectrons, while not 
negligible, are not large. The values of o were taken 
from the tables of Davisson and Evans? and are listed 
in Table I. The conversion coefficients used for the 
calibration lines, shown in Table I, are average values 
taken from the article of Hollander, Perlman, and 
Seaborg.! 

By using the method described above, the values 
found for conversion coefficients were 


ax (Hg,676) =0.019-+0.005, 
ax (Hg, 1088) =0,0046-+0.0006. 


The only troublesome problem encountered in the 
interpretation of the lines shown in Figs. 1-10 was the 
subtraction of the background from the Ni (1171 kev) 
photopeak. Unfortunately the Compton spectrum from 
the Ni (1330 kev) gamma ray terminated under the 
lower end of this photopeak, making the lower half of 
the line unusable. However, the maximum counting 
rate occurred at a sufficiently high energy to be entirely 
beyond the Compton end point and therefore for this 
line a peak height rather than a peak area was used in 
interpreting the data. 
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Fic. 7. Photopeak of 1088-kev line of Hg", 
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36 
Fic. 8. Conversion peak of 1088-kev line of Hg'*. 


2C. M. Davisson and R. D. Evans, Revs. Modern Phys. 24, 
79 (1952). 
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Fic. 9. Photopeak of 1171-kev line of Ni®. 
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Fic. 10. K-conversion peak of 1171-kev line of Ni®™. 


It is interesting to compare these results with those 
of Elliot, Preston, and Wolfson.*? The comparison is 
shown in Table II for the three gamma rays of Hg". 
As can be noticed the agreement is good. The ax for the 
676-kev gamma ray can now be used to obtain the 
multipole mixture of M1 and £2 radiations in this 
transition. Elliot, Preston, and Wolfson, using the ax 
computed by Rose, find the transition to be (32+6)% 
Mi and (68+6)% £2. 

However, it has recently been pointed out‘ that in 
the case of M1 radiation there is a correction to be 
made to the ax calculated by Rose because of the finite 
size of the nucleus. For a Z=80 and an energy of 676 


TABLE I. Gamma-ray information used in experiment. 








K-conversion 
coefficient 


Photoelectric cross 


Gamma ray 
section (barns) k 


and energy (kev) 





0.0317 
0.096 
1.7010 


1.47 104 
1.62 10* 
2.35 X 104 


46.8 

15.4 

5.0 

14.6 

Hg, 1088 5.7 








8 Elliot, Preston, and Wolfson, Can. J. Phys. 32, 153-166 (1954). 
‘L. A. Sliv and M. A. Listengarten, Zhur. Eksptl. i Teort. Fiz. 
21, No. 7 770-4 (1951); 22, No. 1, 29-33 (1952). 
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TABLE IT. Experimental results on gamma rays in Hg". 








Energy of Relative intensity of gamma ray 


gamma ray 
kev Present results 


Elliot, Preston, 
and Wolfson 


K-conversion coefficient of gamma ray 
Elliot, Preston, 
Present results and Wolfson 





412 
676 
1088 


1 
(9.7 +1.1) X10 
(1.56+0.14) x 10-3 


1 
(8.42+0.56) X 10-3 
(1.70+0.12) x 10-3 


0.0224 +0.0019 
0.00450+-0.00034 


0.019 +0.005 
0.0046+0.0006 








kev, Sliv and Listengarten‘ find for M1 radiation (by 
interpolating their results) 


ax (finite nucleus)/ax (point nucleus) = 0.70. 


This means, for the 676-kev transition, for which 
ax(M1, point nucleus) =0.047, 


ax(M1)=0.70(0.047) = 0.033. 


Sliv and Listengarten‘ do not calculate the finite size 
effect for E2 radiation but one would expect it to be 
smaller than for M1. This expectation is borne out by 
the values of ax for the two pure £2 transitions in 
Hg"®* which agree very closely with Rose’s calculations. 
This comparison is shown in Table III. 


TABLE III. Comparison of Rose values and experimental values 
for ax for E2 gamma rays in Hg™®. 








Rose 
Energy of value Experimental 


gamma ray for ax ak Reference 





Simons* 
Elliot, Preston, and Wolfson> 
Present investigation 


412 0.0317 
1088 0.00456 


0.0318 +0.0003 
0.00450 +0.0003 
0.0046 +0.0006 








«L. Simons, Phys. Rev. 86, 570 (1952). 
> See reference 3. 


Assuming that for E2 radiation Rose’s value for ax 
is correct, one can find the fraction f of the transitions 
that is M1 from 


0.019+0.005 = f(0.033)+ (1— f) (0.0111), 


where 0.033 is the ax for pure M1 and 0.0111 Rose’s 
value for pure £2. Solving, one finds f=0.36+0.23. 
This indicates that the transition is (36+23)% M1 and 
(64+23)% E2. These values are to be compared to 


angular correlation results®:* which give (40+10)% M1 
and (60+10)% E2. 

The authors would like to thank Mr. Richard Leamer 
and Mr. David Brower for assistance in taking part of 
the data used in this experiment. 


APPENDIX. SOURCE PREPARATION 


The radioactive source used for the measurements of 
relative gamma-ray intensities consisted of a mixture 
of gold, cesium, and cobalt. The gold was obtained from 
Oak Ridge in the form of a metal strip with dimensions 
6 cm by 0.6 cm and estimated thickness of 0.0014 cm 
(or 0.028 g/cm*). The strength of this source was 
approximately 300 mC. 

The cesium and cobalt standards were deposited on 
the gold in the form of chlorides in solution, and the 
resulting combination was heated with an infrared 
lamp to evaporate the liquid. The estimated strength 
of each of these sources was } mC. 

This combination was mounted on a solid rectangular 
plate of aluminum of thickness 0.06 inch. This thickness 
was chosen because preliminary calculations showed 
that this was sufficient to absorb the continuous 6 
spectrum produced by the source. The mounting was 
accomplished by first gluing the gold strip on the 
aluminum and then depositing the cesium and cobalt. 
A thin Zapon film of 50 ug/cm? thickness served as a 
cover for the entire source. 

A different source was used for measurements on the 
conversion peaks for the Hg'® lines. It was prepared 
by vacuum evaporation of a radioactive gold source 
onto a 0.7 mg/cm? aluminum foil. The strength was 
about 30 mC and the thickness 2 mg/cm?. 


5 C. Schrader, Phys. Rev. 92, 928 (1953). 
® D. Schiff and F. Metzger, Phys. Rev. 90, 849 (1953). 
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The nuclear spin of 31.5-min Rb*™ has been measured by the atomic beam resonance method. The result 


is 1=9/2. 





INTRODUCTION 


HE spins of rubidium isotopes 81 through 87 have 
been measured.’ All but perhaps Rb® are 
ground-state measurements. Rb* has an isomeric state 
whose half-life is 31.5 minutes.* Rb* has an isomeric 
state with a half-life of 23 minutes. An attempt has 
been made to measure the spins of these two isomers. 
Since the experiment is marginal, the Rb®™ research 
was successful; the Rb*™” research was not. The spin 
of Rb*!™ is 9/2, in agreement with Doggett’s prediction.® 


EXPERIMENT 


The experimental technique is essentially the same 
as that reported in reference 4. The isotopes are pre- 
pared by bombarding BaBr2 with 45-Mev alphas and 
performing a chemical extraction of the rubidium. Even 
with the best efforts, the time required to demount the 
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Fic. 1. oy cng analysis of spin-9/2 decay curve. The spin- 
9/2 decay (circular points) is analyzed into a 30-minute short- 
lived oy (square points) superimposed on a 4.8-hour back- 
ground. 


t Work supported jointly by the Office of Naval Research and 
the U. S. Atomic Energy Commission. 
1§. Millman and M. Fox, Phys. Rev. 50, 220 (1936); S. Mill- 


man and P. Kusch, Phys. Rev. 58, 438 (1940). 

? E. H. Bellamy and K. F. Smith, Phil. Mag. 44, 33 (1953). 

Hobson, Hubbs, Nierenberg, and Silsbee, Phys. Rev. 96, 
1450 (1954). 

4 Hobson, Hubbs, Nierenberg, Silsbee, and Sunderland, Phys. 
Rev. 104, 101 (1956). 

5 W. O. Doggett, University of California Radiation Laboratory 
Report UCRL-3438, June, 1956 (unpublished). 

6 A. Flammersfeld, Z. Naturforsch. 5a, 687 (1950); R. S. Caird 
and A. C. G. Mitchell, Phys. Rev. 89, 573, 903(A) (1953). 


target, perform the chemistry, load the oven, make 
a beam, and collect three to five samples corresponding 
to different spins is approximately 1.5 hours. Since the 
number of atoms of Rb‘ produced in a half-hour 
bombardment is approximately the same as the number 
of Rb* atoms produced, and, in addition, there is an 
approximately equal amount of Rb™ made, the relative 
activity of Rb®™ is not large with respect to Rb* and 
Rb®. As a result a beam sample collected at a fre- 
quency corresponding to an arbitrary spin is expected 
to show a background of a short-lived component 
superimposed on a long-lived component of greater 
magnitude. Therefore the samples collected at different 
frequencies are each placed in different K x-ray counters 
to obtain the best possible decay curves with an initial 
activity of about 10 counts per minute. 

Figure 1 is the decay of a sample collected at a fre- 
quency corresponding to /=9/2. The curve is analyzed 
by the least-squares method into a short-lived com- 
ponent with a measured half-life of 30 minutes and a 
long-lived background component with a measured half- 
life of 4.8 hours. For comparison, Fig. 2 is the decay 
curve of the sample corresponding to J=11/2. The 
short-life component has been clearly depressed. Figure 
3 is the corresponding decay curve of the “full beam” 
sample. This sample is obtained with all magnetic 
fields off and all stops removed. When the full-beam 
curve is compared with Fig. 1, the relatively higher 
amount of the short-lived component in Fig. 1 is ap- 
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Fic. 2. Spin-11/2 decay. The known half-life of Rb®™ (31.5 
minutes) is used to extrapolate the short-lived activity (square 
points) to time ¢=0. 
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Fic. 3. Decay of full-beam sample. The full-beam sample, taken 
with all fields off and stops removed, gives an estimate of the 
constituents of the material leaving the oven. 


parent. Since the statistics of one run did not seem to 
make the assignment sufficiently definite, two other 
runs were undertaken, with essentially similar con- 
clusions. Some of the results appear in Table I. 

Table I shows the enrichment of the 31.5-minute 
Rb®™ for the J=9/2 samples. In each case, the back- 
ground half-life is slightly less for the 7=9/2 sample— 
presumably because of the relative enrichment of Rb* 
over Rb® as a result of the decay of the additional 
Rb®™, Several even-spin-value settings were made in 
search for the 23-minute Rb™”, with negative results. 


SHUGART, 


AND SILSBEE 


TABLE I. Summary of decay data. (Each button received 


a 5-min exposure in the apparatus.) 








Short activity 


counts/ 


min 
(t =0) 


Button Coun- 


Run spin ter 


(min) 


Background 


counts/ 
min 
(¢ =0) 


(ht) 


Ratio: 
short activity to 
background 





140 
16 
30 

107 
22 
49 

620 


110 


278 
(b) 
(b) 
308 
(b) 
(b) 
32 


30 


19.0 
36.0 
12.3 


22.0 
15.0 
17.5 
310 


11.6 
11.4 


5.0* 
6. 
5.2 
4.8° 


5.3 
5.5* 


30. = (b) 








« Least-squares analysis. 
> ry assumed 31.5 min for extrapolation to t =0. 


CONCLUSIONS 


The spin of Rb®™ is 9/2, in agreement with the value 
from the decay scheme postulated by Doggett.® The 
hyperfine structure is not likely to be measured with- 
out some improvement in technique. It is noteworthy 
that the number of atoms of Rb*™ prepared in any run 
is about 10" to 10". 

The search for the 23-minute Rb™™ level did not 
succeed, presumably because it does not decay by K 
capture. As a result the counting rate dropped to the 
point where the experiment could not be done with the 
available number of atoms. 
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The radioactive properties of Ca‘’, Sc*?, and V‘? have been studied. Ca‘? was found to have a half-life of 
4.7+0.1 days and to emit beta radiation in groups of 1940+20 kev (17%) and 660+ 10 kev (83%) maximum 
energy. Also observed in the decay were gamma rays of energy 1.31+0.02, 0.830.02, and 0.48+0.02 Mev 
and intensities in the ratio of 13+2:1+0.1:1, respectively. Sct? emits a 160+5 kev gamma ray and beta 
radiation in groups of 610+5 kev (26%) and 450+10 kev (74%) maximum energy. The gamma ray spec- 
trum of V‘’ was studied and an upper limit of 0.8% was set on the ratio of 160-kev gamma rays to positrons. 





INTRODUCTION 


CCORDING to the simple Mayer-Jensen shell 

model, neutrons and protons outside of the closed 
shell at y= 20 but below the subshell edge at y= 28 are 
expected to be in an f7/2 state. A determination of the 
energy, spin, and parity of the levels of isobars with 
A=47 would permit a comparison with theoretical 
predictions of these quantities. The predictions are 
usually based on the premise of configuration mixing 
of pure single particle states by core and interparticle 
interactions. Such calculations are somewhat less am- 
biguous for isobars of A=47 than in most other cases 
since only one type of single particle state need be 
considered. Theoretical studies of the level structure 
of f72 nuclei have been undertaken recently by a 
number of investigators.’ 

The results of previous investigations of A= 47 nuclei 
have been in serious disagreement on various points and 
have not been sufficiently complete on others to permit 
unambiguous conclusions concerning the level struc- 
ture.” Thus a reinvestigation of the radioactive isobars 
Ca*’, Sc*7, and V‘’ was undertaken to establish unam- 
biguous decay schemes for these nuclides. 


EXPERIMENTAL 
1. Ca‘? 


The results of previous investigations of the decay 
of Ca‘’ by various groups are presented in Table I. 
Disagreement is seen in all the quantities measured. 
In part this may be due to the difficulty of obtaining 
carrier-free, chemically pure, and isotopically pure 
samples. 

In the present investigation, samples of Ca*’ were 
prepared by two procedures. The first consisted of 
bombarding vanadium foils for two to six hours in the 


*This work was partially supported by the U. S. Atomic 
Energy Commission. 

+ A preliminary report was presented at the American Physical 
Society Washington Meeting, 1955 [Lidofsky, Benczer, and 
Fischer, Phys. Rev. 99, 658 (A) (1955) ]. 

1T. Talmi, Helv. Phys. Acta 25, 185 (1952); B. H. Flowers, 
Proc. Roy. Soc. (London) A212, 248 (1952); A. R. Edmonds and 
B. H. Flowers, Proc. Roy. Soc. (London) A214, 515 (1952); 
A215, 120 (1952); D. Kurath, Phys. Rev. 91, 1430 (1953); S. A. 
Moszkowski, Phys. Rev. 99, 803 (1955). 

2 This has also been pointed out recently by R. H. Nussbaum 
[thesis, University of Amsterdam, 1954 (unpublished) ]. 


circulating beam (~380-Mev protons) of the Columbia 
“Nevis” synchrocyclotron. Ca‘’, produced among the 
spallation products, was purified chemically. The yield 
however is not large and so a second method was used 
to obtain high-activity sources for beta-ray spec- 
troscopy. Calcium carbonate isotopically enriched in 
Ca*® was irradiated in the pile at Brookhaven National 
Laboratory for five days. The sample was purified 
chemically from the Sc*’ daughter which had grown in. 
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Fic. 1. The gamma ray spectrum from Ca‘’. (A) Singles spec- 

trum. (B) Spectrum in coincidence with the photopeak of the 

0.48-Mev gamma ray and the Compton distribution of the 
0.83-Mev gamma ray. (C) Spectrum in coincidence with the 
photopeak of the 0.83-Mev gamma ray. 


’ The authors wish to thank the Stable Isotopes Research and 
Production Division at Oak Ridge National Laboratory for the 
isotopically enriched sample. 
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TABLE I. Previous results on the decay of Ca‘’, 








Beta groups 
Detection 
method 


Half-life 
(days) 


Energy 
(Mev) Abundance 


Gamma rays 


Detection 


Energy method* Source Investigator 





5.35+0.10 0.46 +0.02 60% 


14 +0.1 40% 


mag. spec. 


4.3 +0.2 0.6850.006 
2.060+-0.020 
4.8 0.8 +0.2 


2.0 +0.2 
4.8 +0.5 


81% 
19% 


~ONv70 
~20% 


0.1495 c.e.~ Ca(n,y) Cork et al.> 


p.e. 
Marquez*® 


Aten et al.4 
Cook and Shafer® 


Cr(,spall.) 


Ti@,ap) 
Ca (d,dn) 








* c.e.- internal conversion; p.e.~ photoelectric effect ; scint. =scintillation spectrometer. 


> Cork, LeBlanc, Brice, and Hester, Phys. Rev. 92, 367 (1953). 
© Luis Marquez, Phys. Rev. 92, 1511 (1953). 

4 Aten, Greuell, and Van Dijk, Physica 19, 1049 (1953). 

¢L. G. Cook and K. D. Shafer, Phys. Rev. 90, 1121 (1953). 


The decays of several samples were followed with a 
Geiger-Miiller counter, with various thicknesses of 
absorber being interposed between the sample and 
detector. The data were normalized to the mean count- 
ing rate of a Ra D-E-F sample as determined before 
and after each decay measurement. The decay rate was 
observed over a period of five half-lives and the half-life 
for radiations with Eg>0.7 Mev and with Eg>1.0 Mev 
was determined to be 4.70.1 days. 

The gamma radiation from Ca*’ was investigated 
with a NalI(TI) scintillation spectrometer and photo- 
peaks were observed at 0.48+0.02, 0.8340.02, and 
1.340.02 Mev. Gamma rays from Na® (0.511, 1.28 
Mev) and Cs"? (0.661 Mev) were used for energy 
calibrations. The relative intensities of the three gamma 
rays, corrected for detector efficiency, are 1:1+0.1:13 
+2. A fourth gamma ray, of energy 160+5 kev, is due 
to the Sc‘? daughter. Coincidence experiments were 
performed with a multichannel coincidence analyzer. 
Typical curves are shown in Fig. 1. The 0.48- and 0.83- 
Mev gamma rays are seen to be in coincidence with 
each other. The broad peak at low energies (< 200 kev) 
in the coincidence spectra is due to coincidences when 
a gamma ray is Compton-scattered from one crystal 
into the other crystal where it is also detected, and also 
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Fic. 2. Kurie plot of the beta spectrum of Ca‘’. 


to coincidences with backscattered gamma rays. This 
peak alone was observed in the coincidence spectrum 
of the 1.31-Mev gamma ray where a rather broad 
channel was used to obtain a sufficient counting rate. 
The beta spectrum of Ca‘? was measured with the 
Columbia solenoid spectrometer, using sources several 
hundred micrograms per cm? in thickness. The Kurie 
plot of the observed data of a typical run is shown in 
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Fic. 3. The gamma ray spectrum from Sc‘?. (A) Singles spec- 
trum. (B) Spectrum in coincidence with beta particles of energy 
>200 kev. 


Fig. 2. The plot may be analyzed into two groups, one 
with Emax=1940+20 kev and 17% intensity and the 
other with Emax=660+10 kev and 83% intensity. It 
is estimated that a group with end point between 1000 
and 1500 kev cannot be present in intensity greater 
than 3%. 


2. Sct? 


The results of previous investigators on the properties 
of Sc*7 are summarized in Table II. Some disagreement 
is seen. 

Sc‘? was prepared for the present study by irradiating 
calcium of natural isotopic constitution in the pile at 
Brookhaven National Laboratory. The Ca*’? produced 
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was allowed to decay and the Sc*’ daughter which had 
grown in was then separated by extraction into a 
solution of thenoyltrifluoroacetone (TTA) in benzene 
and purified. The half-life of this sample was determined 
to be 3.30.1 day. 

The gamma-ray spectrum of Sc*’ is shown in Fig. 3(A) 
and is seen to consist of one peak at 160+5 kev. 
Figure 3(B) shows the gamma ray spectrum in coinci- 
dence with beta particles of energy greater than 200 
kev detected with a stilbene scintillation counter; this 
spectrum again consists of a 160-kev gamma ray. No 
coincidences were found with beta particles of energies 
greater than 500 kev. 

The 160-kev gamma ray was assigned to the Sc” 
decay alone on the basis of a genetic study. The 
intensity of gamma radiation in the neighborhood of 
160 kev from a carefully purified source of Ca‘? was 
followed starting two hours after separation. The growth 
of 160-kev 7 ray was observed to follow the rate ex- 
pected from the growth of Sc*’. 

The beta spectrum of Sc*’ was studied in the Colum- 
bia solenoid spectrometer. The Kurie plot shown in 
Fig. 4 can be analyzed into two groups, each having 
the allowed shape. Their energies are 610+5 kev and 
450+10 kev and their intensities 26% and 74%, 
respectively. 


3. Vi" 


The results of previous investigators on the properties 
of V*7 are summarized in Table III. Since V*’ decays to 
Ti’ which is known to have a level at 160 kev from the 
decay of Sc*’, a lower energy branch in the positron 
spectrum might be expected. However, Daniel‘ showed 
that the positron spectrum gave a simple allowed Kurie 
plot. The decay of the 160-kev level in Ti‘? has been 
shown to proceed via an electric quadrupole transition 
by Coulomb excitation studies.’ From the known 
internal conversion coefficients and Daniel’s data, this 
places an upper limit of 2% on possible decay to the 
160-kev level in Ti*’. 

In this experiment V“’ was prepared by bombardment 
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Fic. 4. Kurie plot of the beta spectrum of Sc‘. 


of natural scandium (Sc**) with alpha particles from 
the Brookhaven National Laboratory 60 inch cyclotron. 
The energy of the alpha particles was degraded from 
40 to 30 Mev with suitable absorbers to maximize the 
Sc**(a,2n)V*" reaction. A search for gamma rays was 
made with a NaI(T]) scintillation spectrometer. In an 
effort to lower the background from annihilation radi- 
ation, a triple coincidence was required between the 
gamma rays sought and two quanta of annihilation 
radiation. Nothing was observed above the background 
of accidental coincidences. A second method used was 
to compare the gamma-ray spectrum from a V“ source 
with that from a Cu® source. The gamma-ray spectrum 
from Cu® consists of annihilation radiation and a very 
weak 1.34-Mev y ray. Typical results corrected for 
background and contaminant radiations are shown in 
Fig. 5. The two spectra are identical within the sta- 
tistical uncertainties. Correcting for the counting effi- 
ciency of the NaI(TI) crystal, it is estimated that <0.8% 
of the transitions go to the excited state in Ti*’. 


DISCUSSION 


The results of this and previous work are summarized 
in the decay scheme presented in Fig. 6. The spin and 


TABLE II. Previous results on the decay of Sc‘. 








Beta groups 
Detection 


Half-life 
method 


(days) 


Energy 


(Mev) Abundance 


Gamma rays 


Energy Detection 


(Mev) method Source Investigator 





3.40+0.05 0.64 +0.03 mag. spec. 
3.44+0.05 0.490+0.005 

0.280+0.003 
3.4 0.622+0.005 
0.435+0.008 
0.62 +0.03 
0.46 +0.02 


mag. spec. 


mag. spec. 
absorp. 
coinc. 


66% 
3443% 
66-43% 


3.45 


0.1595 c.e.~ Ca(n,y)Ca‘? Cork e¢ al.* 
Ca‘? decay 
Cr(,spall) Ca‘? 
Ca‘? decay 
Ti(d,a) 


0.218 ce Marquez? 
+0.010 

0.185 Ca 
+0.007 

0.157 
0.007 


Cheng and Pool 


Ca (p,xn) Ca‘? Lyon and Kahn4 
Ca‘? decay 








® See footnote b of Table I. 

b See footnote c of Table I. 

¢L, S. Cheng and M. L. Pool, Phys. Rev. 90, 886 (1953). 
4 W. S, Lyon and B. Kahn, Phys. Rev. 99, 728 (1955). 


4H. Daniel, Z. Naturforsch. 9a, 974 (1954). 


5G. M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 351 (1954); Phys. Rev. 96, 426 (1954). 
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TABLE III. Previous results on the decay of V*. 








Positron groups 


Detection 
meth 


Half-life 
(min) 


Energy 


(Mev) Abundance 


Gamma rays 


Detection 


Abundance method Source Investigator 





33 +1 ~19 abs. 


33 ~18 
33 ~1.65 


2.00+0.07 
31.1+0.1 1,900.04 
33 , 
31 +1 


abs. 


abs. 
calc. on abs. data 
abs. 


1.89 


+0.01 ~100% 


mag. spec. 


Walke* 
O’Connor e¢ al.» 


Krisberg and Bol* 
Bleuler and Ziinti4 
Koester® 

Aten et al.‘ 
Daniel 


Ti(a,pn) 
Ti(dn) 
Ti(p,n) 
Ti(d,n) 
Ti(p,) 
Ti(p,n) 


Ti(dn) 
Ti(d,n) 


(0.81+40.02)% abs. 
<20%, 








* H. Walke, Phys. Rev. 52, 777 (1937). 

> O'Connor, Pool, and Kurbatov, Phys. Rev. 62, 413 (1947). 

*N. L. Krisberg and M. L. Pool, Phys. Rev. 75, 1693 (1949). 

4 E. Bleuler and W. Ziinti, Helv. Phys. Acta 19, 375 (1946). 

© L. Koester, Z. Naturforsch. 9a, 104 (1954). 

— Kool, De Vries, and Veenendaal, Physica 19, 1051 (1953). 
See reference 4. 


parity assignments were made on the basis of the 
following arguments. 

The disintegration scheme must be in accord with 
following experimental evidence. The Ca*’ 6 transition 
to the first excited state of Sc*’ is absent, the 6 transition 
to the ground state is hindered, and the # transition 
from V*" to first excited state of Ti*’ is absent. All other 
8 transitions are allowed. In addition, the relative 
intensities of the y rays in Sc‘’ are known. It is known 
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Fic. 5. Comparison of the gamma-ray spectrum from V*7 
with that from Cu. 


that ground state spin of Ti’ is 5/2 and that the y 
transition from the first excited state of Ti*’ is £2. 

Ca*’ may be designated as a nucleus with two closed 
j-j coupling shells and one f7/2 hole. Its ground state 
would then be expected to be 7/2—.* The 1940-kev 8 
transition to the ground state of 2:Sc2¢*7 has an allowed 
spectral shape but a very high log ft value (log ft=8.4). 
On the basis of shell model predictions, the transition 
between a pure (f7/2)~' state in 20Ca2;*7 and a pure 
(fr2)*! state in 2Sc26‘7 would be slowed down with 
respect to an ordinary unfavored allowed transition 
because of the poor overlap between the wave functions 
of the first and last particle in the subshell. The hy- 
pothesis that the 1940-kev 6 transition is between 
such a (f72)~! state and such a (f7/2)** state explains 
the high log ft value. This reinforces the argument that 
the ground state of Ca‘? is 7/2— and implies that the 
ground state of Sc*’ is also 7/2—. The allowed character 
of the 660-kev 8 transition to the second excited state 
and the absence of a # transition to the first excited 
state indicate that the second excited state of Sc*’ is 
either 5/2— or 7/2— and the first, 3/2—. 

The observed relative intensities of 1.31-, 0.83-, and 
0.48-Mev gamma rays are 13:1:1. These intensities 
are consistent with those calculated on assumption that 
both transitions from the second excited state of Sc’ 
are M1.78 The calculated ratios for the alternative 
choices of time order for the 0.83- and the 0.48-Mev 
gamma rays do not differ enough to permit assignment 
of the energy of the first excited state. In addition, the 
assignment of £2 to the transition between the second 
and first excited states of Sc’ cannot be ruled out on 
the basis of relative intensities. These multipole orders 
are consistent with the spin and parity assignments 
already considered for the second excited state of Sc*’. 


6A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab Mat.-fys. Medd. 27, No. 16 (1953). 
7J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
Og Wiley and Sons, Inc., New York, 1952), p. 627. 
S. A. Moszkowski, Phys. Rev. 89, 474 (1953). 
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The ground state spin of Ti‘? has been measured to 
be 5/2. In this shell the parity can only be odd. Since 
Coulomb excitation has shown the first excited state 
to be separated by an £2 transition from the ground 
state, it is 1/2—, 3/2—, 5/2—, or 7/2—. Since the 8 
transitions from the 7/2— ground state in Sc*” to both 
levels are allowed, the first excited state must be either 
5/2— or 7/2-. 

Finally, the absence of a 8* transition from V* to 
the first excited state of Ti‘? can easily be explained 
if the transition is second forbidden. The choice of 7/2— 
for the first excited state of Ti‘? and of 3/2— for the 
ground state of V*’is consistent with all present evidence. 

Table IV gives the order in which the levels appear 
in A=47 isobars as a function of odd nucleon number, 


TABLE IV. Order of levels in A =47 isobars. 








Nucleon no. Ground state ~ First excited state Second excited state 


27 7/2— 
25 7/2— 


21 5/2- 











One possible explanation for the occurrence of 5/2— 
and 3/2— levels depressed below 7/2— levels in the 
middle of the subshell is an effect of the deviation of 
the nuclear potential from sphericity. Moszkowski® 
has shown in a strong-coupling approximation that for 
the prolate shape expected for the nuclear potential in 
the middle of the fire shell, the (fr2*) 52, 3/2, 1/2 states 
may be expected to be depressed with respect to the 
(f7/2*)7/2 for certain ranges of deformation parameter. 


9S. A. Moszkowski, Phys. Rev. 99, 803 (1955). 
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The predictions of Lévy’s potential for high-energy proton-proton scattering have been examined. The 
potential was used in the form of Blatt and Kalos, and contains three adjustable parameters. Values of the 
parameters that fit the low-energy data as well as values that lead to approximately correct total cross 
sections at high energies have been tried. Phase shifts obtained by numerical integration at several energies 
were used to calculate the cross section and the polarization. Definite disagreement with experimental results 
was found. Features of Lévy’s potential responsible for the disagreement are discussed. 





I. INTRODUCTION 


HE success of a form of Lévy’s potential! in fitting 

the low-energy nucleon-nucleon data except for 

the quadrupole moment? made it appear desirable to 

examine the predictions of the same potential over the 

energy region from 100 Mev to 440 Mev. The potential 
is given by 


V/mi=¥(m- 2)( £)(=) 
sz e* 
x Je. atu +-+2) i- 


(=) (* a 

rs 2M od 

Here M is the nucleon mass, m, the pion mass, and 
x=r/(h/m,c), where h/m,c=140X10-" cm was used. 


Table I gives values G?/4z, g’/4a, and the core radius 
x- Which approximately fit the low-energy data.” 


II. METHOD OF CALCULATION 


Phase shifts were obtained from radial functions 
calculated by numerical integration. For uncoupled 
radial equations the modified Hartree procedure® was 
used with an interval of 0.01 for x<1.5 and 0.02 for 
x>1.5. A generalization of the above method‘ to 
coupled second-order linear differential equations was 


TABLE I. Blatt-Kalos parameters fitting low-energy 


nucleon-nucleon data. 
ny 
Deisgnation 


1BK 
2 BK 











G*/4e 


13.232 
18.615 


82/4x Xe 


7.108 0.42 
11.188 0.56 











*This research was supported by the Office of Ordnance 
Research, U. S. Army and by the U. S. Atomic Energy Com- 
mission, under Contract AT (30-1) -1807. 

1M. M. Lévy, Phys. Rev. 88, 725 (1952). 

2 J. M. Blatt and M. H. Kalos, Phys. Rev. 92, 1563 (1953). 

*L. Feinstein and M. Schwarzschild, Rev. Sci. Instr. 12, 405 
(1941). 

* Suggested to the authors by Professor Breit. 


used for states coupled by the tensor force. If the 
coupled equations are 


y’+2y=0, (2) 


where y is a 1-by-m column matrix and z an n-by-n 
matrix, then, letting = (/+72A?/12)y, where I is a 
unit matrix and A the interval in the independent 
variable, one finds® 


E(x+A)=—£(x—A)+[2I— A's 
+ (A*/12)2?}&(x)+0(A%). (3) 


This expression reduces to the modified Hartree form 
for m uncoupled equations if z is diagonal. The inte- 
grations were performed with the aid of an IBM 602A 
machine. 

The cross section and polarization were calculated 
from the phase shifts by using the amplitudes of Breit, 
Ehrman, and Hull.® 


III. RESULTS 


The isotopic triplet phase shifts for 1 BK and 2 BK 
are given in Tables II and III. Singlet phase shifts of 
orbital angular momentum J are denoted by Kx. 


TABLE II. 1 BK phase shifts, in degrees. 








Energy Mev 


8 
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Phase shift\, 
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5 L. Goldfarb and D. Feldman, Phys. Rev. 88, 1099 (1952) have 
given a scheme for numerical integration of coupled differential 
equations based on work of reference 3. They do not take into 
account the fourth power of the interval. 

6 Breit, Ehrman, and Hull, Phys. Rev. 97, 1051 (1955); here- 
after referred to as BEH. 
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Fic. 1. Summary of high-energy p-p scattering data. The 
references are as follows: * Kruse, Teem, and Ramsey, Phys. Rev. 
101, 1079 (1956); * Kruse, Teem, and Ramsey, Phys. Rev. 94, 
1795 (1954) ;° Chamberlain, Pettengill, Segré, and Wiegand, Phys. 
Rev. 95, 1348 (1954); 4J. D. Garrison, thesis, University of 
California Radiation Laboratory Report UCRL-2659, 1954 
(unpublished) ; ®° Chamberlain, Pettengill, Segré, and Wiegand, 
Phys. Rev. 93, 1424 (1954); ‘Sutton, Fields, Fox, Mott, and 
Stallwood, Phys. Rev. 97, 783 (1955); * Mott, Sutton, Fox, and 
Kane, Phys. Rev. 90, 712 (1953); » Smith, McReynolds, and 
Snow, Phys. Rev. 97, 1186 (1955); ‘ Kane, Stallwood, Sutton, 
Fields, and Fox, Phys. Rev. 95, 1694 (1954); i Chamberlain, 
Segré, Tripp, Wiegand, and Ypsilantis, Phys. Rev. 93, 1430 
(1954) ; * Chamberlain, Donaldson, Segré, Tripp, Wiegand, and 
Ypsilantis, Phys. Rev. 95, 850 (1954); ' Harwell data (private 
communication to G. Breit); ™ J. M. Dickson and D. C-. Slater, 
Nature 173, 946 (1954). 
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Fic. 2. Theoretical differential cross section and Po predicted 
by 1 BK, using the phase shifts of Table II. Values are plotted 
against the center-of-mass angle, 0, in degrees. 


parameter e,,’ the convention being that ey approaches 
zero at zero energy. 

For the *F, and *H, states the coupling was neglected. 
Because of the large values of L, the effect of coupling 
is negligible in this case. 

Figure 1 summarizes the experimental data with which 
all calculated results are to be compared. Since the 


Uncoupled triplet phase shifts are written 6“;. The convenient quantity theoretically is the polarization 


coupled triplet states are parameterized in terms of 


z : : 7F. Rohrlich and J. Eisenstein, Phys. Rev. 75, 705 (1949) ; 
real eigenphase shifts 6*y, 6°;, and a real coupling ; 4 


J. M. Blatt and L. C. Beidenharn, Phys. Rev. 86, 399 (1952). 
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multiplied by the differential cross section rather than 
the polarization itself, all double-scattering data have 
been presented as Po (@). In some cases this necessitated 
converting published data on asymmetries or polari- 
zation into the form desired. For example, the double- 
scattering data at 415 Mev® were combined with single- 
scattering data from the same laboratory’ at 437 Mev 
to obtain the points plotted in Fig. 1. A curve drawn 
by eye through the differential cross section points of 
Fig. 1 for 437 Mev supplied values of o(@) at the 
desired angles. The errors indicated are those of the 
double-scattering data only, since these are relatively 
larger than the single-scattering errors. For this case 
there are single-scattering data at the closer energy 
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Fic. 3. Theoretical differential cross section and Po predicted 
by 2 BK, using the phase shifts of Table III. Values are plotted 
against the center-of-mass angle, 0, in degrees. 


® Kane, Stallwood, Sutton, Fields, and Fox, Phys. Rev. 95, 1694 
1954 


® Sutton, Fields, Fox, Mott, and Stallwood, Phys. Rev. 97, 783 
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419 Mev” which indicate a smaller cross section at 
smaller angles than for 437 Mev. The change in Po(6) 
is about 15%, but in view of the comparisons to be made 
later this difference is negligible even if it is experi- 
mentally significant. 

The intention in presenting the data has been to 
provide a general idea of the size and angular distri- 
bution of o and Po, and for this reason not all available 
data have been included. 

The differential cross section o(@),-» and Po(6)p-» 
obtained from the given phase shifts are shown in 
Figs. 2 and 3. 

In addition to the cases that fit low-energy data, 
other values of the parameters have been tried. The 
case most systematically investigated, denoted here- 
after by 2 BK, M, is obtained by reducing the central 
force in 2 BK to the value G?/44= 15.694. Phase shifts 
for six energies are given in Table IV. 

Figure 4 shows the cross section and Po(@) for 
2 BK, M. 


TABLE III. 2 BK phase shifts, in degrees. 


Energy Mev 
Phase shift 
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IV. DISCUSSION 


For the cases that fit the low-energy data, the 
calculated total cross sections at higher energies con- 
siderably exceed the experimental values. The differ- 
ential cross sections show a strong forward peak in 
contrast with the nearly isotropic scattering found 
experimentally. Both effects can be traced to the very 
large attraction of the central potential just outside 
the core, which causes most of the phase shifts with 
L>0 to be large and positive. The large values of these 
phase shifts are responsible for the high total cross 
sections. The small-angle scattering is contributed 
mostly by the amplitudes ae, as, and as of BEH, since 
the other amplitudes vanish at @=0°. In these ampli- 
tudes all the Qzy’s of BEH enter with a positive sign, 
and all the Legendre polynomials occurring in each a 
have the same sign at small angles. For this reason all 
positive phase shifts in each a produce a constructive 
interference at small angles, leading to a large forward 


© Marshall, Marshall, and Nedzel, Phys. Rev. 98, 1513 (1955). 
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scattering. The theoretical polarization, obtained by 
dividing Po by o, predicted by 1 BK and 2 BK is 
uniformly too small in absolute value. This is due to 
the nature of the noncentral force in Lévy’s potential. 

For a tensor force Po is in lowest order quadratic in 
the coefficient of S12. in the Hamiltonian so far as effects 
of phase shifts with the same L but different J are 
concerned. The corresponding effect is linear for an 
L-S force. This fact is related to but is not quite the 
same as that noted by Wolfenstein" regarding the 
vanishing of Sj. and L-S effects on Po in first Born 
approximation. It is also related to the observation of 
Goldfarb and Feldman” regarding the greater effective- 
ness of the L-§ force in producing polarization. 

In addition to the small magnitude, the calculated 
polarization shows a change in sign between =0° and 
6=90°, with the zero moving to smaller angles as the 
energy increases. This is due to the increasingly large 
coupling of *P; and °F; states that takes place with 
increasing energy. 

The modified potential_2 BK, M leads to a total 
cross section in fair agreement with experiment from 


TABLE IV. 2 BK, M phase shifts, in degrees. 
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100 to 440 Mev, and the forward scattering peak is 
reduced due to the reduction in the attractive force. 
However, the differential cross section is far from 
isotropic, and the polarization is too small in magnitude 
and shows a change in sign between 0° and 90° at the 
higher energies in disagreement with experiment. The 
comments made about the polarization predicted by 
1 BK and 2 BK also apply to the modified potential 
2 BK, M. 

It appears that Lévy’s potential is inadequate to 
account for the high-energy proton-proton scattering 
data. The work of Gelernter and Marshak" leads to the 
same conclusion. Jastrow* has made other fits to low- 


1 L, Wolfenstein, Phys. Rev. 82, 308 (1951) ; 76, 541 (1949). 

12. Goldfarb and D. Feldman, reference 5. The fact noted here 
is implied, however, in a statement made more recently in L. 
Wolfenstein, Bull. Am. Phys. Soc. 1, 36 (1956), paper IA 4. 

13 H, Gelernter and R. E. Marshak, Bull. Am. Phys. Soc. Ser. II, 
1, 37 (1956). The large phase shifts for higher angular momenta 
reported in this paper are not in agreement with present results. 
It is understood, however, that calculational errors bearing on this 
discrepancy have been found in their work by these authors. 

“4 R, Jastrow, Phys. Rev. 91, 749 (1953). 
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Fic. 4. Theoretical differential cross section and Po predicted 
by 2 BK, M, using the phase shifts of Table IV. Values are plotted 
against the center-of-mass angle, 8, in degrees. 


energy data employing different core radii for singlet 
and triplet potentials. He allows an effective difference 
between the second and fourth order potential strengths, 
although without systematically investigating the effect 
of the difference. The present work does not altogether 
exclude the possibility of such a phenomenologic po- 
tential, but in view of the utter failure of the Blatt- 
Kalos version, the two-core radii modification appears 
somewhat unlikely as well. It may be of interest to 
observe that the Brueckner-Watson® potential has not 
yielded more than qualitative fits to intermediate- 
energy data. Similarly the work of Gammel and Thaler'® 
employing a potential calculated by Gartenhaus"’ from 
Chew’s phenomenologic approach has given results 
about as discouraging as those presented here. 

The authors take pleasure in thanking Professor G. 
Breit for suggesting this calculation and for his con- 
tinued advice and encouragement during its course. 
They further wish to thank Mr. M. de Wit and Mrs. 
M. Berry for help with the numerical computations, 
Dr. R. L. Gluckstern for help in programming calcu- 
lations for the IBM 602A, and Dr. R. D. Hatcher for 
some check calculations on the UNIVAC facilities at 
New York University. 

16K. Brueckner and K. Watson, Phys. Rev. 92, 1023 (1953). 


16 J. L. Gammel and R. M. Thaler (private communication). 
17S. Gartenhaus, Phys. Rev. 100, 900 (1955). 
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Solar Cosmic Rays of February, 1956 and Their Propagation through Interplanetary Space* 
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The data from six neutron-intensity monitors distributed over 
a wide range of geomagnetic latitudes have been used to study the 
large and temporary increase of cosmic-ray intensity which oc- 
curred on February 23, 1956, in association with a solar flare. 
During the period of enhanced intensity a balloon-borne neutron 
detector measured the absorption mean free path and intensity 
of the flare particles at high altitudes. From these experiments the 
primary particle intensity spectrum as a function of particle rigid- 
ity, over the range <2 to >15-30 Bv rigidity, has been deduced 
for different times during the period of enhanced intensity. It is 
shown that the region between the sun and the earth should 
be free of magnetic fields greater than ~10~* gauss and that the 
incoming radiation was practically isotropic for more than 16 hours 
following maximum flare particle intensity. The decline of particle 
intensity as a function of time ¢ depends upon the power law ¢-*/?, 
except for high-energy particles and late times, where the time 
dependence approaches an exponential. The experiments lead 
to a model for the inner solar system which requires a field- 
free cavity of radius greater than the sun-earth distance enclosed 
by a continuous barrier region of irregular magnetic fields [B (rms) 
= 10-5 gauss ] through which the cosmic-ray particles must diffuse 


to reach interstellar space. This barrier is also invoked to scatter 
flare particles back into the field-free cavity and to determine the 
rate of declining intensity observed at the earth. The diffusion 
mechanism is strongly supported by the fact that the time de- 
pendence ¢~*/? represents a special solution of the diffusion equation 
under initial and boundary conditions required by experimental 
evidence. The coefficient of diffusion, the magnitude of the mag- 
netic field regions, the dimensions of the barrier and cavity, and 
the total kinetic energy of the high-energy solar injected particles 
have been estimated for this model. Recent studies of inter- 
planetary space indicate that the conditions suggested by the 
experiments may be established from time to time in the solar 
system. The extension of the model to the explanation of earlier 
cosmic-ray flare observations appears to be satisfactory. 

The solar flare event was superposed by chance upon a large 
but typical intensity decrease of nonsolar cosmic rays which began 
several days prior to February 23. Hence, the flare particles have 
been used as probes to explore the intensity modulation mechan- 
ism responsible for this decrease of background cosmic-ray 
intensity. 





I. INTRODUCTION 


HE fifth large increase of cosmic-ray intensity 
known to occur in association with a solar flare 

took place on February 23, 1956. This was the largest 
of all the intensity increases since they were first ob- 
served in 1942,)* and it undoubtedly will be the most 
studied. From these earlier events it was evident that 
the particles producing the intensity increase occurred 
predominantly in the low-energy portion of the cosmic- 
ray spectrum. Therefore, detectors which respond to 
the secondary radiation from the low-energy portion of 
the primary cosmic-ray spectrum are of special interest 
in studying the energy spectrum of flare particles. Over 
the past eight years a neutron intensity monitor has 
been developed and used for investigations of this kind 
at low energies, since more than 0.75 of all cosmic-ray 
particles to which it is sensitive fall within a magnetic 
rigidity range where we may use the geomagnetic field 
as a particle rigidity analyzer. We have established a 
network of neutron pile monitors to exploit these 
principles. Locations of the continuous observing 
stations are shown on the map, Fig. 1. At the time of 
the flare the sixth neutron monitor, identical with the 
units at Chicago and Climax, was returning with the 
U. S. Antarctic Expedition and was operating in the 


* Assisted in part by the Office of Scientific Research and the 
Geophysics Research Directorate, Air Force Cambridge Research 
Center, Air Research and Development Command, U. S. Air 
Force. The laboratory on board the U.S.S. Arneb and its operation 
during the Antarctic Expedition 1955-1956 were supported by 
funds from the U. S. Committee for the International Geophysical 
Year. 

1. E. Forbush, Phys. Rev. 70, 771 (1946). 

2 A, Ehmert, Z. Naturforsch. 3a, 264 (1948). 


harbor of Wellington, New Zealand. In addition, 
neutron detection apparatus was carried by a balloon 
over Chicago during the cosmic ray increase. Thus, the 
flare of February 23 is of interest since there exists for 
the first time the means for studying the flare particle 
intensity as a function of both time and particle rigidity. 

We shall report here on the analysis of our experi- 
ments and its bearing on the flare particle spectrum, the 
propagation of the high-energy flare particles in the 
interplanetary medium, and the relationship of the 
cosmic-ray event to solar phenomena. 

The flare occurred at a fortuitous time in the develop- 
ment of the new solar cycle which began with the 
minimum in 1954. For a few months preceding the 
February, 1956 flare, the first intense solar activity got 
under way with the result that we observed a series of 
relatively sharp decreases of background cosmic-ray 
intensity—decreases substantially below the level 
which was observed at solar minimum. Since we believe 
these sharp, isotropic decreases to be the result of a 
modulation effect on the cosmic radiation of nonsolar 
origin, the superposition of the flare particles upon this 
reduced cosmic-ray background can be used to limit 
greatly the possible choices among models for the 
modulation mechanism acting on the nonsolar radiation. 

The main features of the flare particle intensity as a 
function of both energy and time suggest a description 
for the magnetic properties of the interplanetary vol- 
ume centered around the sun and extending out to 
the order of six astronomical units or more. We shall 
explore the consequences of this model for forming the 
solar flare cosmic-ray spectrum, and for astrophysical 
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questions, such as the presence of a galactic magnetic 
field in the vicinity of the solar system. 

Many of the effects reported for the earlier flare 
events find an explanation in the model we propose. 
Indeed, the sharp increases of intensity to large values 
outside impact zones, the arrival of flare particles for 
hours after all solar activity had ceased, the delayed 
arrival of the first flare particles for some regions of the 
earth, and other features are accounted for by this 
model. 


II. OPTICAL, RADIO, AND OTHER OBSERVATIONS 
OF THE FLARE 


Electromagnetic radiation from the sun was directly 
observable in Asia and Australia at the time of the 
flare. Although the flare was first observed in progress 
at 0334 U.T. (Universal Time), its onset was probably 
near 0331. In Table I we have listed some of the more 
important flare and flare-related observations made 
available to us either by private communications or 
from recently issued publications; hence these data are 
to be considered provisional. 

Of special interest are the radio burst observations 
since it is well established that the maximum elevation 
of the radio source in the corona at the time of emission 
may be determined from a knowledge of the lowest 
frequencies that reach the earth. Since the coronal 
electron density decreases with increasing height above 


the photosphere and the index of refraction must be 
real for radio waves to escape the corona, then the 
lowest observable frequency in a radio burst decreases 
with increasing coronal height. The lowest frequencies 
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Fic. 1. The locations of the University of Chicago neutron monitor 
stations operating during the solar flare of February 23, 1956. 
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TABLE I, Partial list of solar flare and related observations. 








Refer- 


Type of observation ence 





1. Position 74°W ; 23°N 
. Visual (including Hq) 
(a) first observed 
(b) extrapolated beginning 
(c) maximum intensity 
(d) Hq line width at 0342 U.T. 
(e) area 


0334 U.T., February 23 
0331 U.T. 
0342 U.T. 
18 A 
1.3X 10 of visible 
; hemisphere 
(f) last observation (not end of 
visible flare) 
. Effect on ionosphere 
(a) S.I.D. beginning daylight 
side of earth 
(b) Dark side of earth 


4U.T. 
0330 to 0332 U.T. 


Effect similar to sunrise 
on the ionosphere 


0333 U.T. 
0335 U.T. 
0335 U.T. 


. Solar radio burst emission 
(a) onset 3000 Mc/sec 
(b) onset 200 Mc/sec 
(c) onset 85.5 Mc/sec 
(d) onset 19.6 Mc/sec 0335 U.T. 

. Geomagnetic storm 
Sudden commencement 0309 U.T. February 25 
Horizontal component change >270X10-5 gauss 








® M. Notuki, Tokyo Astronomical Observatory, Tokyo, Japan (private 
communication). 

b A. K, Das, Kodiakanal Observatory, India. 

¢ See reference 3. 

4A, Shapley, C. R. P. L., National Bureau of Standards (private com- 
munication). 

eU. S. Coast and Geodetic Survey, Department of Commerce, Chel- 
tenham Observatory. 


were observed at Sydney® although the apparatus in 
use at the time was not directly observing the sun. For 
the burst to appear at 19 Mc/sec the radio event 
associated with this flare must have reached a height 
in the corona of at least 610° kilometers, or about a 
solar radius above the photosphere. Clearly this solar 
event is not restricted to the vicinity of the chromo- 
sphere and lower corona, and we shall consider this 
problem later when we discuss the total energy in the 
flare. 


III. COSMIC-RADIATION OBSERVATIONS 
A. Continuous Observations with Neutron Monitors 


To measure changes in primary cosmic-ray intensity 
during the flare we record the intensity of the secondary, 
nucleonic component generated by the primary radi- 
ation. The nucleonic component intensity is indirectly 
measured by the amount of local neutron production 
within a pile structure of lead and paraffin. Details on 
the detector and instrumentation have been described 
elsewhere.‘ Since we know the response of the neutron 
detector for the normal cosmic-ray spectrum as a 
function of geomagnetic latitude and atmospheric 
depth, we may extrapolate changes of observed in- 
tensity to the top of the atmosphere. In this way we 
deduce the changes in primary intensity. 

The map, Fig. 1, shows how our neutron intensity 
monitors have been distributed since 1951 to take 


+R. G. Giovanelli (private communication). 
4 Simpson, Fonger, and Treiman, Phys. Rev. 90, 934 (1953). 
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Fic. 2. Nucleonic component intensity as a function of time for the Chicago neutron monitor E-3. One-minute intervals are 
shown between ~0350 and ~0423 U.T. (a) Onset of intensity increase on expanded scale. (b) Period of the cosmic ray in- 
crease during which balloon flight number 2 was undertaken (see also Fig. 5). 


advantage of a wide range of geomagnetic cutoff 
rigidities. At the time of the flare an additional monitor 
was operated on board the U.S.S. Arneb in Wellington 
Harbor, on its return voyage from the U. S. Antarctic 
Expedition 1955-1956. 

Both the stations at Chicago and on the U.S.S. Arneb 
were equipped with special alarm systems which change 
the recording intervals from 15 minutes to one minute 
intervals as soon as the intensity rises approximately 
60% above normal. The other stations record at time 
intervals as follows: Mexico, 15 minutes; Climax, 20 
minutes ; Sacramento Peak and Huancayo, 30 minutes. 

The neutron intensity as a function of time outside 
of impact zones is shown in Fig. 2 for Chicago, and in 
Fig. 3 for Wellington Harbor. These two widely sepa- 
rated stations yield precise information on the time of 
onset, the rate of rise, the maximum intensity and the 
rate of decline of the temporary increase. In Fig. 4 we 
display the intensity at all six stations as a function of 
time. 

The data from these curves will enable us to obtain 
information on the flare particle rigidity spectrum at 
different times during the progress of the event. 


B. High-Altitude Observations with Balloons 


The warning from the flare alarm system at Chicago 
made it possible to prepare and launch a balloon flight 
which reached an altitude of approximately 90 000 feet 
during the time of the intensity increase. We detected 
neutrons of moderate energy produced in the air by 
the nucleonic component with apparatus which in- 
cluded a BF; proportional counter surrounded with 
2.5-cm paraffin, a precision pressure indicator, and a 
telemetering system to record the information in the 
laboratory. From the curve for the neutron intensity 
as a function of altitude we obtain the absorption mean 
free path of the nucleonic component in the atmosphere. 
For high altitudes a neutron intensity maximum exists 
where the atmospheric depth is approximately equal to 
the diffusion mean free path of the neutrons. This 
maximum, which occurs at about 60 mm Hg shown in 
Fig. 5, makes it possible to compare changes of total 
primary cosmic-ray intensity among different balloon 
flights. Over the past three years we have flown this 
type of equipment to study primary intensity 
variations. 

To measure the mean free path of the nucleonic 
component produced by the flare particles, we must also 
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Fic. 3. Nucleonic component intensity as a function of time for neutron monitor A-2 located on board the U.S.S. Arneb an- 
chored in Wellington Harbor, New Zealand at the time of the flare. One-minute intervals are shown between 0348 and 0445 U.T. 


The change in rate of rise of intensity appears to be real. 


know the mean free path of the cosmic-ray background 
prevailing at that time. Since the total cosmic-ray 
intensity declined sharply several days before the event, 
we have used the results of our balloon flight of 
February 18, 1956 (flight number 1) to represent the 
intensity-altitude distribution of the background radi- 
ation at the time of the flare, Fig. 5. Flight number 2 
reached maximum altitude at about 1430 U.T. on 
February 23. At the neutron intensity maximum the 
intensity was 180% above normal cosmic-ray intensity, 
whereas the sea-level detector at Chicago was 28% 
above normal at the same time. To obtain an inde- 
pendent estimate of the flare particle spectrum at the 
time of flight number 2, we shall later determine this 
greater attenuation of the nucleonic component arising 
from the flare particles. 


IV. RESULTS OF THE COSMIC-RAY NEUTRON 
MEASUREMENTS 


A. Conclusions 


Before undertaking an analysis of the flare particle 
spectrum, we wish to point out several conclusions 
which may be drawn from the experimental data as 
they have been presented in Figs. 2-5. They are: 

(1) The temporary increase of cosmic-ray intensity 
represents the acceleration of particles to cosmic-ray 
energies in the vicinity of the sun. No hypothesis of 
focusing, particle storage at the sun, or terrestrial 


phenomena can account for this enormous increase of 
cosmic-ray intensity. 

(2) The incident cosmic radiation which produces 
the “tail” of the intensity curve at low energies prob- 
ably represents particles coming to the earth from many 
directions in the solar system. This conclusion is sup- 
ported by the evidence that the radiation continues to 
arrive for more than 15 hours after all indications of 
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Fic. 4. The percent increase of nucleonic component intensity 
above background as a function of time for all University of 
Chicago neutron monitor stations in operation at the time of the 
solar flare of February 23, 1956. (See Fig. 1 for locations of the 
stations.) 
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Fic. 5. The cosmic-ray neutron intensity as a function of 
altitude: balloon flight No. 1 five days preceding the flare. Balloon 
flight No. 2 occurred during the period of enhanced intensity on 
February 23 as shown in Fig. 2. 


activity in the solar region have disappeared. The lack 
of intensity increases superposed on the flare intensity 
curves for Chicago, Climax, and Sacramento Peak, near 
0400 and 0900 local time impact zones, is further strong 
evidence that the particles at those times were not 
coming directly from a “point” source in the direction 
of the sun. 

(3) To preserve the sharp increases of cosmic-ray 
intensity after onset as shown in Figs. 2 and 3, the 
particles must have traversed relatively uncomplicated 
orbits—hence it is unlikely that scattering regions neces- 
sary to account for the “tail” could lie inside the orbit of 
the earth. Since at onset both Chicago and Wellington 
were in nonimpact zones, the anomalously large scale of 
the effect measured there could reasonably be accounted 
for by requiring that the particles arrive more or less 
isotropically. Hence, although the orbits are not com- 
plicated they must involve at least some scattering, 
with the scatterer located outside the orbit of the earth. 
This requires that no appreciable magnetic fields lie 
between the sun and the earth at the time of the flare. 

(4) Particles with energies in excess of 15 Bev, and 
probably 20-30 Bev, were produced at the time of the 
flare. We derive this result from the relatively large 
increase of intensity at the geomagnetic equator 
(Huancayo, Peru) where the minimum energy for 
arrival of protons from the vertical is 15 Bev. 


B. Flare Particle Spectrum 


There are two assumptions underlying our analysis 
of the flare-particle spectrum. First, we restrict our 
analysis to the period following the intensity maximum 
where we believe that the incoming radiation has be- 
come isotropic. From this assumption it then follows 
that we may use Stérmer theory in determining the geo- 
magnetic cutoff as a function of latitude for the flare 
particles. Second, we assume that the composition of the 
incoming radiation is not significantly different from the 
composition of the normal cosmic radiation. Primary 


neutrons as the main component are excluded since the 
flare increase was observed at full intensity on the night 
side of the earth. The problem then reduces to whether 
electrons, protons, or alpha particles constitute the 
principal flare radiation. Though electrons may possibly 
be abundant in the primary flare spectrum, their 
contributions to the secondary nucleonic component 
can be estimated to be less than 1%, assuming that they 
are just as abundant in the primary radiation as the 
protons. 

The contribution of alpha particles or heavier nuclei 
to the primary flare intensity is a more difficult prob- 
lem. From earlier work we know that both the alpha 
particle and proton specific yields for neutrons produced 
in our detectors show roughly similar dependencies on 
energy per nucleon (within a small constant factor), 
and at low energies (<4 Bev) the specific yields fall off 
rapidly with decreasing energy.‘ But for a given particle 
rigidity, an alpha particle has a smaller per-nucleon 
energy than a proton. Hence, with increasing geomag- 
netic latitude \ the proton primaries become in- 
creasingly more important than the alpha particles in 
contributing to the neutron latitude effect for the 
cosmic-ray flare increase. In fact, for magnetic cutoff 
rigidities corresponding to \ 245° the nucleonic com- 
ponent latitude dependence of the temporary intensity 
increase reflects only the changes in the proton spec- 
trum. We conclude that by far the greatest contribution 
to the flare increases observed at Chicago (52°), 
Climax (48°), and Wellington (—45°) arises from a 
primary proton component in the flare particle spec- 
trum. We shall return later to the question of the 
composition and its influence on the form of the primary 
spectrum. 

Using the above assumptions, we construct the 
primary spectrum for the flare particles at any time 
after approximately the first hour of flare onset in the 
following way. For each of the 6 monitor stations, the 
vertical geomagnetic cutoff is given and the fractional 
increase at each monitor above normal intensity (Figs. 
2-5) yields the relative intensity for flare particles 
above each geomagnetic cutoff. We have to extrapolate 
the observed fractional increase for each monitor from 
deep within the atmosphere to the top of the atmos- 
phere, but we already know that the spectrum is much 
steeper than the normal spectrum and the integral flare 
particle intensity above a given geomagnetic cutoff is, 
therefore, not greatly different from the differential 
intensity in the vicinity of that cutoff rigidity. Since 
the absorption mean free path for the normal nucleonic 
component for all geomagnetic latitudes has been 
measured,° we may use these mean free path data to 
determine the nucleonic component mean free path 
for each narrow rigidity range of primary flare particles 
just above each monitor cutoff rigidity. 

To convert the relative increases at the top of the 


5 J. A. Simpson, Phys. Rev. 83, 1175 (1951). 
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atmosphere to a spectrum we take the normal, integral 
cosmic-ray spectrum in the range 2-20 Bv rigidity as 
proportional to V-!*, where N= pc/Ze is the magnetic 
rigidity for the vertically incident particles. 

Following these procedures we obtain the spectrum 
for vertically incident flare particles at 0500, 0900, and 
1400 hours U.T., as shown in Fig. 6. The spectra at 
these different times are roughly similar in spite of the 
fact that the intensity has dropped by more than an 
order of magnitude. The spectra follow approximately 
the power law V~’, although there is evidence that the 
intensity for high-rigidity particles tends to decrease 
more rapidly with time than the intensity for low 
rigidities. 

We pointed out earlier that protons produced the 
intensity increases at high geomagnetic latitudes. If 
the proportion of alpha particles, either completely or 
partially stripped, is greatly in excess of that for the 
normal spectrum, then the increases observed at high 
geomagnetic cutoffs (Mexico and Huancayo) would be 
partly due to alpha particles. Thus, the magnitude of 
the exponent for the approximate power law spectra 
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Fic. 6. The integral rigidity spectrum of the primary particles 
from the solar flare for different times during the period of en- 
hanced intensity. These spectra are derived from the nucleonic 
component data. 
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derived from Fig. 6 is the lower limit for the true pri- 
mary particle spectrum. 

We obtain independent evidence for the character 
of the flare-particle spectrum at low particle rigidities 
from balloon flights number 1 and 2. From Fig. 5 we 
obtain 120 g/cm? for the absorption mean free path of 
the nucleonic component produced by the primary 
flare particles alone. To find the range of rigidities for 
these primary particles, we again use the absorption 
mean free path measurements for the normal cosmic 
radiation obtained with detectors having the same 
response as our balloon borne neutron equipment.’ We 
find that 120 g/cm? corresponds approximately to the 
absorption mean free path for the normal primary 
radiation lying in the vertical cutoff rigidity range 2 to 
4 Bv.® Since we have assumed, on the basis of evidence 
stated earlier, that the radiation after ~0500 hr 
arrives practically isotropically, we conclude that at 
the time of flight number 2 the primary spectrum was 
strongly peaked at particle rigidities just above the 
geomagnetic cutoff rigidity at Chicago. 

From Fig. 6 we note that over 95% of all the particles 
in the flare spectrum derived from monitor data lie 
within the rigidity range 2-4 Bv, in agreement with 
these independent balloon flight observations. 


C. Time Dependent Properties of the 
Cosmic-Ray Intensity 


Our discussion of the results has so far been limited 
to the construction of the primary flare rigidity spec- 
trum at discrete times after the incoming radiation has 
become essentially isotropic. We now consider the 
behavior of flare intensity for different particle rigidities 
as a function of time. We also wish to investigate the 
time for onset and maximum intensity for detectors 
both inside and outside impact zones. 

From Fig. 4 it is clear that the declining intensity, 
particularly for the lower rigidity primaries, cannot be 
represented by an exponential function of time. To 
search for a possible power law dependence on time, 
the data in Fig. 4 have been plotted on the log-log 
scale, Fig. 7. We shall later show that the very good fit 
of the low-rigidity data with a power dependence on 
time ¢, ¢-* in particular, is important for our under- 
standing of the propagation of the flare particles in the 
interplanetary medium. We find that this power law 
requires diffusion of the initially produced flare par- 
ticles out of the solar system. We note that at high 
energies, or for later times at low energies, the power 
law breaks down. 

Since we have indicated that inside the earth’s orbit 
there is negligible scattering, we have invoked diffu- 
sion beyond the orbit of the earth. An independent 
check on this deduction is obtained from the study of 
the times at which the flare particles can first arrive in 
impact zones and in nonimpact zones, namely, the onset 
times. Both Chicago and Wellington are on opposite 
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Fic. 7. The percent increase of the nucleonic component in- 
tensity as a function of time ¢ plotted on log-log coordinates. The 
lines of constant slope represent a function proportional to ¢~*/? 
with the initial condition that =0 at 0350 U.T. 


hemispheres and not in impact zones, although the 
observed intensities were anomalously large. The onset 
time at Chicago, Fig. 2, is 0350_,.0+°-* U.T. in close 
agreement with 0348+1 U.T. for Wellington, Fig. 3. 
In contrast with this, we know that the equator station 
is accessible to cosmic-ray orbits that connect directly 
with the sun.} Forbush® has kindly supplied us with the 
onset time at Huancayo for the shielded ion chamber 
located near our neutron monitor. For these high-energy 
particles, the onset is 0345+1 U.T. and within an 
impact zone at higher latitude this early onset time is 
also well established—see, for example, Sittkus et al.’ 
Thus, a real onset time difference of ~5 minutes 
between particles that may reach the earth directly 
and particles arriving outside of impact zones appears 
to exist. The effect cannot be interpreted in terms of 
either (a) the lower energy particles arriving later than 
the high-energy particles along orbits connecting the 
sun and earth, or (b) the lower energies being produced 


+ R. List in our laboratory has shown that for a source width 
of >15° there are orbits connecting the source with Huancayo. 

®S. E. Forbush (private communication), and J. Geophys. 
Research 61, 155 (1956). 

7 Sittkus, Kuhn, and Andrich, Z. Naturforsch. lla, 325 (1956) ; 
Z. Naturforsch. (to be published). 
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later at the sun since, for example, the flare increase 
observed at Leeds with a neutron monitor displayed 
the early onset time <0345, but was inside the 0400 
impact zone.* Consequently, the answer must lie in the 
shorter path lengths for the particles arriving in impact 
zones over those arriving outside of impact zones. 

Sittkus et al.’ have suggested that this difference in 
onset time arises from some reflecting region beyond 
the orbit of the earth. In this way the particles arriving 
at regions outside of impact zones will have undergone 
scattering. This could explain the delay in onset time 
for detectors outside of impact zones. 

The radius of closest approach for this scattering 
region to the sun can be estimated from the difference 
in onset times, and has the value of 1.2 to 1.4 astro- 
nomical units (A.U.). As we pointed out earlier, since 
the rise time of the flare event is very short, the inter- 
planetary volume lying within ~1.4 A.U. radius of the 
sun is remarkably free of regions which could scatter 
particles of cosmic-ray energy and the “reflectivity” of 
the scatterer must be high. 

These ideas are consistent with the observed differ- 
ences in rise time of the particle intensity between 
stations in impact and nonimpact zones. Estimates 
from the Leeds* and Freiburg’ data indicate that the 
time to reach maximum intensity, /,, was ~8 minutes 
in the 0400 hour impact zone; whereas, for Chicago tm 
was greater by more than a factor of two. 

In addition to the differences in the value of f,, inside 
and out of impact zones, ¢,, decreases with increasing 
flare particle rigidity as shown in Table II. 


V. A MODEL FOR THE COSMIC-RAY EVENT 


We now direct our attention to the explanation of the 
cosmic-ray flare effect. It is clear from the experiments 
that there are several physical conditions within the 
solar system which must be satisfied in order to explain 
the observations on February 23, 1956. These conditions 
may be summarized as follows: 


TABLE II. Variation of ¢, with flare particle rigidity. 








Time of 

maximum 
intensity tm 
U. Te min 


Time of onset 


Magnetic 
latitude U.T. Local 


Detector 





tm for detectors outside principal impact zones 
52° Neutron 0350_;.07°5 2150 0408 18 
° Neutron 0348 2048 0410 
—45° Neutron 0348+1 1548 0402 14 
45° Neutron 0348 2048 0400 12 
29° Neutron 0345 —50 2145 0400 «=<15 


tm for detectors inside impact zones or on direct sun-earth orbits* 
56° Neutron* 0345 0345 <0400 ~8s 
0° Ionchamber> 0345+1 2245 0400 <i15 








® See reference 8. 
b See reference 6. 
* See Tf. 


8 Marsden, Berry, Fieldhouse, and Wilson, J. Atm. and Terrest. 
Phys. (to be published). 
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(1) There exists a magnetic field-free region extending 
outward past the orbit of the earth to approximately 
r=14A.U. 

(2) There is a boundary region which scatters cosmic- 
ray particles back into the field-free region. 

(3) Since the particle intensity declines only slowly 
after reaching maximum intensity, the boundary region 
must be a barrier for the escape of particles from the 
field-free region. 

(4) The decline of intensity follows a power law t-* 
and not an exponential function of time. Consequently, 
the barrier is continuous around the field-free region, 
and is not thin. 

(5) It then follows that the field-free region is a 
volume surrounded by a barrier of finite thickness for 
the escape of cosmic-ray particles into the galaxy. 

This description of the interplanetary volume derived 
from experiment suggests that the cosmic-ray flare 
particles diffuse through the barrier from the field-free 
region. If we let J (E)dE represent the density of cosmic- 
ray particles with energies in the range (EZ, E+dE), 
then we shall assume that J(E) varies according to the 
diffusion equation 


OJ (E)/dt=«(E)V*J(E), (1) 


where x(Z) is the diffusion coefficient for particles of 
energy E. We find that there is a solution to the dif- 
fusion equation which may have the same ¢~*? depend- 
ence on time which we found from experiment, Fig. 7; 
namely, 


exp(—r?/mxt). (2) 


TK 


C 
ssa 


Equation (2) is the special solution of Eq. (1) where a 
burst of radiation is instantaneously released at ‘=0 
and at the origin (r=0) of an infinitely extensive dif- 
fusing medium. This is a problem well known in the 
theory of heat conduction. If we observe the change in 
particle density near the source (small values of r), 
then J(E) « 1/#/ for all energies.® 

Obviously, this is an oversimplification of the physical 
conditions, if for no other reason than that we know 
the diffusing region has an inner boundary at r~1.4 
A.U. and does not exist for 0<r<1.4 A.U. Therefore, 
for simplicity in developing a model we shall assume 
that the fiela-.ree region is a spherical cavity of radius 
a=1.4A.U. From Fig. 7 we also know that the function 


9 We wish to point out that for a wide range of primary particle 
energies, the intensity of secondary radiation measured deep in 
the atmosphere should also display the t-*/? dependence. During 
the interval of time when the ¢-*/? dependence appears to be valid, 
only particles with energy in excess of the geomagnetic cutoff 
energy E, arrive at the atmosphere. If G(Z) represents the number 
of counts per unit of time produced in the detector by one primary 
particle/cm® of energy £, the detector counting rate is 

C 1 ° 
R= I "G(E)I (E; ral B= aR pe "G(E)J (Er 0)aE, 
which varies rigorously as ¢-*/? for all values of E,. No other 
solution of the diffusion equation has this simple property. 
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Fic. 8. Cross section of the model for the inner solar system at 
the time of the solar flare of February 23, 1956. The inner volume 
r=a represents a cavity “free” of magnetic fields (B (rms) <10~6 
gauss). The barrier of thickness b—a represents the shell-like 
region through which the cosmic rays diffuse. 


t-*/2 does not hold at high energies and, for later times, 
even at low particle energies. This indicates, as we 
shall later show, that the diffusing medium is not 
infinite in extent. For a barrier of finite thickness we 
shall assume the outer boundary is spherical and at 
radius 6 in order to preserve a simple model. These 
simplifying assumptions lead us to the picture shown 
in Fig. 8 for the cross section of the inner solar system. 

Although the model proposed here rests upon the 
experimental data from the February 1956 flare, it is 
important to note that the requirement for a field-free 
region r>1.0 A.U. in extent, a scattering region and a 
delay in the eventual escape of the flare particles from 
the solar system were already deduced from the earlier 
flare events.” Hence, we hope that the hypothesis 
proposed here may be extended to all flare particle 
observations. 


A. Properties of the Interplanetary Medium 


Before treating this idealized model more rigorously 
let us review the known properties of interplanetary 
space to decide whether the special conditions proposed 
here may, in fact, exist. Observations of zodiacal light™ 
indicate that the electron density in interplanetary 
space decreases outward from the solar corona to the 
order of 400-600 electrons/cm*® at the orbit of the 
earth, this density being supported by observations 
of radio wave whistlers.” For these low densities the 
gas is completely ionized with a kinetic temperature 


10 J. A. Simpson, Proceedings of the Vth International Cosmic 
Radiation Conference, Guanajuato, Mexico (1955) (unpublished) ; 
Proc. Natl. Acad. Sci. U. S. (to be published). 

4 A. Behr and H. Siedentopf, Z. Astrophys. 32, 19 (1953). 

21. R. O. Storey, Trans. Roy. Soc. (London) A246, 113 (1954), 





776 MEYER, 
T of the order of thousands of degrees. Chapman” 
has recently calculated that the temperature at the 
orbit of the earth may be ~10°°K. Consequently, the 
electrical conductivity of the interplanetary medium 
is high, being given approximately by 

o=2X10-"T*? emu 
for ionized hydrogen," while the medium in bulk is 
electrically neutral. 

There is strong evidence that this ionized gas is of 
solar origin and we now believe that this gas, in the 
process of escaping from the sun, will occasionally 
transport away from the sun small amounts of the 
general solar magnetic fields.'** Additional gas in the 
form of clouds and so-called solar streams may escape 
field-free. 

If there were no outward moving gas we would 
expect that the galactic arm magnetic field, estimated 
by Chandrasekhar and Fermi!’ to be the order of 10-® 
gauss, would penetrate all interplanetary space. How- 
ever, as suggested by Davis,'* the diverging, ionized 
emission of gas encounters the lateral pressure B*/8r 
of the galactic magnetic field and will “push” the field 
outward until this lateral pressure is in equilibrium 
with the momentum flux of the escaping ionized gas. 
Thus, a field-free cavity is formed which encloses at 
least the inner solar system. 

For simplicity we have assumed that this cavity has 
roughly spherical form. At the cavity boundary there 
must be some form of transition region where irregu- 
larities are produced in the otherwise smooth galactic 
arm field by the irregular gas pressures and gas clouds 
containing their own magnetic fields. The question of 
how high-energy charged particles behave in passing 
through magnetic field irregularities has been studied 
by Morrison” and Parker.” The irregularities act as 
“scattering” centers for the charged particles. Given 
the magnetic field intensity in these local regions, along 
with their concentration, the effective diffusion mean 
free path for a charged particle of energy E can be 
determined. Thus, the boundary region produces 
scattering and slow diffusion of the cosmic-ray particles, 
while, at the same time, defining a roughly spherical 
volume of radius r containing no general magnetic 
field with rms field density >10~* gauss, and where r 
has the value r>1.0 A.U. at the time of the cosmic-ray 
increase. 

1S. Chapman, Monthly Notices Roy. Astron. Soc. (to be 
published). 

“T. G. Cowling, The Sun (University of Chicago Press, 
Chicago, 1953). 

18 Tf the escaping “cloud”’ of conducting gas is of scale length /, 
the magnetic field permeating the cloud will decay in a time the 
order of Po. For example, if / is 10-* A.U. (1 A.U.=1.5X108 cm 


=sun-earth distance) then ’a~3X 10° years for T=4000°K. 

16H. W. Babcock and H. D. Babcock, Astrophys. J. 121, 349 
(1955). 

17$. Chandrasekhar and E. Fermi, Astrophys. J. 118, 113, 116 
(1953). 

18 L. Davis, Phys. Rev. 100, 1440 (1955). 

1” P, Morrison, Phys. Rev. 101, 1397 (1956). 

2” FE. N. Parker, Phys. Rev. 103, 1518 (1956). 
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B. Special Solutions for the Model 


With these concepts in mind, we now explore in more 
detail the hypothesis of a field-free cavity surrounded 
by an irregular magnetic field barrier region, Fig. 8. 
Within the barrier J(Z) varies according to Eq. (1). 
We know from elementary kinetic theory that the 
diffusion coefficient x(Z)=4cL(E) for relativistic par- 
ticles with a mean free path L(E£). 

To develop the model more completely, we review 
and extend the simplifying assumptions: 

(1) The diffusion barrier possesses spherical sym- 
metry about the sun with the inner surface of the barrier 
at radius r=a and the outer surface at r=b. 

(2) The diffusing region extends uniformly from r= a 
to r=b so that d«(E)/dr=0 within the barrier. 

(3) At the time <0 the particle density outside the 
cavity is zero, and at the instant /=0=% the cavity is 
uniformly filled to a density Jo(E). This neglects the 
transit times for particles in the cavity. Similarly, the 
diffusion equation (1) neglects transit times in the 
barrier. 

The solution of Eq. (1) is worked out in Appendix A 
with these assumptions, and we shall consider here 
three special cases of interest. 

Case I.—Assume that 6*>>a®. Since the quantity 
(xxi)? is a measure of the distance beyond r to which 
the particles have diffused in time ¢, then for r>>(a*xt)! 
we know that J(E; 1,t) does not differ significantly from 
zero and we sum Eq. (16A) only over the values of 
r< (m'xt)}. 

If ¢ is selected so that a’<m*xt<<b?, we may replace 
the discrete summation in Eq. (16A) by an integration 
over n, so that 


JE; 1f)~ JAE “A : 3 
(Bird) “Tel —e(-—), (3) 


and the decay of intensity observed at the earth (r0) 
varies as f-*/?, 

Case IT.—Assume that 5>>a and ¢ is of such a value 
that w%xt>&*. We then find from Appendix A, Eqs. 
(16A) and (18A) that the series converges rapidly 
because of the exponential term, and near the cavity 
where r&b, we have 


HE:ro~wIAB)(=) e(——) 4-3, (a) 


Case IIJ.—Assume that the barrier is thin, namely, 
(b—a)<a. Then we obtain from Eqs. (14A) and (15A) 


JE; r)=J nad ~ 5 
7L)=Jo0 on a, (5) 


and the decay of cosmic-ray intensity at the earth is 
exponential for all values of t. 

The experimental evidence from Figs. 4 and 7 shows 
that the decay of intensity with time is not exponential 
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but follows a t-*? power law. Hence we must assume 
that b>>a as in Case I. By the time ?’ the particles have 
diffused into the thick barrier a distance the order of a, 
so m«t'~a’, the particle density inside the cavity 
begins to decrease as ¢-*/?, as given by Eq. (3) and in 
agreement with Fig. 7. The particle density continues 
to decrease as ¢*? until particles begin to emerge from 
the distant outer surface of the barrier at r=}, at which 
time 2°xt~ 6’, and then escape into the more regular and 
smooth galactic arm field. Then the continuing decrease 
of intensity observed within the cavity will become 
exponential as given by (4). We interpret the deviation 
of the experimental data from ¢-*? for later times in 
Fig. 7 as the onset of the exponential decay, and we 
shali later use this evidence to estimate the value for 
b on February 23, 1956. 

The energy dependence of the diffusion coefficient 
becomes important at high energies. We have x(Z) 
= 4cL(£), and if we assume that L is of the same order 
of magnitude as the Larmor radius of the particles in 
the barrier magnetic field regions, then 


_ Ee(+2)} 


L(sje——_——, 
ZeB 


where Ep is the rest energy, = E/Eo, Ze is the charge 
on the particle in esu, and B is the field intensity in 
gauss. Thus, we see that x(£) is approximately pro- 
portional to £ for particle energies of several Bev or 


more. 
We note from Table II that the higher energy par- 
ticles reached maximum intensity and also, from Fig. 
7, began to decline as ¢-*”? earlier than the very low- 
energy particles. Both these effects may be understood 
from the fact that the diffusion coefficient «(Z) in- 
creases with increasing particle energy. During the 
total period of time that the flare region ejecting par- 
ticles into the field-free cavity, (the order of 20-30 
minutes on the basis of our model), the high-energy 
particle density rapidly reached equilibrium, with the 
particles leaking out through the barrier as rapidly as 
they were produced by the flare. Hence, the high- 
energy particle density began to decrease almost as 
soon as their rate of production by the flare region 
began to decline, whereas the particle density of low- 
energy particles, leaking out of the barrier only rela- 
tively slowly, continued to rise for nearly as long as the 
flare region could produce them. Thus, the effective 
time ‘=0 for reaching equilibrium is determined by 
axt~ a", and therefore, the decline of intensity should 
be written as a function of (t—t))~*?, where ¢ occurs 
earlier for high-energy particles than for low-energy 
particles, as shown by the experimental data, Table IT. 
We summarize the two ways in which the primary 
intensity as a function of time will depart from t*? 
for our model. First, the barrier thickness is finite and 
the flare particles may begin to escape from the outer 
regions of the barrier before the intensity at the earth 
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has returned to normal. This effect would appear late 
in the decline of the flare particle intensity. Second, 
for particles of high energy the diffusion constant 
increases so that the “effective” barrier depth is small, 
as for Case III. We expect and find both of these 
effects, Fig. 7. 


C. Influence of Cosmic-Ray Background Intensity 


The data in Fig. 7 are obtained by subtracting the 
normal cosmic-ray background from the total intensity ; 
hence, the choice of interpolated background intensity 
influences the shape of the curves at low flare particle 
intensity and at late times in two ways. First, when the 
intensity is only slightly above normal a small error 
in background introduces a large error in the flare 
particle intensity. Second, at high energies (low- 
latitude stations) the intensity variations in cosmic-ray 
background are smaller than for low energies (high- 
latitude stations). Hence, even small flare-intensity 
increases at high energy (e.g., Huancayo) may be 
measured accurately. The background intensities for 
the curves in Figs. 4 and 7 are obtained by interpolating 
between pre- and post-flare intensity for each station. 


D. Barrier Dimensions and the Coefficient 
of Diffusion 


From arguments in Sec. IV C we note that a~1.4 
A.U. We may estimate } from the observed deviation 
of the intensity from ¢* for large values of ¢; for 
example, about 6-8 hours after the onsets at Chicago 
and Climax the counting rates were declining faster 
than ¢-*/?, Hence, we assume that after about 8 hours, 
m°xt was comparable to b?. The intensity dependence on 
time was going over into an exponential decay, at which 
time the intensities had declined by a factor ~50 
suggesting that 


(4/3)xb? = 50X (4/3) 2a’, 


from which we conclude that b=5 A.U. Since 6 depends 
upon the 3 power of the intensity, this is a fairly precise 
estimate. 

There are two independent estimates for the value 
of x(£). First, the flare particle intensity began to fall 
off as t-*/? for low-energy particles (2-4 Bev) about one 
hour after onset, implying that mxt~a*. With a~1.4 
A.U., this yields «(2-4 Bev)~1.1X10” cm?/sec. 
Second, we noted that after ~8 hours «xt was becoming 
comparable to 8. This yields «(2-4 Bev) ~0.7X 10” 
cm?/sec with the value of 6 already estimated. 


E. Barrier Magnetic Field Intensity 


Since x=4$cL, we conclude that L>10" cm for 
x= 10” cm?/sec. If we assume that L is the same order 
of magnitude as the radius of curvature of the particles 
in the disordered barrier field, then the rms field in- 
tensity in the barrier has an upper limit B<2X10~* 
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Fic. 9. The percent increase of cosmic-ray intensity as a function 
of time for detectors that respond to primary particles of energy 
> 10 Bev—on a semilog plot. The Mexico and Huancayo neutron 
data are obtained from Fig. 4. The detector at Los Alamos was a 
600-liter scintillation counter." See reference 11 for the Freiburg 
data. 


gauss which happens to be comparable to the galactic 
arm field of ~6X10~* gauss.”” 


F. Exponential Decay 


It has been pointed out earlier that at high particle 
energies the intensity decline should approximate an 
exponential as for Cases II and III. To investigate the 
energies for which this effect sets in, we have compared 
the neutron intensity data from our Mexico (E>10 
Bev) and Huancayo monitor (E>15 Bev) with the 
observations obtained from a large liquid scintillator 
(~600 liters) at Los Alamos, New Mexico.” This 
detector has a very high counting rate and responds to 
primary particles of energy E>8-10 Bev. The results 
are shown in Fig. 9, and indicate that there is evidence 
for exponential decay at energies as low as the order 
of 10 Bev beginning about an hour after the onset of 
the intensity increase. 


G. Other Neutron Data for February 23, 1956 


In Fig. 10 we have plotted the neutron intensity 
data from several other observers*”-** both inside and 
out of impact zones for low and intermediate primary 
particle cutoff energies. It appears that the intensity 
decreases as ¢-*? for several hours with deviations from 


21 E. C. Anderson, Los Alamos Scientific Laboratory. We wish 
to thank Dr. Anderson and the U. S. Atomic Energy Commission 
for permission to use the liquid scintillator counter data. 

* Lockwood, Yingst, Calawa, and Sarmaniote, Phys. Rev. 103, 
247 (1956). 

% B. Meyer, Z. Naturforsch. Ila, 326 (1956). 

* A. Ehmert and G. Pfotzer, Z. Naturforsch. Ila, 322 (1956). 

25 R. R. Brown (private communication). 
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this dependence at later times. These results are similar 
to the observations from our neutron monitor network. 


VI. COSMIC-RAY INCREASE OF NOVEMBER 19, 1949 


Among the four earlier large cosmic-ray intensity 
increases the most data exist for the flare of November 
19, 1949.7 At that time a neutron detector at Man- 
chester observed an increase of factor 5 with a subse- 
quent intensity decline extending for more than 12 
hours.” This neutron detector at \~57°N measured 
the effect of low-energy primary particles, but the 
decline of intensity followed an approximate exponential 
function of time in contrast with our observations for 
the February, 1956 flare. To show how this observation 
may be accounted for with the model we propose, we 
shall consider Case III, Sec. V, for which (6—a)<a 
to obtain exponential decay. 
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Fic. 10. The percent increase of the nucleonic component in- 
tensity as a function of time on log-log coordinates. The lines of 
constant slope represent a function proportional to ¢~*/* with the 
initial condition that t=0 at 0350 U.T. The measurements are 
reported from Durham, New Hampshire”; Leeds, England®; 
Gottingen, Germany”; Weissenau, Germany*; and Albuquerque, 
New Mexico.” 


26H. Elliot, Progress in Cosmic-Ray Physics (North Holland 
Publishing Company, Amsterdam, 1952). Forbush, Stinchcomb, 
and Schein, Phys. Rev. 79, 501 (1950). 

27 N. Adams, Phil. Mag. 41, 508 (1950). N. Adams and H. J. J. 
Braddick, Phil. Mag. 41, 505 (1950). 
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This condition leads to two possible sets of values for 
the parameters a and 6 at the time of the 1949 event. 

(1) 6 may have been very small. This appears rather 
unlikely in view of the intense solar activity underway 
during the year preceding the flare. 

(2) a may have been large. This is more likely since 
we suspect the total output of solar gas had recently 
passed its maximum, and the solar field-free cavity 
would be near its greatest extension. 

The second alternative is further supported by the 
fact that the delays in the magnitude of onset times and 
tm between impact and nonimpact zones was greater 
than for the 1956 event. 

Other features of the 1949 and earlier flares have 
already been postulated” to require a field-free region 
>1 A.U. and an extended scattering region, in agree- 
ment with the cavity-barrier model. 


VII. SUPERPOSITION OF FLARE PARTICLES ON A 
COSMIC-RAY MODULATION EFFECT 


In view of the severe restrictions we have placed 
upon magnetic fields and scattering within the solar 
cavity at the time of the flare, it is especially important 
to understand the origin of the isotropic and rapid 
decrease of cosmic-ray intensity (Forbush-type de- 
crease) which began ~ 10 days prior to the flare event 
and continued beyond the period of the flare (see Fig. 
11). In recent years experiments have shown that this 
isotropic decrease is not of terrestrial origin, and hence, 
the mechanism producing it must lie outside the 
geomagnetic field. Experiments have also shown that 
the magnitude of this phenomenon is a function of 
particle rigidity and is a modulation of the pre-existent 
cosmic radiation by a solar controlled mechanism.”* 

We have discussed elsewhere the possibility for 
distinguishing among the several hypotheses of cosmic- 
ray modulation by studying the superposition of the 
flare particle spectrum on the modulated pre-existent 
cosmic rays”; we treat the flare particles as probes for 
studying electromagnetic conditions in interplanetary 
space. 

The experimental evidence cited above supports 
modulation by magnetized and ionized clouds. The 
question then arises: How is it possible for these cloud- 
like regions to expand outward from the sun carrying 
their tangled magnetic fields without introducing such 
serious scattering within ~1 A.U. that the observed 
features of the cosmic-ray flare event would be de- 
stroyed? The magnetic field intensity and scale length 
of the model clouds proposed by Morrison” to account 
for a rapid intensity decrease and continuing low 
intensity level (~10% decrease at Climax) are more 
than an order of magnitude too large to permit obser- 
vation of the flare event. An alternative explanation,” 
where in the magnetized cloud is captured by the earth 
and is supported outside the geomagnetic field, namely, 


28 J. A. Simpson, Phys. Rev. 94, 426 (1954). 
29 J. A. Simpson, Ann. géophys. 2, 305 (1955). 
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Fic. 11. The daily average nucleonic component intensity for 
neutron monitor D-3 at Climax, Colorado. The isotropic decrease 
of intensity for cosmic rays of nonsolar origin has superposed upon 
it the solar injected flare particles of 23 February 1956. 


a geocentric cloud, does not meet with these objections. 
For the geocentric model we find that with scattering 
and diffusion limited to regions near the earth, there is 
negligible effect on the flare particle orbits. 


VIII. CONSEQUENCES OF THE FLARE OBSERVATIONS 
AND SOLAR CAVITY MODEL 


A. Total Energy of Flare Particles 


We may estimate the total kinetic energy of the 
cosmic-ray particles produced by the flare of February 
23, since at the time /,, of maximum intensity, we believe 
that substantially all of the low-energy particles were 
still within the solar cavity. For this estimate we shall 
assume that all of the particles are protons distributed 
isotropically in the cavity by time /,. The energy 
spectrum of flare particles decreases so rapidly with 
increasing energy that to good approximation we may 
neglect the contribution of all particle energies above 
the geomagnetic cutoff of the neutron monitor at 
Sacramento Peak (~5 Bev) and consider only the 
intensity increase in the interval between Sacramento 
Peak and Climax (~3 Bev) as representing the total 
contribution of flare particles above ~3 Bev. Hence, 
most of the increased counting rate at Climax arose 
from primary particles in the energy interval 3-5 Bev; 
the ratio for the factor of increase at Climax over 
Sacramento Peak, namely 25/5, supports this con- 
clusion. 

Under normal circumstances the cosmic radiation in 
the energy range 3-5 Bev contributes 4X10~ erg 
cm™~ sec"! sterad at the top of the atmosphere, 
yielding an energy density of 1.7X10-" erg/cm* in 
interplanetary space. These particles account for 
approximately 0.1 of the total counting rate at Climax 
on the basis of aircraft measurements of the neutron 
latitude effect at the atmospheric depths of Sacramento 
Peak and Climax.” The counting rate at Climax was 


- ® P. Meyer and J. A. Simpson, Phys. Rev. 99, 1517 (1955). 





780 


25 times the cosmic-ray background rate at /, and, 
therefore, 250 times the normal counting rate arising 
from primary particles in the range of 3-5 Bev. Hence, 
the intensity of 3-5 Bev particles actually increased by 
the factor 250, and their particle energy density was 
4X 10- erg/cm* within the cavity. If this is the density 
at time 4, throughout the cavity of radius 1.4 A.U., 
then the total energy for flare particles of energy in 
excess of 3 Bev is 1.4 10® ergs. 

To this must be added the total energy of particles 
<3 Bev. Even if there is a low-energy spectrum cutoff 
which varies with the solar cycle, our knowledge of 
atmospheric absorption and other effects leads to an 
estimate of not less than a factor 2-3 for the additional 
contribution of lower energy particles. We thus obtain 
a lower limit of ~3X 10” ergs for the kinetic energy in 
flare produced cosmic-ray particles. 

Since this total energy for flare particles of cosmic-ray 
energy is greatly in excess of the energy estimated to be 
released in the form of other radiations, the possibility 
exists that there are large amounts of energy still un- 
observed in the electromagnetic radiation from a flare. 
Possibly the total energy going into x-radiation has 
been greatly underestimated. 

From the model we deduce that the total time for 
particle emission was ¢,,; hence the average power out- 
put from the flare in the form of cosmic radiation was 
~1.5X 10”? ergs/second. 

In Sec. II we noted that this solar flare was unusual 
in the sense that its radio emission originated as far out 
as a solar radius from the photosphere. This evidence, 
along with the estimates of the total energy output 
from the flare region, lead us to suspect that the optical 
flare effect was a minor part of the total solar process. 


B. Production Spectrum of Flare Particles 


In Fig. 6 we have derived from experimental data 
the primary particle spectrum observed for ¢>1,, in the 
vicinity of the earth. The model we have proposed to 
explain the time dependence of the flare particle in- 
tensity requires that the high-energy particles diffuse 
out of the “‘field-free’”’ cavity in less time than the low- 
energy particles. Hence, after /,, the particle spectrum 
is steeper than at the time of solar production; namely, 
if we may represent both the production spectrum and 
cavity spectrum by a power function N~", then, since 
n=7 for the cavity spectrum, <7 for the solar pro- 
duction spectrum. 


C. Solar Flares on the “‘Back-Side” of the Sun 


Since the model proposed for the temporary storage 
of flare cosmic-ray particles requires isotropy and 
roughly uniform particle density throughout the field- 
free region of the inner solar system, we would expect 
that the cavity could be filled equally well by particle 
injection from a flare on the invisible portion of the sun. 
Obviously, no impact zones could exist at the earth, but 
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we should observe a slow rise in intensity followed by a 
gradual decline to normal background intensity. 

If the solar flare of February 23 had occurred on the 
invisible portion of the sun, we would have expected a 
lower total intensity, but comparable in magnitude to 
the high-latitude neutron monitor observations on 
February 23. 

No outstanding event of this type has been reported. 
Since neutron monitor observations are most suitable 
for these measurements, we can only examine the past 
6-year period. In that time only 1-2 solar flare events 
on the visible disk would have been expected to produce 
a large cosmic-ray increase. Hence, it is rather likely 
that no similar event has occurred on the invisible solar 
disk during these past six years. Also, for flares occurring 
at times when the field cavity is very large (such as we 
suspect was the case for November 19, 1949) the ob- 
served intensity increase would indeed be small. 


IX. CONCLUDING REMARKS 


Without invoking a model or theory for the injection 
and propagation of solar flare cosmic-ray particles, we 
conclude from our experiments that: 

(1) In association with a solar flare the sun injects 
particles of cosmic-ray energy into interplanetary space. 

(2) The interplanetary volume extending from the 
sun to beyond the earth is free of magnetic fields with 
rms intensity B>10~* gauss. 

(3) After reaching maximum intensity, the particles 
arrive from practically all directions in the sky, isotropy 
prevails during the decline of intensity. 

(4) The decline of intensity is a function of time ¢ such 
that J(E)«1/f’ for low-energy primary particles and 
for several hours during the decline. For high-energy 
particles the intensity approaches an exponential func- 
tion of time. 

(5) Solar-produced particles continue to arrive at the 
earth for more than 15 hours after all evidence of as- 
sociated solar activity has ceased. 

(6) The integral intensity g’ of primary particles 
as a function of particle rigidity pc/Ze is given by 
J’ «[pc/Ze}-’ which holds for several hours following 
maximum intensity. At high rigidities the spectrum 
tends to fall off more steeply with particle rigidity. 

(7) Primary protons account for the major part of the 
intensity increases observed at geomagnetic latitudes 
\2 45°. Primary neutrons could not produce the ob- 
served effects with our detectors. Alpha particles may 
be present, but it appears unlikely they could be the 
principal component in the primary cosmic-ray flux. 

(8) Primary particles having rigidities <2 Bv to 
> 15-30 Bv contribute to the primary spectrum. 

(9) No large scale distribution of interplanetary 
magnetic fields can be invoked to account for the sharp 
and extensive decreases of cosmic-ray intensity for 
particles of nonsolar origin. The use of flare-injected 
cosmic-ray particles acts as a probe for testing different 
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hypotheses for intensity modulation of pre-existant 
cosmic rays. 

From our experiments we are then led to the fol- 
lowing requirements for a suitable model: 

(1) The particles do not escape into interstellar space 
in straight lines, but are stored for a period the order 
of hours in the vicinity of the sun. 

(2) The particles undergo scattering beyond the 
orbit of the earth, producing remarkable isotropy of 
the radiation.*' The isotropy is achieved by the time the 
flare particle intensity has passed its maximum. 

(3) Since the particles are delayed in their escape 
from the solar system, the region which produces the 
backscattering is most likely also the barrier for the 
escaping radiation. 

(4) With the intensity decline following a ¢*” 
dependence on time, diffusion is the most likely mechan- 
ism for escape through the barrier since a solution of the 
classical diffusion equation gives J(£) «t-* with rea- 
sonable initial and boundary conditions. 

(5) The entire field-free volume must be enclosed by 
the barrier for the solution of the diffusion equation to 
hold. Thus, for simplicity the model requires a field-free 
volume of radius >1 A.U. (radius ~1.4 A.U. from the 
additional data of Forbush and Sittkus). 

(6) Under the above conditions, the total time for 
injection at the sun may be 20 to 30 minutes or less. 
For the time scale of the entire event, this simulates 
instantaneous injection of the flare particles into the 
cavity. 

From these general deductions we have constructed 
a specific model which appears to account for even some 
of the more subtle points in the experiment. We esti- 
mated the size of the barrier, the diffusion coefficient, 
the barrier field intensity, and other essential parame- 
ters from the experimental data. 

We have discussed the main properties of inter- 
planetary space which indicate that this hypothesis 
may have a physical foundation. It appears that gas 
clouds carrying tangled magnetic fields may exist and 
attempt to escape radially from the solar system. 
These, and other highly ionized field-free clouds of gas 
may sweep back any ordered solar or galactic magnetic 
fields which would otherwise prevade the entire 
interplanetary space. We have assumed that the 
barrier is represented by these tangled fields piled-up 
over a region forming a shell with inner radius 1-2 A.U. 
We do not know the degree of stability of such a barrier 
against penetration by ordered fields, but we do know 
from simple hydromagnetic concepts that the time 
constants are the order of months, or more. For our 
purposes it is sufficient to point out, as we did in the 
Introduction, that the flare event was preceeded by 
months of intense solar activity which should be capable 


31 F, Bachelet and A. M. Conforto, Nuovo cimento 3, 1153 
(1956). 
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of forming the special conditions required for the barrier 
region. 

The model appears to account for the main features 
of the earlier flare events, and, indeed, a study” of the 
early flare events (particularly November 19, 1949) 
had already established the deductions 1, 2, 3, and 6. 

Several additional large intensity increases from solar 
particle injection in the future will be required before 
the generality of the model proposed here can be 
adequately tested. 

Although the network of six neutron monitor stations 
and balloon-launching facilities are part of our research 
facility at the Institute, their successful operation rests 
in large measure upon assistants in the field. We wish 
at this time to express our deep appreciation to the 
many individuals who have assisted at the following 
stations: At Huancayo, Peru, Mr. Herman Goller and 
Mr. Albert Giesecke, Jr., with the cooperation of the 
Government of Peru have made it possible to establish 
excellent observing conditions. At Mexico City, 
Professor Sandoval Vallarta and the University of 
Mexico have generously made facilities available, and 
Dr. Jose y Coronado has supervised the station oper- 
ation. The Sacramento Peak pile has been operated by 
Dr. Edward Manring and the staff at the Peak under 
Dr. John Evans. At Climax, Colorado, our laboratory 
is under the care of Mr. Richard Hansen and Mr. C. 
Dodgen, with help of many kinds from Dr. Walter O. 
Roberts of the High Altitude Observatory. At Chicago 
the neutron pile has been operated by Mr. Manfred 
Pyka and Mr. Neil Sullivan. 

For the neutron monitor observations on board the 
U.S.S. Arneb, we are grateful to Mr. Rochus Vogt, who 
kept the apparatus in excellent condition throughout 
the expedition to the Antarctic. 

The laboratory on board the U.S.S. Arneb was the 
result of close cooperation and contributions from the 
U. S. National Committee for the International Geo- 
physical Year and the U. S. Navy Task Force 43 
represented by Admiral George Dufek and his staff. 

Assistance with the balloon launching program and 
special electronic circuits was given by F. Jones, R. 
Blenz, and R. Weissman. 

The reduction and preparation of data for analysis 
was carried out by Gordon Lentz, James Ayers, Neil 
Sullivan, and Randolph Shen. 

We wish to thank our many colleagues who forwarded 
to us the results of their observations prior to publi- 
cation, and, especially, we thank Mr. M. Notuki of the 
Tokyo Observatory, Dr. R. Giovanelli of Sydney, 
Australia (Division of Radio Physics) CSIRO, Dr. Das 
of Kodaikanal, South India, and Mr. Allen Shapley of 
Radio Propagation Physics Division, National Bureau 
of Standards. 

The data from our neutron station network have been 
sent to Mr. Thomas Gold, Greenwich Observatory, who 
is collecting all available data on the solar event of 
February 23, 1956, for future distribution. 
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APPENDIX A 


Consider the diffusion of particles of density J(E,r,t) 
out through a uniform spherical shell in which the 
coefficient of diffusion is x. We let the inner radius of 
the shell be r=a and the outer radius r=), so that x is 
uniform and nonzero only in the interval a<r<b. We 
assume that at time ‘=0 the inner cavity (r<a) is 
filled uniformly to a density Jo(Z) and no particles 
have yet diffused into the shell,r>a,so that J(£,r,0)=0 
for r>a. We let J,(E,t) represent the uniform particle 
density in the cavity r<a, so that J,(E,0)=Jo(£). 
Since the particle density is a continuous function of 
r for t>0 we have J;(E,a,!)=J,(E,t) ; since the rate of 
decrease of the total number of particles in the cavity 
is just equal to the rate of diffusion into the shell at 
r=a, we have 





a OJ(E,a,t) 9dJ(E,a,t) 
ae cane is 


(1A) 


The solution of this diffusion problem using the 
Laplace transform is straightforward and _ similar 
problems may be found in the literature.” We let 


J(Est)=u(Eyt)/1, (2A) 


so that (1) reduces to 
Ou(E,r,t) u(E,r,!) 


“ ’ 


ot or’ 





and (1A) becomes 
a 0u(E,a,!) 
3x ot os a da 





u(E,a,t) odu(E,a,t) 
+ q (4A) 


We use capital letters to denote the Laplace trans- 
form, so that 


U(Eg.p)= dt exp(—p)u(E3 0). 


Transforming (3A) and (4A), we obtain 


U/dr—kRU=0, 
and 


a 
_— U(E,a,p)—u(E,a,0) | 
K 


U(E,a,p) dU(E,a,p) 
=> ~—+— aot (6A) 
a da 


where 
R= p/x. (7A) 
%H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids 
(Clarendon Press, Oxford, 1947). 
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The solution of (5A) is obviously of the form 


U= A, sinhkr+ A. coshkr. (8A) 


The particle density must vanish at r=}, because x= © 
for r>6, and must satisfy (4A) at r=a. We ultimately 
find that 


ato (EB) 
U(E,r,p)= 
K 


sinhk(b—r) 
x , 
3a°k*+-1) sinhk(b—a)+<ak coshk(b—a) 





(9A 


Using the inversion theorem for the Laplace trans- 
form, we obtain 


1 prte 
wEr=— J dz exp(+2t) U(E,r,z). (10A) 


TS y—iwo 


From (6A), it is readily shown that the only singularities 
in U(E£,r,z) are simple poles along the negative real 
axis at the points 


(n=0,1,2,- : *), (11A) 


Sn= — Kay”, 
where the a, are the roots of 


(4a°a?— 1) sina(b—a)=aa cosa(b—a). (12A) 


It can be shown that the residue R, of the pole at z, is 
2riR, = —Fa*®Jo(E)a,” exp(—xa,7t) sina, (b—r) 

X { (4a*a,,?—aba,”) sina, (b—a@) 

+ (bain—3a*ban?+ $a%a,,°) cosan(b—a)}~'. (13A) 


Using (12A) to eliminate cosa,(6—a), we obtain, 
finally, 


1 
j(Ey,t) wi —u(E,r,t) 
Tr 


Jo(E) « 


sina, (b—r) 
> a,* exp(—xa,2) —————_ 
n=0 


= 24 
r 


X [anb+4a°ba,?+ (1/9)a*ban® 
— (1/9)a°an® D>, 


sina, (b—a) 


(14A) 


from Eq. (10A). 

The value for u(E£,r,t) represents the solution of the 
diffusion equation in the region a<r<b when ¢>0. For 
r<a, we have that J;(E,!)=u(E,a,t)/a, which repre- 
sents the particle density observed at the earth inside 
the field-free cavity. 

To demonstrate the time dependence of the cosmic- 
ray intensity at the earth during the decay following the 
flare, we consider several special cases. First we suppose 





SOLAR COSMIC RAYS OF FEBRUARY, 1956 


that b>>a. Then (124A) yields When 7°xt2 8’, then (16A) may be written 


1sa \5 a \' 2na*J o(E) mt 
cab~nr+—( <n ) +0( (=r) ): (ISA) J(E,r,t)~—————_- exp(-—) 
45\b b 3b? B 


and 3m*kt 82°xt 
2ea*Jy(E) » * <2 x|1+4 exp(-—)+9exn(-— +--+]. (8a) 
«(Er $)~———_———_ je oft -1(<nr) b Bb 


n=0 


When (b—a)<a, we find that from (15A) 


a \t nxt nar 
+0( (“mr) )|ex(- ) sin( . (16A) 3a \3 1 /b—a\? 
b b aax~(—) 1-_(—*) +:- ‘| 
b—a 40\ a 
The approximation is valid so long as 1°xt>>a’. 
When b*>>z°xf>>ar, the terms in the summation are Hence (14A) reduces to 
either slowly varying functions of m or else negligible, —_ 3xt 
so that the summation in (16A) may be replaced by J(Ey7,t)~Jo( 5 ) exp| — 
an integration, giving finally —2 a(b—a) 





a®Jo(£) exp(—r°/4xi) a’? b—a\} 
Scoot are [++0(=)} — x{1+0((—) )} — 
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Meson Production in Deuterium by 1.4-Bev Pions* 
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Pion-nucleon interactions have been produced in a deuterium-filled diffusion cloud chamber operated in 
the 1.37-Bev 7~ beam at the Cosmotron in order to compare the characteristics of *- —n and x~ — p collisions. 
A total of 180 interactions have been observed and analyzed, and the total cross section for «~ —d collisions is 
estimated to be 72+15 millibarns. The results are consistent with approximately equal x~— and 7~—n 
cross sections and a ratio of elastic: inelastic events= 1:2 for both types of interaction. Approximately 15% 
of the inelastic collisions are cases in which two or more mesons are produced. Analysis of distributions of 
angles, momenta, and charges suggests a process for meson production in which the statistical model is 
slightly modified by a specific meson-nucleon interaction. The observed ratio of s~—m charge states 
(nx~2°) : (pr-a~) = (1.8+-0.6):1 indicates that interactions proceeding through the isotopic spin T=} do 
not predominate. The prominence of (px-x~) and (px~x®) charge states together with a lack of correlation 
between emitted pion directions suggests that neither 7=0 nor T=1 «—- resonances play a significant role 


at this energy. 





RELIMINARY cloud chamber studies of nucleon- 

nucleon and pion-nucleon interactions at the 
Cosmotron described in previous papers! have been 
continued and extended to pion interactions in deu- 
terium. Whereas the previous papers have been con- 
cerned with the nature of n—p and r-— collisions, 
the present work reports on m~—m and x~—p inter- 
actions involved in pion-deuteron collisions at 1.4-Bev 
pion energy. 

Studies of x-—n and x-— # interactions at the energy 
of this experiment have also been carried out using both 
counters*® and emulsions.‘ 

In view of the comparatively weak binding of the 
deuteron and the consequent large average separation 
distance of its component nucleons, the interactions in 
deuterium of pions with A~2X10-" cm should repre- 
sent collisions with almost-free nucleons. Operation of a 
diffusion cloud chamber filled with deuterium in a beam 
of high-energy negative pions should permit simul- 
taneous observation of s-—n and a-— > events. The 
characteristics of the x~— p interactions observed here 
can be compared with those analyzed previously. 


I. OBJECTIVES OF THE EXPERIMENT 


The interaction of pions in deuterium as observed in 
the diffusion cloud chamber can be expected to confirm 
the results of II with respect to x-— p meson production 
while investigating the following aspects of the pro- 
duction process in x~—n collisions: 

1. Meson production multiplicity. The relative 


* Work performed under auspices of the U. S. Atomic Energy 
Commission. 

t Based in part on work submitted in partial fulfillment of the 
requirements for the degree of DoctorZofgPhilosophy at Fordham 
University. 

t Now at the University of Kentucky, Lexington, Kentucky. 

1 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
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? Eisberg, Fowler, Lea, Shepard, Shutt, Thorndike, and Whit- 
temore, Phys. Rev. 97, 797 (1955), henceforth referred to as II. 

3 Cool, Madansky, and Piccioni, Phys. Rev. 93, 249 (1954). 

4W. D. Walker and J. Crussard, Phys. Rev. 98, 1416 (1955). 


frequency of production of 0,1,2--- secondary pions in 
addition to the incident pion is of considerable interest. 
Results from I with respect to n— p collisions indicated 
that the ratio of double to single meson production was 
very much greater than that predicted by the simple 
statistical picture of the production process devised by 
Fermi,® while the results of II for *~— collisions were 
not in disagreement with the statistical model. It should 
be especially interesting to compare multiplicities for 
m-—n and m-— p interactions. 

2. Charge states. Pion-nucleon interactions lead 
competitively to one of a number of possible charge 
states within each degree of multiplicity. The relative 
frequency with which such charge states are formed can 
be determined and compared with values predicted by 
theoretical views as to the nature of the meson pro- 
duction process. 

3. Momentum and angle distributions for emitted 
particles. Further details of the production process can 
be compared with the predictions of theory. 

4. Angular correlations between emitted particles. 
The presence of angular correlations may indicate the 
existence of meson-nucleon or meson-meson forces 
acting between emitted particles, which may be suf- 
ficiently strong to indicate definite bound intermediate 
states. 

5. Production of heavy unstable particles. In addition 
to pion production, it was hoped that heavy mesons and 
hyperons might be produced in the interactions ob- 
served. Although such particles were produced in the 
walls of the cloud chamber, no cases of production in 
the filling gas were observed. This was unexpected in 
view of results* which had shown the total cross section 
to be about 0.9 millibarn; considering the statistical 
error, however, the absence of such events is not 
inconsistent with these findings. Of the 32 definite 

5 E. Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1951); Phys. 
Rev. 81, 683 (1951); Phys. Rev. 93, 1434 (1954); Anais. acad. 
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cases of heavy unstable particle production in the walls 
of the cloud chamber, 11 were classified as A° decays 
and 8 as #@ events, while 13 cases could not be further 
identified because of insufficient measurement accuracy. 


II. EXPERIMENTAL PROCEDURE 


The use of deuterium as a filling gas in diffusion cloud 
chambers is complicated by the fact that traces of beta- 
active tritium, when present in the deuterium in any 
appreciable amount, render the instrument insensitive 
to any further radiation. Experience has shown that 
when a diffusion chamber is subjected to continuous 
radiation greater than 3-10 times the normal sea-level 
cosmic ray background, depending on gas and pressure, 
the supply of available vapor is depleted too rapidly to 
permit the maintenance of satisfactory operating con- 
ditions.’ Investigation of the effects of tritium con- 
tamination on diffusion chamber operation indicated 
that any concentration greater than 3X10-" parts of 
tritium in the filling gas was excessive. In order to 
secure as low a tritium concentration as possible,® the 
deuterium gas used in this experiment was obtained by 
reducing low-tritium-content heavy water, obtained 
from the Savannah River Operations Office of the 
U. S. Atomic Energy Commission. 

The diffusion cloud chamber used was the Brook- 
haven 16-inch, 10 000-gauss magnet chamber, operating 
at 16 atmospheres deuterium pressure with methyl 
alcohol as condensable vapor. The chamber was situ- 
ated in a collimated beam of negative pions of average 
momentum 1.50 Bev/c (kinetic energy 1.37 Bev), 
produced by the interaction of 2.2-Bev circulating 
protons striking a carbon target in the “south straight 
section” of the Cosmotron. The uncertainty of the 
average value of beam momentum is +0.05 Bev/c, and 
the muon contamination is estimated to be of the order 
of 10%. Details of beam structure and cloud chamber 
operation are described in I and II. 

Some 15000 Cosmotron pulses were photographed 
with this arrangement. The stereoscopic photographs 
were projected and scanned separately, using a tilt- 
screen arrangement to look along the tracks and to 
examine them from above. Angles in space and track 
lengths were measured by reprojecting events in 3 
dimensions, using a gimbal-mounted screen and a 
projector, in such a way as to reproduce the optical 
geometry of the cloud chamber. Track curvatures in 
the magnetic field were measured with a micrometer 
stage microscope, and corrections made for optical 
distortion, magnification, and velocity component 
parallel to the magnetic field, as appropriate. 


III. TOTAL CROSS SECTION 


A total of 180 interactions between negative pions 
and deuterium nuclei was observed. By comparing this 

7R. P. Shutt, Rev. Sci. Instr. 22, 730 (1951). 

8 For discussion of natural occurrence of tritium see Grosse, 


Johnston, Wolfgang, and Libby, Science 113, 1 (1951), and E. L. 
Fireman and D. Schwarzer, Phys. Rev. 94, 385 (1954). 
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TABLE I. Types of interactions considered. 








Number Number 
Additional of fs) 
nucleon neutral secondary 
emerging® particles pions 


Charge 
state* 


Type of 
interaction 





Elastic x~—d 
Elastic ~—n 
Inelastic «~—n 
Inelastic *~—n 
Inelastic + —n 
Inelastic r~—n 
Inelastic 7~—n (p— —0) 
Elastic x~— p (p—) 
Charge Exchange r~— p (n 0) 
Inelastic ~— p (p—9) 
Inelastic *~— p (n+ —) 
Inelastic *~— p (n 00) 
Inelastic *~— p (p—00) 
Inelastic x~— p (n+ —0) 
Inelastic r~— p (p+ — —) 
Inelastic x — p (n 000) 


(d—) n 
(n—) 

(n—0) 

(fiom =) 
(n—00) 
= 3) 


oe 


PR VWI I ow vvwv vss 


Oe WRN N WOR RR WONnFO 
NNNNRE RF RF OONNNKEFK OO 








® For example, (7 —0) means that a neutron, x~, and r® result from the 
collision #~ +n. 

b Since both proton and neutron are present initially in the deuteron, 
when a neutron is struck yielding, for example, the (» —0) charge state, an 
additional prong due to the proton “‘left over’’ by the interaction is observed. 


number with the total pion path length, found by 
measuring the lengths of tracks within beam mo- 
mentum and direction limits in every 50th picture of 
every other 100-foot roll of film, the total cross section 
for pion interactions in deuterium at this energy was 
estimated. 

Since the scanning efficiency appeared most con- 
sistent over the central region of the chamber, only 
those events and that portion of the beam path lying 
within an area 20 cm square about the center of the 
chamber were considered. A total of 132 two-prong or 
four-prong events and 9000 g/cm? of track length in 
deuterium were so selected. An additional 12 zero-prong 
events were assumed, using the criteria of the m-—p 
experiment II, to have been produced and gone un- 
recorded, while 12 events, from the distribution of 
azimuth angles about the beam direction, were added 
to account for events missed because of steepness of 
track angles in the chamber. Allowance was made for 
an over-all scanning efficiency of 95+5% in the central 
area and a w-meson beam contamination of 10+5%. 
With these corrections, a total cross section of 72+15 
mb was obtained, in agreement with the more accurate 
value of 63+3 mb found by counter methods.’ 


IV. PARTICLE IDENTIFICATION AND 
CLASSIFICATION OF EVENTS 


The types of pion-nucleon interactions which would 
be expected to take place when 1.4-Bev a mesons 
bombard deuterium are shown in Table I. The »-—d 
elastic collision is included as well, though no definite 
interactions with the deuteron as a whole were found. 
In the table the second column lists the charge states 
resulting from m-—n and -—p collisions while the 
third column gives the “additional nucleon,” originally 
bound in the deuteron, left over by such a collision. In 
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analyzing the events, there was no indication that any 
considerable part of the available energy was carried 
off by this additional nucleon, which justifies the as- 
sumption that the pions collide with practically free 
nucleons. The fourth and fifth columns, respectively, 
list the neutral particles, including the additional 
nucleon, and the pions, excluding the initiating particle, 
which emerge from the interaction. 

Of the s-—> interactions expected, the charge ex- 
change process yielding the (m 0) charge state and the 
inelastic collisions resulting in the (n 00) and (n 000) 
states are not easily observable in a diffusion cloud 
chamber since in these cases all secondary particles are 
nonionizing. Such events would appear as a disappear- 
ance in flight of a beam track. No attempt was made to 
scan for such disappearances since they could be con- 
fused with tracks leaving the sensitive region of the 
chamber. 

Differentiation between the various multiplicities and 
charge states depended on the observation of the 
number of outgoing tracks, or “prongs,” on the identi- 
fication of the emerging particles, where possible, and 
on the application of energy and momentum con- 
servation relations to each interaction event. Classi- 
fication was somewhat complicated by the presence of 
both #-—mn and x-—>p events inasmuch as there are 
processes in each group similar in appearance to 
processes in the other. In determining the proper charge 
state category for each event the following procedure 
was used: 

(1) As many as possible of the emerging particles 
were identified from observations on magnetic field 
deflection, ionization density, and range, and all cate- 
gories allowed by these definite and possible particle 
identifications were determined. 

(2) Possible elastic collision classifications were tested 
for compliance with coplanarity and energy-momentum 
conservation requirements. 

(3) Inelastic classifications were tested by inserting 
in the energy-momentum conservation relations 
dp: cos6;=0, > p; sind; cosp;=0, > p; sind; sind;=0, 
and }-W;=0, the values of angle, momentum, and 
energy allowed by the limits of measurement on each 
particle. Here p; and W; are the momenta and total 
energies, respectively, of the particles present before 
and after the collision, 6; is the angle in space between 
incoming and outgoing tracks, and ¢; is the azimuth 
angle measured around the incoming particle direction. 

The “additional nucleon” was assumed to exercise a 
negligible effect on the balance obtained by this pro- 
cedure. If any combination of values within the 
measurement limits gave agreement to within 10 Mev 
of total initial energy for any inelastic charge state 
assumption, that charge state was accepted as a possible 
identification. The use of a punched-card digital com- 
puter facilitated the large number of trials required to 
classify each event. 

The (p— —) charge state resulting from the *-—n 
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collision (Fig. 1) was unique in that all particles in- 
volved in the interaction, including the “additional 
nucleon,” ionized and hence were visible in the chamber. 
Since the problem of satisfying energy-momentum 
conservation was essentially overdetermined, this class 
of events was identified unambiguously and could be 
used to check the general classification procedure. The 
method used in identifying (p— —) events consisted 
in selecting the best-measured outgoing momentum and 
inserting that value, together with those of the incident 
momentum and space angles for all four (including the 
“additional nucleon”) emerging particles, into the 
momentum conservation relations, then solving the 
resultant equations for the three remaining momenta. 
If the corresponding total energies balanced, the event 
was classified as (p— —). In every case the three 
momenta calculated in this manner agreed with the 
actual momentum measurements. To determine the 
effect of the “additional nucleon” on the interaction 
kinematics, the momenta of the slow “additional 
protons” seen in the (p— —) events were measured. Of 
the 16 (p— —) interactions found, the slow proton 
ranged from 0-0.08 Bev/c momentum in 8 cases, from 
0.08-0.16 Bev/c in 4 cases, from 0.16-0.24 Bev/c in 2 
cases, and in one case equalled 0.25 Bev/c. The average 
“additional nucleon” would therefore have only 5-Mev 
kinetic energy, and the approximation that the nucleon 
not directly struck in the collision plays a relatively 
inappreciable role in the interaction kinematics would 
appear reasonable. 

A marked difference in momenta between protons 
involved in #~— inelastic collisions and those accom- 
panying m~—m interactions provided one means of 
distinguishing these two processes. The momentum 
distribution for protons recoiling from the interaction 
a +p—p+2-+7° observed in experiment II,’ for 
example, showed that of a total of 41 such events, the 


Fic. 1, Example of (o— —) event resulting from the 7~—n in- 
teraction. The incident pion enters from the left and the emerging 
particles are, clockwise from the top, the slow “additional proton,” 
the fast proton produced in the interaction x~+n—p+27-, and 


the two negative pions, one fast and one slow, respectively. 


® Private communication from the authors. 
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proton momenta of 7 were > 1.00 Bev/c, while 9 were 
in the range 0.75-1.00 Bev/c, 10 from 0.50-0.75 Bev/c, 
14 from 0.25-0.50 Bev/c, and one <0.25 Bev/c. Con- 
sequently, slow protons with momenta <0.25 Bev/c 
were generally considered to be those “left over” in 
m~—n interactions. 

The possibility of distinguishing kinematically be- 
tween a proton actually taking part in an interaction 
and one in the “additional nucleon” class was investi- 
gated. Sternheimer” has shown that when a proton at 
rest is struck by a pion or nucleon, the proton recoil 
angle has a definite maximum; for a 1.4-Bev r—p 
collision with single meson production this angle is 75°. 
An extension of Sternheimer’s method to the deuteron 
case in which the struck proton is not at rest in the 
laboratory system but moving directly toward the 
incident pion with 25 Mev Fermi energy indicated that 
there is no limitation on the proton recoil angle. On the 
other hand when the proton is overtaken moving in the 
same direction as the incident pion the corresponding 
limiting angle is 41°. When the proton initially moves 
at right angles to the pion direction the maximum 
proton recoil angle is 87° when a single meson is pro- 
duced and 76° when two are produced, and since the 
solid angle for pion-proton collision is largest for this 
case, it was assumed that protons emerging in the back- 
ward hemisphere in the laboratory system were in 
general ‘“‘additional protons” which are not limited with 
respect to direction in any way. 

In many cases, the momentum measurements were 
sufficiently accurate to eliminate all but one interaction 
possibility. Where neutral particles were involved in an 
interaction it was often impossible to exclude the likeli- 
hood of an additional neutral meson being present. In 
other cases, the range of momentum measurements 
permitted more than one identification possibility. 


TABLE II. Definitely assigned interaction events. 








Charge state Number observed 


(d—) 
(n—) 
(n—0) 
ip~ =) 
(n—00) 
(p— —0) 
(n— — +) 


Total, lines 1 to 7... 


Interaction 





(p+ — -) 
Total, lines 8 to 13... 


Total, definitely identified, lines 1 to 13... 








10 R. Sternheimer, Phys. Rev. 93, 642 (1954). 
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TABLE III. Interaction events for which more than one 
assignment was possible. 








Number 


Charge state possibilities observed 


(p—) or (d—) 
(p—) or (n—) 
(p—) or (n—) or (d—) 


Total, lines 1 to 3. 





(n—) or (n—0) 

(n—) or (n—O) or (p—0) 

(n—) or (n—O) or (n+ —) 

(n—) or (n—O) or (p—O) or (n+ —) 
Total, lines 4 to 7. 

(n—0) or (p—0) 

(n—0) or (n+ —) 

(p—O) or (n+ —) 

(n+ — —) or (pPO— —) 

(n+ — —) or (p+ — —) or (p0— —) 


Unidentified inelastic 


Total, lines 8 to 13... 37 
Total, lines 1 to 13... 101 








Occasionally, an event was classed simply as “unidenti- 
fied inelastic.” 


V. MULTIPLICITY AND CHARGE STATES 
FOR PION PRODUCTION 


The charge state assigments of the 79 interaction 
events for which only one identification was possible 
are summarized in Table IT, where lines 1, 2, and 8 list 
elastic collisions, defined here as (d—) (n—), and (p—), 
lines 3-4 and 9-10 list single production events, and 
lines 5-7 and 11-13 list examples of double meson 
production. No cases involving production of more than 
two mesons were observed. Table III summarizes the 
possible assignments of the 101 events for which more 
than one identification was possible. Here lines 1-3 
show events which are definitely elastic, lines 8-13 
definitely inelastic, and lines 4-7 events which can be 
either elastic or inelastic. 

Considering first only those interactions definitely 
identified, Table II, and taking into account an addi- 
tional 12 cases in which the x~— p interaction is assumed 
to produce no charged particles (see Sec. ITI), it appears 
that the interaction probabilities for --—m and m-—p 
collisions are approximately equal, in the ratio (x#~—n): 
(x-— p)=41:50=1: (1.240.3), including the statistical 
error. When the multiple possibility events of Table 
III are considered, it is found that 27 of these belong 
to one or more definite s-—m categories and 20, as- 
suming that no #~—d interactions are involved, to 
definite *~— p categories ; adding these to the definitely 
identified events it is found that the ratio (#-—n): 
(x-— p)=68:70=1:(1.0+0.2). It therefore appears 
that the approximate equality of cross sections for 
m-—n and x-—> collisions reported by counter experi- 
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TABLE IV. Predictions as to charge states for single meson 
production from theoretical assumptions. 








x~—mn interactions #~ —p interactions, ratio 
ratio (n—0):(p— —) (m+ —):(p—0): (200) 


1.5:1 2.9:2.3:1 
3.5:1.7:1 
2:0:1 


Model assumed 





. Statistical model 

. T=} pion-nucleon 
state 

. T=0 pion-pion 
state 

. T=1 pion-pion 
state with no final 
pion-nucleon inter- 
action 

. T=1 pion-pion 
state with final 
pion-nucleon T =} 
state interaction 


6.5:1 


Not affected 


6.5:1 13:8.5:1 








ments’ is consistent with observations on events for 
which a definite distinction between m~—mn and r-—p 
interactions can be made. Inasmuch as there is no bias 
favoring either type of interaction in the classification 
procedure, this result should be unaffected by possible 
assignments of events for which more than one identi- 
fication was possible. 

With respect to the pion production multiplicity in 
a~—n inelastic collisions, the definite events of Table 
II indicate that approximately 63% of all interactions 
resulting in charged particles are cases in which a single 
new pion is produced, while some 10% of this total 
involve production of two secondary pions. In view of 
the results of II, the pion production multiplicites for 
m-—n and m-—p interactions appear to be closely 
identical. 

Of the interactions listed in Table III, 37 may be 
either elastic or inelastic collisions while 27 are definitely 
elastic and 37 are definitely inelastic. Adding these to 
the 17 elastic and 62 inelastic events in Table II, the 
ratio of definite elastic to inelastic collisions in which 
charged particles are produced is 44:99=1:2.2. Con- 
sidering the 37 remaining events, the elastic: inelastic 
ratio must lie within the limits 1:1.2 to 1:3.1. Since the 
elastic: inelastic ratio for *~— p events of this type has 
been shown by experiment to be approximately 1:2, 
the present data indicate that the x~— elastic: inelastic 
ratio is the same. 

Table IV lists the predictions as to specific charge 
state ratios that can be made assuming that the meson 
production process can be described in terms of (A) a 
purely statistical model,® (B) a resonant nucleon state 
with isotopic spin T= $," (C) a resonant pion-pion 
T=0 state," and (D) a resonant pion-pion T= 1 state, 

1 More recent measurements [R. L. Cool and O. Piccioni, Bull- 
Am. Phys. Soc. Ser. II, 1, 173 (1956)] have indicated a ratio 
(x-—n):(x-—p) as high as 1.3:1. In the paragraphs following, 
the ratio (x~—n): (x~— p) =1:1 found for the definitely assigned 
events has been used as a basis of further calculation. The effect 
of using the 1.3:1 ratio instead would be slight. The differences in 
value of multiplicities and charge state ratios calculated on the 
assumption of (x~—m):(x~—) =1.3:1 rather than 1:1 would in 
every instance be < half the statistical error. 

121). C. Peaslee, Phys. Rev. 94, 1085 (1954) ; 95, 1580 (1954). 

13 F, J. Dyson, Phys. Rev. 99, 1037 (1955). 
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considering (E) the possibility of a secondary pion- 
nucleon T= interaction.‘ According to the statistical 
model, complete energy equipartition between all charge 
states allowed by energy, momentum, and isotopic spin 
conservation takes place in the relativistically con- 
tracted interaction volume, and probabilities for 
multiple meson emission are calculated from statistical 
phase space arguments. On the other hand, meson 
production can be explained as decay from an excited 
state of the nucleon. Previous experiments on meson 
production in nucleon-nucleon collisions using cloud 
chambers (I) and counters'® have presented strong 
evidence that such interactions proceed preferentially 
through excitation of the T=J=# nucleon resonance 
level known to be important in meson scattering. The 
pion-nucleon interactions might be expected to behave 
in a similar manner, even though at 1.4-Bev laboratory 
energy, corresponding to about 1 Bev in the center-of- 
mass system, the interactions are well above the 300- 
Mev excitation energy of the nucleon T= state. 

The apparent existence of a second r~— p total cross 
section maximum at ~1-Bev laboratory energy'® has 
been explained™ in terms of a resonant state of the 
incident pion and a “loosely bound” pion of the nucleon 
“cloud.” The possibilities presented by T=0 and T=1 
isotopic spin states, with and without subsequent inter- 
action of emitted pions with the nucleon itself, have 
been investigated. Thus a number of possible inter- 
action models exist which might contribute to the 
observed pion-nucleon interaction characteristics. 

Some indication as to the applicability of these 
concepts can be found by considering the assignments 


TABLE V. Charge state distributions (percentage of total events) 
for x-—n and ~—> interactions. 








Deuterium Hydrogen 
cloud ou 
chamber chamber 
Statistical results results 
theory y (%) 
predictions ~— 
(%) 


Emulsion 
results 


is 
Charge states only) 





25 
39 
22 

6 


) 
(n— — +) or (p— —0) 
Unidentified x-—n 


Total x-—n 


(p—) 

(p—0)+ (p—00) 
(n+ —)+(n+ —0) 
G+ —— 

(p—0) or (p—00) or 
(n+ —) or (n+ —0) 
Unidentified s~— p 


Total x-—p 100 








rt Takeda, Phys. Rev. 100, 440 (1955). 
a. -C. L. Yuan and S. if Lindenbaum, Phys. Rev. 93, 1431 
19 

16 Cool, Madansky, and Piccioni, Phys. Rev. 93, 637 (1954). 
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of Tables II and III. The »-—? portion of the events 
gives relatively little information since the differences 
in predictions for these events are comparatively small ; 
however, the presence of 5 definite and up to 30 possible 
(p—0) events, in addition to the 16 definite and up to 
37 possible (p—0) cases observed in experiment II, 
would seem to indicate that the contribution from 
process (C) is slight, since the (p—0) category is ex- 
cluded for interactions in the T=0 pion-pion state. 

With respect to x-—n interactions, the large number 
of definite (p— —) events would seem to favor a 
process such as (A) compared to (D), in which this 
charge state should be excluded, and (B) and (E), in 
which it should be suppressed. There are 10 definite 
cases of (n—0) events, 16 (p— —), and 52 cases in 
which there is some possibility of the (n—0); all other 
assignments exclude both of these charge states. From 
this, the ratio of definite (n—0):(p— —)=1:1.6. This 
value is somewhat biased, however, by the fact that all 
(p— —) interactions can be definitely identified. As- 
suming that every multiple assignment possibility in 
which the (n—0) is allowed is, in fact, an (n—0) event 
the ratio could be as high as 3.9:1. The requirements, 
however, that s-—mn and m-—p interactions should 
occur with approximately equal frequency (when the 
presence of some 12 “‘zero-prong” neutral particle 
events is taken into account) and that the elastic: 
inelastic collisions observed should be in the ratio of 
approximately 1:2 would reduce the maximum allowa- 
ble ratio of (n—0):(p——) events to (2.9+0.8):1, 
considerably lower than the prediction of approximately 
6.5:1 given by (B) and (E), Table IV. 
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Fic. 2. Center-of-mass scatter diagram of the neutrons from the 
(n+ —) charge state of the s~—p interaction. At the top the 
differential angular distribution of the neutrons is plotted, and 
at the right their momentum distribution. 
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Fic. 3. Center-of-mass scatter diagram of the x~ from the 
(n+ —) charge state of the ~— interaction. At the top the 
differential angular distribution of the x~ is plotted, and at the 
right their momentum distribution. 


The procedure of requiring that all the data fit the 
conditions of approximately equal occurrence for r~— p 
and #-—n events, (taking the all-neutral x-— p events 
into account), and a ratio of elastic:inelastic inter- 
actions of approximately 1:2, as observed, can be used 
to effect a reclassification of the events of Table III 
when it is assumed that events which fit two or more 
charge state assignments equally well are distributed 
among allowed categories in proportion to their fre- 
quencies. Since this procedure is applied simultaneously 
to both x-—n and r-— interactions, the r-— p charge 
state distribution thus derived can be compared with 
the r-— p data obtained independently in II. 

Charge state distributions for m—n and r—p 
interactions derived by this data fitting procedure are 
given in Table V, together with results from emulsion‘ 
and «-—p cloud chamber? experiments. The detailed 
predictions of the purely statistical model are shown as 
well. Here the charge states “(m—0) or (n—00),” 
“(p—0) or (p—00),” and “(m+ —) or (n+ — 0)” 
are considered as single categories to eliminate ambi- 
guity as to the presence of neutral particles in these 
interactions; in each case the single production possi- 
bility should predominate. Where the “(p—0) or 
(n+ —)” form a single category, the nature of events 
in which high momentum protons and positive pions 
both allow identification solutions suggests that most of 
these events are (p—0) cases. 

It should be noted that when the converse of the 
data fitting process is employed to determine the 
possible outer limits of the ratio r-—n:a-—p with 
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Fic. 4. Center-of-mass scatter diagram of the r+ from the 
(n+ —) charge state of the s~—p? interaction. At the top the 
differential angular distribution of the x* is plotted, and at the 
right their momentum distribution. 


which the data would be consistent, it can be shown, 
assuming some 12 -— p “zero-prong” events present, 
that the data themselves can only be fitted to ratios 
between 1.3:1 and 1:1.3. Inasmuch as a minimum of 
48 inelastic ~— p events and a maximum of 33 elastic 
m-—p events are present, a ratio of m —n:x-—p 
beyond these limits would be inconsistent with the 
requirement that the ratio of elastic: inelastic r-—p 
events= approximately 1:2, as observed. 

The charge-state distribution and pion production 
multiplicity for *-— p events derived according to the 
considerations described above and presented in Table 
V agree well with the data shown from the »—p 
experiment.? Inasmuch as the m-—m events were 
simultaneously reclassified in the data fitting procedure, 
it would appear that the production multiplicity and 
charge-state distribution shown for these interactions 
have validity as well. On this basis the ratio of single 
to double meson production for s~—m interactions 
would be of the order of 5:1 and both multiplicity and 
charge-state distributions appear to be in reasonable 
agreement with the detailed predictions of the statistical 
theory. The multiplicity for r-—1n interactions appears 
to be approximately the same as observed for s-—p 
collisions. 

The charge-state distributions and multiplicities for 
both #-—n and x-— interactions are generally con- 
sistent with those obtained from emulsion experiments. 
With respect to x~— p interactions, the present results 
tend to favor the findings of the previous cloud chamber 
experiment II that the ratio of (n+ —):(p—0)>1, 
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rather than <1 as observed in the emulsion experiment ; 
the cloud chamber results are made uncertain, however, 
by events in which the two charge states are indis- 
tinguishable. 

The ratio of *-—mn charge states (n—0):(p— —) 
obtained from Table V is (1.8+0.6):1. This is in 
agreement with the statistical model prediction of 
1.5:1 and may indicate that the statistical process 
predominates in the interactions observed. The possi- 
bility of interactions proceeding through a T=} 
excited nucleon state, such that the (n—0):(p— —) 
ratio=6.5:1, would not seem to be favored by the 
charge state distribution evidence. Both types of T=1 
resonant pion-pion models would seem inapplicable at 
this energy for the same reason. Although the m-—n 
interactions shed no light on the significance of a 
possible 7=0 pion-pion resonance, the large number of 
(p—0O) events produced in the r~— p interactions here, 
and in the r-— cloud chamber experiment II, would 
seem to indicate that such a state does not influence 
pion-nucleon interactions appreciably at this energy. 

The charge state distributions for pion-nucleon 
interactions are therefore consistent with an elastic: 
inelastic ratio of 1:2, with approximately 15% of the 
inelastic collisions cases of double production, and the 
interactions appear to be largely the result of a sta- 
tistical model process. 


VI. DISTRIBUTION OF ANGLES AND MOMENTA 
OF INELASTIC EVENTS 


Although the selection procedure described above 
provides a method of evaluating the events for which 
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Fic. 5. Center-of-mass scatter diagram of the protons from the 
(f— —) charge state of the ~—m interaction. At the top the 
differential angular distribution of the protons is plotted, and at 
the right their momentum distributions, 





MESON PRODUCTION IN 


more than one identification was possible and for esti- 
mating the total number of such events which should be 
assigned to each charge-state category, it gives no 
information as to precisely which events out of these 
totals should be so assigned. For this reason only the 
definitely identified events were considered in deter- 
mining angle and momentum distributions. Inasuch as 
the present experiment provides data on both m-—p 
and ~—n interactions, it is of interest to investigate 
momenta and directions for both classes of events in 
order that they may be directly compared with each 
other and with the conclusions reached for m—p 
collisions in IT. 

Of the definite s~— p interactions, the best statistics 
are afforded by the (w+ —) charge state group which, 
from II, appears to be representative of the single- 
meson production process. Some bias in favor of events 
with slow positive pions is possibly introduced by 
selecting only those (n+ —) events which have been 
definitely identified, since the classification procedure, 
as noted above, favors listing as multiple assignment 
possibilities those events in which fast w+ mesons, 
indistinguishable from fast protons above 0.70 Bev/c, 
are produced. 

Of the m-—m single production events only the 
(p— —) interactions are considered; the (n—0O) cate- 
gory involves too many neutral particles to permit 
quantitative study of directional distributions. Inas- 
much as the (p— —) events are all definite identifi- 
cations, no selection bias is introduced in their use. 
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Fic. 6. Center-of-mass scatter diagram of the m~ from the 
(p— —) charge state of the +~—mn interaction. At the top the 
differential angular distribution of the z~ is plotted, and at the 
right their momentum distributions. 
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and all pions from both (p— —) and (n+ —) charge states. 
Nucleons are represented by solid lines and pions by dotted lines. 


Figures 2, 3, and 4 are scatter diagrams for the n, xt, 
and w~ produced in the x~— p interaction leading to the 
(n+ —) charge state. Momentum is plotted against 
angle with respect to beam direction in the center-of- 
mass system and both differential angular distribution 
and momentum distribution are shown. The same 
information for the p and r~ from the ~—» interaction 
going to the (p— —) charge state is shown in Figs. 
5 and 6. 

Both types of event show evidence that the nucleon 
tends to emerge from the interaction in a backward 
direction. The x from both interactions show some 
degree of peaking in both forward and backward 
directions, while the z+ from the (n+ —) is relatively 
isotropic. 

Nucleon momenta in both interactions show maxima 
at high momentum values, while pion momenta show 
less pronounced peaking effects. Except for the case of 
the a from the (m+ —) interaction there is no indi- 
cation of separation of pions into high-low momentum 
groups. Even in the case mentioned, where there is 
some tendency for pions to group above and below the 
375 Mev/c point, the effect is not pronounced. Angle 
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and all pions from both (p— —) and (m+ —) charge states. 
Nucleons are represented by solid lines and pions by dotted lines. 


and momentum distribution for all pions and nucleons 
from the two interactions are summarized in Figs. 7 
and 8. 

The possibility of directional correlation between the 
nucleons and the slow pions produced in the interactions 
was investigated by plotting separately the c.m. 
system angular distributions for pions with momentum 
greater and momentum less than 375 Mev/c. Figure 9 
shows these distributions for the + and 2~ from the 
(n+ —) interaction and for the (p— —) negative pions. 
There seems to be a slight, though definite, tendency 
for the slow x~ emitted from the (n+ —) and (p— —) 
interactions to follow the emitted nucleon into the 
backward hemisphere. The 2* from the (n+ —) show 
no appreciable grouping effect of any sort. 

The directional correlation between nucleons and 
negative pions which appears to be indicated to some 
degree in both s-—n and x-— interactions would 
seem to suggest a possible modification of meson pro- 
duction compared to the simple statistical model as a 
consequence of a specific meson-nucleon interaction. 
The formation of an excited nucleon T= state which 
subsequently decays by pion emission would produce 
a correlation in direction between the final nucleon 
and the slow decay pion such as that which seems to be 
observed. Furthermore, since isotopic spin conservation 
would favor the production of an (m—) pair over an 
(m+) pair by a factor of 3:1, the lack of correlation 
exhibited by the r+ from the (n+ —) interaction would 
not be unexpected. 

On the other hand in ~—m interactions, excited 
nucleon decay to an (w—) pair (as in the (n—0) charge 
state) should predominate over the (p—) pair by the 
same factor 3:1. It would seem that the z~ from the 
(p— —) state should display the same lack of cor- 
relation as the r+ from the (m+ —), contrary to ob- 
servation, if correlation is entirely due to such decay. 


If excited T= $ nucleon state formation is the pre- 
dominant process in meson production one would 
expect a considerably more prominent grouping of 
meson momenta about a high value of ~0.6 Bev/c, 
corresponding to the scattered “initiating” meson, and 
a low value of ~0.3 Bev/c for the “decay” meson than 
Fig. 8 would indicate. Furthermore, the fast mesons 
should show a more pronounced tendency to avoid the 
backward hemisphere than Fig. 9 seems to show. 
Appropriate selection of a T=},3 mixture for the 
excited nucleon states might result in closer agreement 
with these data and with the (p— —) prominence 
found in the charge state analysis. However, the 
simplest description of the interaction process suggested 
by the observations would seem to be that of meson 
production through a statistical model modified to 
some extent by specific meson-nucleon interaction. 
These conclusions are supported by apparent reso- 
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Fic. 9. Partial angular distributions for fast and slow pions from 
the (n+ —) and (p— —) charge states in the center-of-mass 
system. The x~ and x* from the (n+ —) state are shown at the 
top and center, respectively, while the r~ from the (p— —) state 
appear at the bottom. In each case pions with momenta >375 
Mev/c are shown as dotted lines, and <375 Mev/c as solid lines. 
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nance Q values calculated from observed pion-nucleon 
momenta, shown for the (n+ —) and (p— —) inter- 
actions in Table VI. Q values for each meson-nucleon 
pair and for the pair formed by the nucleon and the 
slower meson in each event are listed in separate col- 
umns. There is a slight indication of some grouping 
about the 160-Mev T= excitation energy for the 
(n—) and (n, slow x) pairs from the (m+ —) inter- 
action, but no such indication for the other events. 

The possible existence of a pion-pion collision reso- 
nance can be checked by calculating the angle between 
the pions emitted in «-— p and #-—n interactions and 
determining the degree of correlation. Kovacs!’ has 
determined on the basis of scalar theory that for strong 
pion-pion coupling this correlation should be con- 
siderable. The distribution of angles between pions 
emerging from both r-—n and r-— collisions in the 
center-of-mass system is shown in Fig. 10. It would 
appear that there is no tendency for pions to emerge at 
small angles with respect to one another; rather there 
is an apparent preference for the pions to emerge in 
opposite directions. 

The data on angle and momentum distributions as 
determined from pion interactions in deuterium agree, 
in general, with results from emulsion‘ and r~— p cloud 
chamber (II) experiments at the same energy. The 
m-—n and w-—p interactions present very similar 
angle and momentum characteristics. The principal 
discrepancies between the present results and those of 
II lie in the lack of a predominant forward preference 
for pions as a whole and absence of a strong directional 
correlation between emerging pions in the present 
observations. In these respects the findings of the 
emulsion experiments are supported. However, the 
degree of forward-backward asymmetry for fast and 
slow mesons and the considerable grouping of mesons 
about high and low momentum values found in emul- 
sions are not observed here. In comparing the data of 
these various experiments it should be noted that both 
II and the emulsion experiments present somewhat 
better statistics, although approximately half the 
emulsion events involve interactions with nucleons 
which, compared to deuterium, are relatively tightly 
bound. 


TABLE VI. Distribution of apparent Q values for nucleon-pion 
pairs from (n+ —) and (p— —) interactions. 





(p— —) events 
(p07) (p, slow x7) 


(n+ —) events 
(n,x~) (n, slow x*) 


(n,xt) 


ie] 
® 
< 





ts 


wim in 
im bo We im in D S200 


Sosood 


csososssse 
mb a: 


PNR WRARKO 
WUNWWNHWO 


| 
} 
| MAWRWOOCCO 
} 








| 
| 
| 


17 J. S. Kovacs, Phys. Rev. 93, 252 (1954). 


IN DEUTERIUM 





Ses et es ae 


10 -- 


@ 


No, OF EVENTS 








x 2 2.2 -. @ 
COSINE OF 4 BETWEEN PIONS 


Fic. 10. Center-of-mass distribution of angles between pions 
emerging from both (n+ —) and (p— —) interactions. 


VII. CONCLUSIONS 


The results show that meson production in #~—n 
collisions at 1.4 Bev presents characteristics similar to 
those previously observed in +~— > interactions. The 
data are consistent with assumptions of approximately 
equal r-—n and x~— p total cross sections and elastic: 
inelastic ratio of 1:2, with approximately 15% of the 
inelastic cases in which more than one meson is 
produced. 

Evidence as to distributions of charge states, center- 
of-mass angles, and momenta would seem to favor a 
production process such as the Fermi statistical model, 
modified possibly by a meson-nucleon excitation effect. 
The observed ratio of -—m charge states (n—0): 
(p— —)=(1.8+0.6):1 indicates that the T=} excited 
nucleon state does not play a predominant role, al- 
though an apparent directional correlation between the 
slow pion and nucleon emitted in the interaction sug- 
gests that some nucleon excitation may be present. An 
appropriate mixture of T=} and T= $ excited nucleon 
states might explain the interaction characteristics 
observed. 

The possibility of r—z collision resonances in either 
the T=0 or T=1 state contributing to the meson 
production observed would seem to be excluded by the 
lack of correlation in direction of the emitted mesons 
and by the large numbers of events in (p— —) and 
(p—O) charge states which, according to r— 7 resonance 
arguments, should be suppressed by isotopic spin 
conservation. 
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Polarization of Protons Elastically and Inelastically Scattered in G5 Emulsion*t 
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Measurements have been made of the polarization resulting from both the elastic and inelastic scattering 
of high-energy protons in Ilford G5 emulsion. The elastic polarization was measured by measuring the azi- 
muthal asymmetry of the elastic scattering in emulsion of 0.64+0.04 polarized, 310+5 Mev protons from 
the University of Chicago synchrocyclotron. The average polarization resulting from elastic scattering 
between 3° and 15° in the laboratory system is 0.44-+-0.13. Emulsion was exposed to a 0.76+0.03 polarized, 
316+4 Mev proton beam from the Berkeley synchrocyclotron for the measurement of polarization due to 
inelastic scattering. The light prongs of the stars produced in the emulsion show a definite asymmetry. This 
asymmetry is increased by requiring of the light prongs an angle-energy correlation consistent with quasi- 
elastic scattering. The data indicate that the polarization decreases with larger prong number stars. From 
the 304 meters of track scanned in the measurement of elastic polarization, data have been collected on the 


cross sections of 3055 Mev protons in G5 emulsion. 


I. INTRODUCTION 


HE first measurements! of polarization of high- 
energy protons caused some discussion as to 
whether these high polarizations resulted from elastic 
or quasi-elastic scattering. It was suggested by Fermi 
that a phenomenological test for elasticity could be 
applied to polarization measurements in nuclear 
emulsion. In addition to being able to separate elastic 
from inelastic events in nuclear emulsion, one is able to 
observe the inelastic events in great detail. From the 
prong characteristics of an inelastic scattering in nuclear 
emulsion, one can, for example, determine roughly the 
amount of excitation energy deposited in the residual 
nucleus. It was felt that the possibility of seeing events 
in detail would perhaps allow one to determine the 
sensitivity of possible polarization effects to the 
characteristics of inelastic events. 

The measurement of the polarization resulting from 
scattering was made by measuring the azimuthal 
asymmetry of the scattering of a polarized beam. If 
or(@) and o,(6) are the cross sections for scattering to 
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Research and the U. S. Atomic Energy Commission. 

+ Based on a thesis submitted to the Faculty of the Department 
of Physics, the University of Chicago, in partial fulfillment of the 
requirements for the Ph.D degree. 
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the right and to the left of the beam respectively, the 
magnitude of the asymmetry is defined as 


|or(0)—o1(6)| 
or(0)+o1(0) 
and it can be shown that ** 


| <(@)| =| PoP()|{| cosy), 


where Pp is the beam polarization, P(@) is the polari- 
zation resulting from the scattering of an unpolarized 
beam through an angle 0, and (|cosg]|) is the average 
of |cosy| over the range of the azimuthal angle of 
scattering ¢. 

In this experiment, the measurement made in nuclear 
emulsion of the distribution of P(@) for elastic and 
inelastic scattering is based on a measurement of the 
beam polarization made with counters as previously 
described. Some of the details of the measurement of 
polarization due to elastic scattering in nuclear emulsion 
have been previously reported.” 


| «(6)|= 


II. MEASUREMENT OF POLARIZATION DUE 
TO ELASTIC SCATTERING 


A. Exposure and Scanning 


A partially polarized beam (Po=0.64+0.04) of 
31045 Mev protons from the University of Chicago 
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synchrocyclotron was produced by a 14° scattering of 
the circulating beam by a beryllium target at a 66 in. 
radius. The polarized beam entered 600 » G5 nuclear 
emulsion, which is sensitive to minimum-ionization 
particles. The emulsion was exposed to a flux of 5X 108 
protons per cm’. 

The emulsion was scanned along the track under a 
magnification of about 1000 for elastic scatterings 
between 1° and 15°. These appear as kinks in the tracks 
with no other observable prongs. Recoil nuclei are not 
observable. 

The mean free path for scatterings between 3° and 
15°, where nuclear scattering predominates, is about 
100 cm. About 2} hours of scanning time were required 
to find a scattering within this angular region. The 
faster technique of area scanning was attempted but 
was not found useful because of its low efficiency in 
detecting this type of event. On the other hand, the 
efficiency for finding events down to 3° is close to 100% 
in track scanning. This has been checked by looking 
at the distribution of right scatterings plus left scat- 
terings as a function of the azimuthal angle of scattering. 
Deviations from a constant distribution give a measure 
of the percentage of scatterings missed. It was found 
that the efficiency decreased somewhat with scattering 
angle, as would be expected, but that the events missed 
occurred in a region of azimuth in which the polari- 
zation effects are quite small and approach zero. 


B. Measurements 


When a scattering was found the energy and the 
polar and azimuthal angles of the scattered track were 
measured. 

The energy was measured to +10% by grain 
counting, the error representing the statistics of grain 
counting and an estimated error in the calibration of 
the energy-grain density relation. To eliminate the 
effect of possible variations in development of the 
emulsion a calibration was made in the vicinity of each 
event. 

The error in the measured scattering angles is esti- 
mated to be about +1.0°. 


C. Determination of the Elasticity of Events 


Inelastic scatterings in which one or more neutrons 
come off in addition to the incident proton resemble 
elastic scatterings in that they appear as kinks in the 
tracks. These had to be rejected or subtracted from the 
observed elastic scatterings. Events were rejected in 
which there was an energy loss as measured by grain 
counting, greater than that consistent with statistics, 
namely 30 Mev. 

To determine, roughly, what percentage of the re- 
maining scatterings was inelastic another method was 
used. An examination was made of all two-prong stars 
which had one prong within 30 Mev of the beam energy 
and 15° of the beam direction. Hydrogen scatterings 
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Fic. 1. The quantity PoP(@) shown as a function of laboratory 
scattering angle for 305+5 Mev protons elastically scattered in 
G5 emulsion. P(@) is the polarization resulting from the scattering 
of an unpolarized beam and Pp» is the beam polarization, 
0.64+0.04. 


were excluded from this group. An event in this group 
would have been identified as an elastic scattering had 
a neutron been emitted instead of the slow charged 
particle. From a measurement of the energy of the 
slow prong of each such star one can estimate, roughly, 
from evaporation theory the number of scatterings 
included in the data which were accompanied by the 
emission of low-energy neutrons. It is estimated that 
about 6% of the recorded events fall into this category. 
The subtraction of this number from the total number 
of elastic scatterings changes the average value of the 
polarization in the angular interval from 3° to 15° by 
less than 0.03. 

Scatterings in which the recoil nucleus is left intact 
but in an excited state could not be distinguished from 
true elastic scatterings in this experiment. However, 
this effect" is expected to be relatively small at small 
angles. 


D. Results 


Between 1° and 15°, 471 elastic scatterings were 
found; 284 of them were between 3° and 15° where 
nuclear scattering predominates. More than 80% of the 
cross section for elastic scattering in G5 emulsion is due 
to silver and bromine. These however, are fairly similar 
in terms of diffraction scattering because their nuclear 
radii differ only by about 10% and their opacities by 
about 3%. 

In Fig. 1 the quantity PoP(@) is shown as a function 
of scattering angle. The events are grouped into angular 
intervals as indicated. The average polarization between 
3° and 15° is 0.44+0.13. 

Errors are compounded from statistical error and 
from an uncertainty in the subtraction of inelastic 
events. The latter is quite small, making less than a 
0.01 contribution to the total error. 

This experiment gives phenomenological evidence for 


a high polarization due to elastic scattering, a result in 
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good agreement with previous measurements’ ~‘**-” 
done with counters. 


III. MEASUREMENT OF POLARIZATION DUE 
TO INELASTIC SCATTERING 


A. Exposure and Scanning 


A separate exposure was made for the measurement 
of polarization caused by inelastic scattering. A partially 
polarized beam (Po=0.76+0.03) of 316+4 Mev 
protons from the Berkeley synchrocyclotron was 
scattered in 1000 » G5 emulsion pellicles. 

Most inelastic scatterings in emulsion are stars 
having two or more prongs and are easily seen and 
identified. Consequently, the technique of area scanning 
can be used without sacrificing much efficiency. This 
technique makes a high track density desirable. An 
exposure of about 3X10° protons per cm? was con- 
sidered optimum since it produced a high density of 
events in the emulsion without serious obscuration. The 
tracks were at about 1.6 times minimum, having a 
grain density of 37 grains per 100u. Under a total 
magnification of 200, about one star was found per 
field of view. Approximately half the stars found were 
useful for this experiment and were measured. 

Since the measurement of polarization is essentially 
a difference measurement, it is both prone and sensitive 
to hidden biases. This is especially a problem when the 
scanner has to reject events. In the previous experiment 
this difficulty did not arise because the scanner meas- 
ured and recorded all events found. In this project, 
however, the measurement of all events found would 
have required a prohibitive amount of time. The 
scanners were instructed to reject obviously nonusable 
events on inspection and to make measurements when 
in doubt. 

To avoid prejudice arising in the scanning procedure, 
a number of precautions were observed. Before ex- 
posure, the pellicles, after having been coded, were 
randomly scrambled in such a way that neither the 
author nor the scanners knew whether the markings of 
a given pellicle corresponded to the left or the right of 
the beam. The author did not take part in the coding 
procedure. Only after the scanning project was com- 
pleted were the orientations of the pellicles disclosed. 
Scanners were not allowed to look back at previously 
taken data, and each scanner scanned a few plates. The 
latter measures were imposed to prevent the scanners 
from being influenced by what was thought to be a 
possible trend in the data. 


B. Useful Events 


Because of the complexity of stars, resulting from the 
complicated processes that occur in their formation, 
some classification scheme had to be used in scanning 


12 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
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and the recording of data. This classification was 
essentially dictated by the type of scattering process in 
which polarization effécts were to be measured, a point 
which will now be discussed. 

When a high-energy proton scatters inelastically in 
a complex nucleus, producing a star, three types of 
particle emission can occur. First, particles can be 
emitted directly from quasi-elastic scattering. Secondly, 
particles are knocked out of the nucleus in complicated 
cascade processes. Thirdly, a nucleus left in a high 
enough state of excitation after a collision will emit 
evaporation particles. The latter two processes would 
not be expected to give rise to polarization because they 
would tend to smear out such an effect. 

Thus the events sought in this experiment were stars 
with prongs identifiable as quasi-elastic scatterings. 
Most of these prongs are light, corresponding to an 
energy greater than 90 Mev. This is evident from the 
fact that a proton scattered by a stationary nucleon as 
far backward as 115° in the barycentric system has an 
energy of 90 Mev. It was decided to scan only for stars 
with prongs above 90 Mev because below this energy 
cascade prongs predominate. Cascade prongs comprise 
about 75% of all prongs between 30 and 90 Mev, with 
most of the prongs below 30 Mev being due to evapo- 
ration. 

Not all light prongs are due to quasi-elastic scattering. 
Two other processes make some contribution to the 
production of light prongs. 

One of these is meson production. From the meson 
production cross sections’® near 300 Mev, one would 
expect that less than 5% of all light prongs produced in 
stars are meson tracks. Mesons at minimum ionization 
could be distinguished from the highest energy protons 
emitted from stars. Only those mesons emitted in the 
forward hemisphere between 1.6 and 3.2 times minimum 
could be mistaken for fast protons. As it is estimated 
that only 1% of the light stars included in the data 
involve meson production, this is a negligible source of 
error. 

Some light prongs also result from nuclear cascades. 
Because cascade processes tend to distribute the energy 
of the initiating particle among a number of particles, 
not many high-energy particles would be expected to 
result from such a process. Those resulting from it are 
most likely emitted at an early stage of the cascade. 
In an attempt to eliminate such events, light prongs 
which could be interpreted as resulting from compli- 
cated processes were omitted from the analysis. Light 
stars with two light prongs coming off on the same side 
or with a light prong coming off in the backward 
hemisphere were not included. 

Another requirement helps to eliminate light cascade 
prongs. In quasi-elastic scattering, there is a fairly high 
angle-energy correlation which only the Fermi mo- 
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mentum prevents from being perfect. By thus requiring 
some correlation one can purify further the class of 
quasi-elastic scatterings. 

The Fermi momentum of the target nucleons tends 
to smear out polarization effects because a scattering 
angle in the laboratory system corresponds to a distri- 
bution of angles in the barycentric system. Thus the 
requirement of correlation also increases the measured 
polarization because it reduces the width of this dis- 
tribution. 

The data collected from the light stars were the 
following: the scattering angles and grain count of the 
most energetic prong of each such star, and an estimate 
of the energies of all other prongs. These energies were 
estimated by measuring ranges, gap counts, and grain 
counts, depending on which method was appropriate. 
Measurements were made under a magnification of 420. 
Only light stars having an incoming track within +3° 
of the beam direction were measured and analyzed. 


C. Results 


Of 5700 stars found, 2907 had at least one light prong. 
Of these, 2280 which appeared kinematically simple 
were measured and analyzed. In Fig. 2 the polarization 
of the light prongs having an energy within the limits 
given by 


E= (Eo+0.4Ep) cos’6, 


is shown as a function of laboratory scattering angle- 
(E> is the beam energy.) In Fig. 3 the polarization of 
the same group of events is shown as a function of 
energy. The total number of events included is 1341. 
Events are grouped into angular intervals as indicated. 
The errors shown are compounded from statistical 
errors and the error in the measured value of the 
polarization of the beam. 

The above results indicate that sizable polarizations 
result from quasi-elastic scattering. This is in good 
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Fic. 2. The polarization P (@) of prongs having an energy within 
the limits given by E= (Eo+0.4£E) cos*#, plotted as a function of 
laboratory scattering angle. The dashed curve is computed from 
counter work on carbon at 285 Mev [H. Bradner and R. Donald- 
son, Phys. Rev. 95, 1701 (1954) ]. 
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Fic. 3. The polarization P(@) of Fig. 2, plotted as a 
function of energy. 


agreement with counter measurements,'*~—” which have 
given the same results for quasi-elastic scattering at 
various energies in light elements, namely, D, Li, Be, 
and C. 

To compare the angular distribution of the polari- 
zation measured in this experiment with that of the 
counter results, the relative number of light prongs due 
to p-p and p-n scatterings in the emulsion nuclei must 
be determined. This is because the counter experiments 
determined p-p and p-n polarization separately. Since 
only the fastest prong of each light star was included in 
the analysis, p-p scattering contributes only a small 
fraction of the light prongs at angles greater than 45° 
in the laboratory system. These light prongs are mostly 
due to charge exchange scatterings. The reason for this 
is evident from kinematics. In a p-p scattering, the 
fastest prong is produced at an angle less than 45°. 
With the use of the p-n” and p-p” differential cross 
sections at about 300 Mev (the ratio of neutrons to 
protons in the emulsion being roughly 5 to 4) and the 
p-n and p-p polarization curves taken from counter 
measurements" of quasi-elastic scattering in carbon at 
285 Mev, polarization curves can be drawn to compare 
with the results of the present experiment. These appear 
as the dashed curves in Figs. 2 and 3. The results are 
in general agreement. 

Because about 80% of the cross section for pro- 
ducing light stars in nuclear emulsion is due to silver 
and bromine,” the present experiment indicates that 
quasi-elastic polarization is the same order of magnitude 
in relatively heavy nuclei as in light nuclei. One other 
experiment!® has given a similar indication. In addition, 


4 Chamberlain, Donaldson, Segré, and Tripp, Wiegand, and 
Ypsilantis, Phys. Rev. 95, 850 (1954). 

18 Marshall, Marshall, Nagle, and Skolnik, Phys. Rev. 95, 1020 
(1954). 

16 Roberts, Tinlot, and Hafner, Phys. Rev. 95, 1099 (1954). 

17H. Bradner and R. Donaldson, Phys. Rev. 95, 1701 (1954). 

18 R. Donaldson and H. Bradner, Phys. Rev. 99, 892 (1955). 

19 P. Hillman and G. Stafford, Nuovo cimento, 3, 633 (1956). 

20 J. De Pangher, Phys. Rev. 99, 1447 (1955). 

21 FE. Segre, Proceedings of Fifth Annual Rochester Conference, 
(University of Rochester Press, Rochester, 1955), p. 151. 

# Blau, Oliver, and Smith, Phys. Rev. 91, 949 (1953). 





JEROME I. 


TABLE I. Efficiency of area scanning. 








Number 
of Relative efficiency for finding stars 
(percent) 


1+1 
2243 
70+10 


prongs 











a measurement” has been made of the asymmetry of 
light prongs of stars in emulsion caused by 570-Mev 
protons and neutrons. Asymmetries of about 0.10 were 
observed ; but because the beam polarizations were not 
known, the quasi-elastic polarizations cannot be esti- 
mated and compared with the results of the present 
experiment. 

It should be noted that the light stars found in this 
experiment and, in particular, those used to measure 
quasi-elastic polarization have a higher average prong 
number than an unbiased sample of light stars caused 
by protons of the same energy. This results from the 
low efficiency of area scanning for finding one- and two- 
prong stars. This difficulty does not arise in track 
scanning which has a uniformly high efficiency for all 
prong numbers. Consequently, the prong distribution 
for light stars, which was determined from track scan- 
ning in the first part of this experiment, was used to 
estimate the relative efficiency of the area scanning as 
a function of prong number. The results are given in 
Table I. In Table II the prong distribution of the light 
stars found by area scanning is given. 

The average prong number of light stars found by 
area scanning is 3.47+0.04 as compared to 2.30+0.09 
from track scanning. It has been estimated that one 
black prong corresponds on the average to approxi- 
mately 50-Mev energy transfer to the nucleus,* of 
which 35 Mev goes into thermal excitation.”® Before 
these figures can be applied to the data they have to 
be corrected in order to compensate for the bias of the 
area scanning of this experiment. This is required for 


TABLE IT. Prong distribution of light stars found by area scanning. 








Number Percent Number 
of of oO! 
prongs stars stars 


0.340.1 7 
22 +1 503 
a1 752 

+1 592 
320 

91 

15 











%E. L. Grigor’ev, J. Exptl. Theoret. Phys. U.S.S.R. 28, 761 
(1955). 

*% Bernardini, Booth, and Lindenbaum, Phys. Rev. 85, 826 
(1952). 

26 Bernardini, Cortini, and Manfredini, Phys. Rev. 79, 952 
(1950). 
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the following reason. For a given energy transfer to the 
nucleus, there is a prong distribution having a certain 
average ; however, if a scanning bias tends to eliminate 
stars of low prong number, the measured value of this 
prong average is higher than the true value. This bias 
has the effect of decreasing the value of average energy 
transfer per black prong. After this correction is made, 
it is estimated that the light stars used in the polari- 
zation measurement involve on the average about 45 
Mev more energy transfer to the nucleus, 30 Mev 
going into thermal excitation, than an unbiased sample 
of light stars. 

This bias tends to decrease greatly the number of 
true quasi-elastic prongs at angles below 30° in the 
laboratory system; at these forward angles, quasi- 
elastic scattering does not transfer enough energy to 
the nucleus to produce large stars. Consequently, the 
polarization effects are weakest in this angular region, 
as is shown in Fig. 4 where the polarization of all light 
prongs, irrespective of angle-energy correlation, is 
shown as a function of laboratory scattering angle. 
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Fic. 4. The polarization P(@) of all prongs having an 
energy greater than 90 Mev. 


D. Sensitivity of Polarization to Prong Number 


Since the average prong number of stars can be 
related to the average energy transferred to the nucleus, 
an examination was made of the dependence of the 
polarization of the fast prong of a star on its prong 
number. This was done by grouping the events by 
prong number and computing the average polarization 
between 30° and 55° for each group. The results are 
shown in Table III. The results suggest a decrease of 
polarization with larger prong numbers. This effect is 
most likely due to a larger fraction of the 4- to 7-prong 
stars having fast prongs which result from cascade 
processes. 

An analysis of the polarization of the light stars as a 
function of their visible energy in prongs below 100 
Mev gives the same information as the above analysis. 
It indicates a decrease of polarization with greater 
energy transfer to the nucleus. 


E. Search for Asymmetry of Black Prongs 


Black prongs were also examined for possible polari- 
zation effects. This was done to check the assumption 
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that these effects would be smeared out to zero in the 
processes which produce such prongs. Black prongs are 
saturated tracks having an energy less than 30 Mev. 
About 30% of them are emitted directly in cascade 
processes™ and the rest are due to nuclear evaporation. 

The scanners collected data from all types of stars, 
recording the number of black prongs to the right and 
to the left of the beam, irrespective of angle. The black 
prongs show no asymmetry within the errors of measure- 
ment. The measured value of the asymmetry is 0.019 
+0.014. 


F. Application of the Technique 


The asymmetry measurement” in emulsion described 
above and this experiment demonstrate that inelastic 
scatterings in nuclear emulsion can be used as a polari- 
zation analyzer. This technique could have applications 
in experiments where counter measurements are im- 
possible or very difficult. To use this technique, a 
calibration of P(@) is required at the energy at which 
polarization is to be measured. Once this is determined, 


TABLE IIT. Polarization of light prongs as a 
function of prong number. 





Average polarization 
between 30° and 50° 
in laboratory system 


Average 
prong 
number 


Prong numbers 
grouped 
together 








2,3 —0.24+0.07 


2.6 
4,5,6,7 4.5 





a measurement of the asymmetry of light prongs from 
inelastic scatterings will yield the value of the beam 
polarization. 

One of the most important considerations in using 
this method is the scanning time required to measure 
polarization to a given accuracy. Under optimum con- 
ditions 10 to 15 light stars can be found and measured 
per hour. On the basis of this figure and other pa- 
rameters from the present experiment, an estimate has 
been made of the scanning time required to measure 
polarization to a given accuracy at 300 Mev. This is 
given by 


t=5.5/op’, 


where ¢ is expressed in hours and gp is a standard 
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deviation. Thus, for example, a polarization measure- 
ment to +0.10 would require 550 hours of scanning. 


III. INTERACTION OF 305+5 MEV PROTONS 
IN G5 EMULSION 


In the measurement of the polarization caused by 
elastic scattering 304 meters of track were scanned, 
the total length of track scanned being known to 
+1%. All interactions found were recorded. From 
these data may be obtained the elastic and inelastic 
cross sections of 305+5 Mev protons in G5 emulsion. 
A total of 679 stars, excluding hydrogen scatterings, 
were found. Scatterings greater than 15° are considered 
to be inelastic, i.e., one-prong stars. This is justifiable 
because the number of elastic scatterings beyond 15° 
is small and is estimated to be roughly equal to the 
number of inelastic scatterings which are indistinguish- 
able from elastic scatterings at angles less than 15°. 
Included, also, are 11 zero-prong stars. These appear as 
stops in tracks. 

The mean free path for star production of 3055 
Mev protons in G5 nuclear emulsion is thus 44.8+2.3 
cm. The extrapolation of the measured differential 
cross section for elastic scattering down to zero degrees 
yields a mean free path for total nuclear interaction in 
G5 emulsion of 26.2+2.6 cm. This is to be compared 
with a mean free path of 25.8 cm, calculated from the 
total cross section results of Nedzel** and de Carvalho.’ 
The comparison serves as a check of scanning efficiency. 
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An attempt is made to estimate the contribution of the intermediate nuclear virtual states to the high- 
energy electron elastic scattering cross section in the special case of the deuteron. A method is developed 
by which the nuclear excited states can be approximated by suitably modified free-nucleon wave functions 
in the sum over intermediate states. Expressions for the contribution to the cross section arising from the 
cross terms between the first- (in e”) and second-order terms of the scattering amplitude are obtained and 
some numerical results are presented. Some disagreement with previous assumptions as to the magnitude 


of the “true” dispersion correction is indicated. 





I. INTRODUCTION 


ITH the increasing accuracy of high-energy 

electron scattering experiments, the need for 
more precise theoretical estimates of the higher order 
contributions to the elastic scattering cross sections 
becomes important. One such contribution of interest, 
both theoretically and experimentally, arises from the 
so-called “second-order dispersive effect” in electron 
scattering from complex nuclei.! Two recent papers** 
have treated this effect in a general fashion; however, 
there have been no detailed applications to specific 
nuclei. 

In the case of nuclear systems possessing only one 
bound state, it is expected that a reasonably good 
estimate of the dispersive contribution to the elastic 
cross section may be obtained by replacing the virtual 
nuclear excited states by suitably modified free-nucleon 
wave functions while still retaining the better known 
ground-state wave function. 

It is the purpose of this paper to indicate a procedure 
by which this substitution may be accomplished and 
a result obtained for high-energy electron-deuteron 
elastic scattering.‘ 

Since the dispersive effect is expected to be small 
compared to the lowest order term of the cross section,!* 
it will be sufficient for our purposes to neglect the finite 
extent of the protonic charge and consider only the 
Coulomb interaction with point protons. For the same 
reason, we will not take into account the small D-state 
admixture present in the deuteron ground state, which, 
in any case, would not appreciably change our result.® 


* Supported in part by the Office of Naval Research, the U. S. 
Atomic Energy Commission, and the Office of Scientific Research. 

t Address after September 1956: Department of Physics, Tufts 
University, Medford, Massachusetts. This author would like to 
acknowledge the hospitality of the Harvard Cyclotron Laboratory 
for the summer of 1956. 

1 Some experimental attempts at determining the magnitude 
of the dispersive contribution to electron-deuteron scattering are 
underway at Stanford University [J. A. McIntyre (private com- 
munication) ]. 

? L. I. Schiff, Phys. Rev. 98, 756 (1955). 

3R. R. Lewis, Jr., Phys. Rev. 102, 537, 544 (1956). 

‘A preliminary report of this method is given by H. S. Valk 
and B. J. Malenka, Bull. Am. Phys. Soc. Ser. IT, 1, 169 (1956). 

5 The interaction of the electromagnetic field of the electron 
with the magnetic moments of the neutron and proton has also 


II. DISPERSIVE CONTRIBUTION TO THE 
CROSS SECTION 


The third order (in a=e?/fc) contribution to the 
cross section arising from the cross terms between the 
first- and second-order terms in the scattering amplitude 
for elastic scattering of high-energy electrons from 
deuterium can be written using the Born approximation 
as 

a) =[ko/(2rhc) PM, (1) 


where 
M= (2r)e®LF (q)/q? X00, stty'tho f Mofo! (1) 


Xexp(—ik,-x)|x—r/2|— Sa(n)Wat(r’) 
X (E,— E) exp[tk’: (x—x’) ] 
Xexp(ik;- x’) | x’—1’/2|—'Yo(r’) 
X u; (dx) (dx’) (dr) (dr’) (dk’)+c.c. (2) 


Here, q=k,—k,; F(q)= f'|Wo(r)|?e"*? (dr); E= hohe 
+E,—a:k’hc; r is the separation of the proton and 
neutron; x is the position vector of the electron relative 
to the center of mass of the deuteron; k, and ky are 


been neglected. V. Z. Jankus, Phys. Rev. 102, 1586 (1956), has 
shown that the contribution of these magnetic spin terms to the 
cross section for elastic scattering is comparatively small. From 
his Eq. (5), we estimate the maximum contribution to the usual 
electric term to less than 0.2% for the range of energies and angles 
considered here. For inelastic scattering, Jankus notes that the 
magnetic spin terms become more important for states of higher 
excitation so that strictly speaking these terms should be included 
for an accurate determination of the contribution of the virtual 
intermediate states. However, as shown in the following sections, 
for higher deuteron excitation, the energy denominators become 
large and thus the contribution of these terms should become 
small. Since the entire dispersion correction to elastic scattering 
is itself expected to be small and since the methods of calculation 
are necessarily somewhat crude, it appears to be sufficiently 
accurate to exclude the magnetic moment interactions in the 
present calculation. We may further note that by not including 
magnetic spin terms in our interaction, we have essentially elimi- 
nated the contribution of the spin-flip amplitudes, e.g., S—1S, to 
the intermediate states. However, the large polarization observed 
in high-energy nucleon-nucleus scattering seems to indicate [see, 
for example, S. Tamor, Phys. Rev. 97, 1077 (1955) ] that spin flip 
is suppressed in the nucleus for elastic scattering. Thus, by ne- 
glecting the magnetic spin terms, we are in effect also making 
what appears to be the reasonable assumption that similar argu- 
ments about the behavior of the nucleus apply to high-energy 
elastic electron-nucleus (deuteron) scattering. 


800 





ELECTRON-DEUTERON SCATTERING 


the initial and final electron propagation vectors; w% 
and wy are the initial and final electron spinors; and 
¥o(r) and y,(r) are the ground-state and intermediate- 
state wave functions of the deuteron, corresponding to 
the energies £, and E,, respectively. We have assumed 
that the deuteron recoil terms are negligible in com- 
parison to the others and can be omitted (this will be 
true as long as we do not go to excessively high electron 
energies). 

It should be pointed out, as has been indicated in the 
aforementioned references,?* that ¢®) may be broken 
into two terms 


o®) = [ko / (2rhc) FP(Mat Maisp) = Ton + Ca isp’, (1a) 


where o,,° is interpreted as the a* correction to the 
static charge distribution associated with the deuteron 
ground state, i.e., the y. contribution to the bilinear 
sum in Eq. (2); and where ogisp®’ is referred to as the 
dispersive contribution arising from the fact that the 
deuteron is a complex system capable of having states 
which can be virtually excited. 

For elastic scattering, it is generally supposed? that 
the dispersive contribution is small in comparison with 
on, that is, the principal contribution to M is expected 
to come from the y, term in the sum over the inter- 
mediate states. As mentioned above, for the example 
of the deuteron where we have only one bound state, 
it would then be desirable to estimate M by breaking 
up the nuclear intermediate state summation into a 
ground state part, corresponding to o.,°, and somehow 
approximating the contribution of the continuum of 
excited states by plane waves. Of course, this cannot be 
done directly since we would be confronted with the 
impossible task of having to orthonormalize a “complete 
set plus one.” However, if we consider both contribu- 
tions concurrently, we note that the sum, 


Y a Vn( eal (r’) (E-E,)=Galr,r’), (3) 


which appears in Eq. (2) is just a representation of the 
Green’s function for the proton-neutron system, 
Ga(r,r’), formally satisfying the equation 


[E—V(r)+ (#2/M)V?]Ga(1,r')=8(r—r’), (4) 


where M is the nucleon mass and V(r) is the proton- 
neutron potential. Equation (4) has the well-known 
formal solution 


Galese)=Golee) + f Glee DV (e"Gale"# Cdr"), () 
where 
Goleye)=(2n)-* f expLia’- (1-1) 

X (E—q"*h?/M)-"(dq’) (6) 
is the free-particle Green’s function. 


We now observe that V(r) is a short-range potential 
and that the terms contributing to the bilinear sum (3) 
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representing Ga(r,r’) are small for large E, at moderate 
energies, so that the eigenfunctions localized around 
the region of small r and of moderate excitation energy 
will provide the main contribution to Gy. We will 
therefore approximate the second term on the right- 
hand side of Eq. (5) by 


fooveuary~ [Go(ex"V(e) 


XYo(r o(r’)(E—Eo)(dr'"’). (7) 


The modified form of Eq. (5) is to be substituted back 
into M of Eq. (2). It will be noted that the above 
approximation is essentially consistent with our original 
supposition that the principal contribution to M comes 
from the ground state.* However, having separated out 
the deuteron ground state in this manner, it remains to 
recover the original identification of terms in Eq. (1a). 
To do this, we make use of the Schrédinger equation 
for the deuteron ground state eigenfunction, y,(r’’), 
by substituting the relation 


V(r" Wo(r’’) = LEo+ (h?/M)V? (8) 


into Eq. (7). After performing the necessary partial 
integration, we find that in Eq. (2) we have made the 
effective replacement : 


Ln War )Wat (2’) (E— En) Yo(1 Pot (r’) (E— Eo) 


+ (27) af exp[iq’: (r—r’) ](E—q’h?/M)-"(dq’) 


- (an) f exp[iq’: (r—r’’) ](E—q"h?/M) 
Xpo(r’)Pot(r’) (dr) (dq’), (8) 
which again enables us to write 
M= Maint Maisp, (9) 


where 


Mon = (24) *e®LF'(q)/q? JXco, ses 'to 
x fueitet(s) exp(—ik,-x)|x—r/2|- 


Xo(r)o! (r’) (Eo— E)~ expLik’- (x—x’) ] 
Xexp(iky- x’) | x’— 2’/2|—y,.(r’) 
X uy (dx) (dx’) (dr) (dr’) (dk’)+c.c. (10) 


6 A possible alternative to Eq. (7) is to make use of a closure 
approximation 


[GoVGa(dr")=Go(e,"'V (x) (E-E*)>, 


where E* is some average virtual excitation energy. However, 
such a procedure has a twofold disdavantage. Firstly, it introduces 
an extra unknown parameter £* into the calculation. Secondly, 
it obscures the assumed physical dependence of the elastic cross 
section on the deuteron ground-state wave function, so that, in 
this sense, less information would be obtained from the com- 
parison of the results of the calculation with experiment. 
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and 


Maisp= — (27)*e®LF (q)/q? Xoo, ptty'tHo 


x fmivo(a exp(—ik,-x)|x—r/2|— 


x| f expCia’(r- r’) |(E—q?h?/M)"(dq’) 


— f explia’ (e-2)(E—9"8"/M) a 


XYo(r’’ Wot (r’) (dr’”’) (dq’) } exp[ik’ - (x—x’) ] 


Xexp(ik,- x’) | x’—1'/2|—Yo(r’) uy 


X (dx) (dx’) (dr) (dr’) (dk")+c.c. (11) 
The form of M., in Eq. (10) is the same as that used 
in Eq. (1a). However, in Eq. (11), we have obtained, 
without the direct use of a closure approximation, an 
expression for Maisp in which the contribution of the 
excited nuclear states has been replaced by terms 
involving only the nuclear ground state and free- 
particle wave functions. We note that the procedure 
employed for obtaining the virtual excited state con- 
tribution should be applicable to problems involving 
potential scattering at moderately high energies by 
complex nuclei other than the deuteron, provided that 
the nuclear ground state is sufficiently well known and 
that no excited states of the nucleus in question are too 
close to the ground state. The problem then reduces to 
that of evaluating integrals of known, but usually not 
simple, functions. 


Ill. APPROXIMATE EVALUATION PROCEDURE 
While the Ma, of Eq. (10) and the Mais, of Eq. (11) 


contain only known functions, no completely satis- 
factory way of treating the rather involved integrations 
has been found as yet. We must, therefore, employ 
rougher approximations of the type considered earlier** 
while still trying to maintain the essential character- 
istics of Eqs. (10) and (11). To this end we further 
simplify Eq. (11) by replacing q’ in the denominator of 
the integrand by a suitably selected average value Q. 
This is justified if we consider that the ground state 
wave functions tend to make the principal contribution 
to the integrals in Eq. (11) come from those values of 
q’ within an interval roughly surrounding the reciprocal 
of the deuteron decay length r,= (M|E,| /h)-*. Hence, 
we approximate Eq. (11) by 


Mais, _ [e®F (q)°/ (2hcq*) Ja) 


—[4e®F (q)/ (hog?) JJ (a), (12) 
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where 
I(a)= fte- a@)(1+-cos6+cos8o.+cos6 ps 


+ip~"(cosBop+cos9,;) | expLi(k—a)p 
—ik,-x+ik,- x’ ](pxx’)—!(dx) (dx’) 


and 
1(a)= f F(k’—k.)F (ky—K’)[(8—a) (1+ 6088 


+k’ (cosbox+cos x) | | k,—k’ | = 
X |k,—k’|°[k?— (k—a)*}'(dk')+e.c. (14) 


Here |k,| = |k,;| =k; o=x—x’; a= (0°h?/M—E,)/ (he); 
cosé=k,-ky/k?; cosd.,=ko-e/(kp); cos6s;,=ky-o/ (kp); 
COSBox = ky -k’/(kR’) ; and cosOp.=k’-k,/(kk’). Equation 
(10) may also be reduced to an integral of the same 
form if we perform the indicated spatial integrations; 
then 

Man =[4e*F (q)/(hieg’) JJ (0). (15) 


An examination of Eqs. (13) and (14) shows that 
these integrals would not be too different from the cor- 
responding integrals obtained if the magnitude of the 
initial and final propagation vectors, k, is replaced by 
k—a, provided that a is small. To this end, we note 
that the quantity avec which characterizes the difference 
between the average virtual excitation energy and the 
ground state energy is expected to be small compared to 
the incident electron energy khc for elastic scattering, 
so that a/k1. We therefore make the approximation: 


I (a) (0)—al_al(0)/dk], (16) 
J (a)=J (0)—alaJ (0)/dk]. (17) 


It now remains to evaluate the somewhat simpler 
integrals 7(0) and J(0). 
Dalitz’ has shown that J(0) is given by 


1 (0) = (82*/k?)[csc(6/2)—1], 
so that, from Eq. (16), 
I (a)=(8x*/k?)[csc(0/2)—1](1+2a/k). (19) 


Unfortunately J(0) has only been calculated in a few 
particular cases,* none of which is especially desirable 
for the deuteron. However, because of the fact that 
the high-energy expansions’ of J(0) fail to converge 
rapidly, if at all, in the region where our theory would 
be expected to hold, we have chosen to use the form 
factor F,(«)=0?/(x*+5*) corresponding to a Yukawa 


(18) 


7R. H. Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 

8 As indicated in reference 3, these are the examples of the 
Yukawa, exponential, and Gaussian charge distribution. Of these, 
only the Yukawa gives a very simple analytical expression. 

* See, for example, the thesis of R. R. Lewis, Jr., University of 
Michigan, 1954 (unpublished), Chap. VIII. 
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charge distribution in order to evaluate J(0). The 
arbitrary constant b has been fixed by requiring that 
F,(«) have the same argument at 1/e of its maximum 
as the Hulthén form factor 


2N?2 x 
F(x) =— tan (- ~) tan (— ) 
x 4y 47 
x 
—2 tan — =) (20) 
2y+2r 


which arises when we take the deuteron ground state 
wave function, y, assuming the usual pure triplet S 
state, to be 


Wo(r)=N (49) (env — er, 


Here, the normalization constant N is given by 

2= QT (y+T)/(T—y)*. Using the values [=6.357; 
y= 2.3110" cm~', b is found to be b= 1.3410" cm“. 
A graphical plot shows that the Yukawa approximation 
to the Hulthén form factor fits fairly well except in the 
region of large virtual momentum transfer where, 
however, the integrand of Eq. (14) becomes sufficiently 
small so that the difference should be relatively unim- 
portant. With this “fitted” Yukawa form factor, we find 


_2n" 2[1-+cos*(6/2 2) J+? (° ee 
tan-!] ———_—— 
D 


“3 D sin(6/ 2) 


1 x 
+———- tan 7 wea 
sin(6/2) sin (6/2)[4 sin?(6/2)+327] 
_ AL +cos*( (6, 2) +3 


—— tan“ («/ 2} (21) 
4 sin*(0/ 2) +22 


where «= b/k and D= [4 sin?(6/2)+4?+-«*]!. Equation 
(21) can now be used to approximate J(a) via Eq. (17). 
Since the expression obtained is somewhat lengthy, we 
will not reproduce it here. 

For the aii contribution, we finally obtain 


»1—A+(2+C)a/k], (22) 
and for the total o® of Eq. (1) 
o®)=g,[1—(2+C)a/k], 


disp“ 2) = =o," 


(23) 
where 
A=k {nF (q)[csc(6/2)—1]}-J (0), 
_ BAT) 
— ——[csc(0/2)—1} “°F (q), 
Ok 


a8 


oo = eF (q)?(h8ctg?) [esc (6/2) — 1]. 


IV. NUMERICAL RESULTS AND DISCUSSION 


Before any numerical results can be found for caisp 
and o®), some assumption must be made concerning 


TABLE I. ponte contribution to o®, 





khc (Mev) t] 
133 20° 0.002 
30° 0.004 

40° - 1.87 0.004 

20° 2 0.004 

30° ; 0.006 

40° “a 0.010 0.33 

20° — 1.28 0.008 0.28 

30° YF 01; —0.02 


(2+C)a/k A 





0.80 
0.69 
0.59 
0.69 
0.49 


the average of the relative internal deuteron wave 
number Q. For moderate nuclear excitation, we would 
expect that qg’ would contribute most strongly in a 
region about the reciprocal of r,= (M|EF,|/h)-'; that 
is, the correct ground state wave function in Eq. (11) 
would tend to limit the contribution of the factors 
involving q’ to a small region about 1/r,. Making this 
assumption and using the form factor F(q) from Eq. 
(20) and J(0) from Eq. (21), we have computed the 
dispersive fraction R=ouisp®/o® of the third order 
(to a’) cross section ¢° for several different angles and 
incident electron energies. The results are summarized 
in Table I 

Because of the assumptions made in the derivations, 
the numbers presented in Table I can represent only 
rough estimates. However, there appears to be a rather 
strong angular and energy dependence of the dispersive 
contribution. In particular, as we go to larger scattering 
angles and electron energies corresponding to larger 
momentum transfers in the collision processes, the 
ratio, R, increases rapidly, and begins to represent the 
major contribution to o® at sufficiently high values of 

This result indicates that earlier impressions that 
on constitutes the principal contribution to o®@ 
become incorrect for large momentum transfers. Per- 
centagewise, it will be seen from Table I that ouisp® 
seems to represent a sizable part of the total ¢ con- 
tribution even at the lower energies and angles of 
scattering. 

It should be emphasized, however, that the large- 
angle and high-energy values of R are mostly indicative, 
since an adequate description of these processes at 
higher scattering angle and energy would require modi- 
fications in the theory as presented above. For instance, 
allowance would have to be made for the increasing 
contribution of the virtual excited deuteron states in 
such approximations as Eq. (7) and in selecting the 
average value Q. In addition, further consideration 
would have to be given to the validity of expansions 
such as Eqs. (16) and (17) which become cruder as Q 
increases. Similarly, a better estimate would have to 
be obtained for the form factor at larger values of its 
argument. Here the approximation of a Yukawa fit for 
the form factor becomes increasingly unsuitable because 
of the greater importance of the high-momentum com- 
ponents of g. 

A further comment is of interest. Previous papers® 
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have made closure approximations that are essentially 
equivalent to setting a0, and thus arrived at the 
result 


og, , 


which, as is apparent from the small value obtained for 
(2+-C)a/k in Table I, is very close to «® of Eq. (23). 
Although these approximations lead to similar rough 
numerical results for electron-deuteron scattering where 
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a/k is small and C—2, the actual setting of a0 
implies that E,Q°h?/M, which is an unreasonable 
equality for more tightly bound nuclei where E, is 
negative and much larger in magnitude than the deu- 
teron binding energy. For nuclear systems such as 
triton or helium, factors like a=(*h?/M—E, are 
expected to become important and must be considered 
in any careful estimate of the dispersive contribution 
to the scattering cross section. 
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Three interactions occurring in nuclear emulsions and caused by primaries of charge 22 and energy 
>10* Bev/nucleon are described. The electromagnetic cascade from one of these showers has been studied 
in detail. The mean free path for direct pair production (trident) has been measured in various intervals. 
The mean free path at energies <10 Bev is shorter than the theoretical one calculated by Racah, but the 
small number of cases (7) at these energies allows large fluctuations. For the mean free path of the 
high-energy electrons whose energies measured by scattering have a lower limit of 6 Bev placed on them, 
we find a singificant disagreement with theory only if the average electron energy is as low as 10 Bev. 
We have shown that the average electron energy is more like 50-100 Bev, thus giving no disagreement 
with the theoretical cross section for direct pair production. 


1. INTRODUCTION 


HE study of high-energy interactions is important 

for two reasons. The first of these is the study 
of the flux and energy spectrum of the cosmic radiation 
itself. The magnetic field of the earth can be used to 
study the spectrum up to about 15 Bev. It is also 
possible to directly measure the energy of the primary 
particles by scattering up to about 10 Bev. Above 15 
Bev the flux and energy spectrum must be obtained 
from the analysis of the nuclear interactions and the 
associated electromagnetic interactions of the cosmic 
radiation with the detector. 

Another reason for studying high-energy interactions 
is to study the mechanism of the high-energy interac- 
tion itself. Analysis of high-energy interactions can 
provide information about nuclear forces and meson 
production. Through the mutua! meson link they 
provide a beam of high-energy gamma rays for the 
study of electromagnetic processes. The term “high- 
energy phenomena” as used here refers to events in 
which the total energy of the intiating particle is 
greater than 10* Bev. 

Only a few such high-energy events have been 
reported previously.'~® This is because with present-day 


* This work supported in part by the joint program of the 
U.S. Atomic Energy Commission and the Office of Naval Research. 

+ Present address: Convair, San Diego, California. 

1 Lord, Fainberg, and Schein, Phys. Rev. 80, 683 (1951). 

2 A. Gerosa and P. Levi-Setti, Nuovo cimento 8, 601 (1951). 

3 Lal, Pal, Peters, and Swami, Proc. Indian Acad. Sci. A36, 
75 (1952). 


balloon techniques exposures longer than twenty-four 
hours are difficult. For this reason it has not been 
possible to obtain from emulsions a reliable flux or 
charge spectrum of particles in this energy region. 
However, with the advent of large strip stacks and 
improved balloon techniques it should be possible in 
the near future to obtain reasonable statistics in a 
single exposure. In order to go beyond the range of 
modern accelerators,’ we shall study events whose 
energy exceeds 10* Bev. 

We have analyzed three such events,’ all of which 
have been initiated by particles of charge greater than 
or equal to two. One of these events has been analyzed 
in great detail because of the long path length in 
emulsion of the secondary products of the interactions. 
Sections 2 and 3 of this paper present the data of the 
primary and secondary nuclear interactions. Section 
4 presents the data on the electromagnetic cascade. 
Section 5 summarizes our conclusions. 


2. PRIMARY NUCLEAR INTERACTIONS 


The events were found either in a routine scan for 
heavy particles or under a rapid scan-by-eye technique 
developed to find high-energy events on 4 in.X10 in. 


4M. F. Kaplon and D. M. Ritson, Phys. Rev. 88, 386 (1952). 

5 J. H. Mulvey, Proc. Roy. Soc. (London) A221, 367 (1954). 

6 Gerard K. O’Neill, Phys. Rev. 102, 1418 (1956). 

7J. E. Naugle, Phys. Rev. 88, 172 (1952). 

8 J. E. Naugle and P. S. Freier, Phys. Rev. 92, 1086 (1953). 

*P. S. Freier, Report on Duke University Cosmic-Ray Con- 
ference, I-22, 1953 (unpublished). 
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strips. In this technique the plates are scanned with a 
jeweler’s eyepiece for high-energy interactions. After 
an event has been found, the location is marked on the 
glass with a grease pencil. The large plate is then 
transferred to a scanning microscope to identify the 
event. The plates are then cut up and the event 
relocated and examined on a conventional microscope. 
A large fraction of the events located in this type of 
scan prove to be heavy particles. The ionization and 
orientation of the heavy particles found can be used 
to estimate the detection efficiency for interactions of a 
particular energy. Carbon particles at minimum 
ionization with a projected length of 1 cm can be 
detected with high efficiency by this method. Thus a 
high-energy interaction or “jet” with 36 minimum 
ionization tracks can be detected, provided the length 
in one emulsion is greater than 1 cm and the particles 
are still in a fairly tight cone. 


Estimation of the Energies 


In order to estimate the energy of jets, it is necessary 
to make certain assumptions about the nature of the 
interaction and the angular distribution of the mesons 
in the center-of-mass (c.m.) system of the colliding 
nucleons. We have assumed that the collisions are 
between pairs of nucleons of the colliding nuclei. 
Thus the analysis of the angular distribution will give 
the velocity of the individual nucleons of the incident 
particle. It is assumed that the angular distribution 
of the mesons in the c.m. system is symmetrical with 
respect to rotation of the collision axis through 180°, 
and that the mesons have relativistic velocities in the 
c.m. system. With these three assumptions, it can be 
shown‘ that the ratio of total to rest energy of the 
incident particle is given by: 


y1=2 cot6; coté,;_,—1, (1) 


where 6; and 6,-, are the angles which contain a 
fraction f and 1—/f of the shower particles. 

An estimate of y,’, the ratio of the total energy to the 
rest energy of the shower particles in the c.m. system 
can be obtained from the angular distribution. y,’ is 
given by the relation: 


Vs = (cot6s cot0;_; SiN’Omax+COS*Omax)?, (2) 


where @max is the maximum angle observed in the 
shower. For showers of this energy range, we can make 
the approximation : 


SiN"O max } , 
vim (14 : ) ; (3) 
sin; sin6\_¢ 


The use of the angular distribution to estimate the 
energy of an interaction involves explicit assumptions 
about the nature of the angular distribution of the 
shower particle in the c.m. system. It is not possible 
to measure directly the energies of the particles involved. 
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However, in one of the interactions the path length of 
the shower particles in emulsion is so long that three 
secondary interactions are observed and the develop- 
ment of the electromagnetic cascade studied, each of 
these providing a check on the energy of the primary 
particle estimated in this way. 


Description of the Interactions 


Interaction A occurs in the glass backing of an 
emulsion. The shower enters the emulsion after traveling 
2.4 cm in the glass. The shower then travels 4.7 cm 
in one emulsion before leaving that emulsion and 
entering a facing emulsion. It enters the second emulsion 
near the edge and leaves after traveling about 1 cm in 
that emulsion. Because of the distortion and excessive 
blackening which occurs near the edge of an emulsion, 
the shower has not been studied in the second emulsion 
except to obtain the angular distribution of the 
secondary interaction which occurs there. The other 
two secondary interactions of A occur in the first 
emulsion. Thirty-one charged particles with the 
proper orietation and at minimum ionization enter the 
emulsion and travel 4.7 cm without suffering a measur- 
able deflection. Seven of these enter the emulsion in a 
region in which only half of the available solid angle is 
observable in the emulsion so that these seven particles 
must be given a weight of two. Thus, the total number 
of charged particles is 384. In addition to the charged 


4, 
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Fic. 1. Photomicrograph of an interaction of a (1.40.7) x 10" 
ev/nucleon nitrogen nucleus in which 110 singly charged shower 
particles and a boron fragment go on. 
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Fic. 2. The shower resulting from the interaction of Fig. 1, 
4 mm from the point of interaction. 


shower particles there is a track of a particle with a 
charge of 5 at the center of this shower. Since this is a 
fragment of the incident particle, it is possible to set 
5 as a lower limit to the charge of the initiating particle. 
It is not possible to determine the charge of the incident 
particle because its entire path length before the 
interaction is in glass. 

B is an interaction of a nitrogen primary with a 
nucleus of the emulsion. 110 charged particles traveling 
with minimum ionization originate in this interaction. 
There are three slow evaporation particles. The shower 
travels 2.9 cm and through three. emulsions before 
leaving the stack. Figure 1 is a photomicrograph of 
B at the interaction. Figure 2 shows the core of the 
shower at a distance of 5 mm from the interaction. 
Figure 3 shows the shower 2.9 cm from the interaction. 
In this picture the shower particles have become 
separated from the core, and the track of the boron 
fragment is visible. 

C is an interaction of an alpha particle with a nucleus 
of the glass backing of an emulsion. In this case the 
core travels 650 microns in glass before entering the 
emulsion. Twenty-three charged particles with minimum 
ionization emerge from the glass. After leaving this 
emulsion the shower travels through 2.2 radiation 
lengths of lead before entering another emulsion. In 
this distance the shower had multiplied to such an 
extent that it was impossible to count the number of 
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particles. The data on the three interactions are given 
in Table I. 

Interaction B is of interest because it is the most 
energetic event which we have observed to date. 
Because of the large number of shower particles in this 
interaction, it is possible to estimate the energy of the 
incident particle by using several different fractions of 
the shower particles. The vaues of ; obtained for the 
various values of f used are given in Table II. The 
agreement between the values of y; in Table II indicate 
that the assumptions about the angular distribution 
and velocities of the shower particles in the c.m. 
system are consistent with the results. The average of 
these values of yr; and the measured charge give for 
the total energy of this particle (1.4+0.7)10" 
ev or 2.3X 10 ergs. 

The integral angular distributions of the three events 
are given in Fig. 4. The solid curve is the shape of the 
integral angular distribution predicted by the Fermi 
theory” for grazing collisions. The broken curves are 
for isotropic and cos‘ 6’ angular distributions in the c.m. 
system. The curves are plotted as a function of the 
normalized angle a. This is a convenient parameter to 
use in the analysis of high-energy interactions and 
was introduced by Bradt, Kaplon, and Peters." The 
angular distributions are not isotropic in the c.m. 


Ba 


80m. Pet 





Fic. 3. The shower of Fig. 1, 2.9 cm from the point of interaction. 
The track of the boron fragment is visible at the core of the 
shower. 


10 FE. Fermi, Phys. Rev. 81, 683 (1951). 
4 Bradt, Kaplon, and Peters, Helv. Phys. Acta 23, 24 (1950). 





HIGH-ENERGY PHENOMENA 


IN NUCLEAR EMULSIONS 





INTERACTION A 
INTERACTION B 
INTERACTION C 


£0 


FRACTION OF SHOWER PARTICLES WITH ANGLES 














| 





04 O05 06 08 


aE 


10 


+! ) 


Fic. 4. Normalized integral angular distributions for the three interactions. The solid curve is the angular 
distribution predicted by the Fermi theory using an impact parameter corresponding to a grazing collision. The 
broken curves are the predicted angular distributions assuming that the mesons are produced isotropically or 


with a cos‘#’ angular distribution in the c.m. system. 


system. They agree best with the Fermi” theory for an 
impact parameter corresponding to a grazing collision. 

The estimated energies and multiplicities for these 
three events are given in Table III. In collisions between 
aggregates of nucleons it is difficult to determine the 
multiplicity of meson production. In a given event it 
is not possible to determine exactly the number of 
nucleon-nucleon or meson-nucleon collisions which 
took place. Column three of Table ITI is an estimate of 
the number of collisions which took place. Since the 
particle which initiated event A entered the stack in 
the same glass plate in which it interacted, it is not 
possible to estimate the number of collisions which 
took place. The estimate of 2-6 collisions in B is based 
on the fact that the incident heavy was not completely 
broken up and that there were only three evaporation 
particles in the interaction. Since event C was a 
collision between an alpha particle and either a silicon 
or oxygen nucleus, it is estimated that at most there 


TABLE I. Summary of experimental data on three high-energy 
showers observed in emulsions. y, is the ratio of total to rest-mass 
energy of the incident primary in the center-of-mass system. 
y’ is the y in the center-of-mass system for the secondary mesons. 








Energy of 
incident 
No. of particle 
shower Bev 
particles Ye nucleon 7 


Charge Charge No. of 
of of out- evapo- 
inci- going ration 
Inter- dent frag- par- 


action particle ment ticles ri 





? 3844 
3 11025 
? 25 


22-11 
110-50 
32-13 


150+35 
240+70 
120+30 


4.5X 104 
1.1 10° 
2.7 104 








would have been four collisions. The observed multi- 
plicities obtained from the estimated numbers of 
collisions is in agreement with the y;* dependence of 
multiplicity with energy observed at lower energies*!*-8 
and predicted by both Fermi’ and Heisenberg" 
theories. 

The average energy of the mesons in the c.m. system 
of events A and C as determined from the maximum 


TABLE II. y;, the ratio of total energy to rest-mass energy of the 
incident particle, is given for different f values for interaction B. 





me, Pais 
milliradians milliradians yI 





53 1.2+0.4X 105 
19.5 1.5+0.5X 105 
13.4 0.642 X105 
5.8 1.1+0.3X 105 
4.2 1.1+0.3X 105 








emission angle is between that predicted by the Fermi 
theory and that predicted by the Heisenberg theory; 
the average energy of the mesons of B is in agreement 
with Fermi theory. 


3. SECONDARY NUCLEAR INTERACTIONS 


There are three secondary interactions of mesons in 
event A. The data for the three interactions are given 


1 Demur, Dilworth, and Schonberg, Nuovo cimento 9, 92 
(1952). 

18 Tchang-Fong Hoang, J. phys. radium 14, 395 (1953). 

4 W. Heisenberg, Z. Physik 133, 65 (1952). 
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TABLE III. Multiplicity of charged mesons produced in 
high-energy interactions in emulsion stacks. 








Multiplicity of charged mesons 
Estimated Predicted Predicted 
number of 
encounters 


Estimated 
energy 
Bev/nucleon 


A 4.5X 10* 21 
B 1.1X10* 2-6 
C 


y y 
Observed Fermi Heisenberg 
< 38 16 20 
18—55 21 25 
6—25 18 


Event 





2.7X 104 








in Table IV. Two values are given for the estimated 
energy. The first of these is determined from the 
analysis of the angular distribution of the secondary 
interactions; the second is based on the average 
energy of the mesons in the c.m. system as determined 
from the maximum angle of emission of the shower 
particles in the parent interaction. The energies of 
two of the secondaries lies within the range predicted 
from the angular distribution of the parent interaction. 
The energy of the third is much lower. However, 
judging by the large number of evaporation particles, 
there has been more than one collision in this event. 

The angular distributions of A1 and A2 are consistent 
with that predicted by Fermi theory for a median 
impact parameter; A3 is consistent with an isotropic 
distribution in the c.m. system. There is no evidence in 
any of these three events for the asymmetric angular 
distributions of the type reported by Lal and co- 
workers,’ in which the mesons in the secondary interac- 
tions were emitted predominantly in the backward 
direction in the c.m. system. 

In principle, one should be able to use the secondary 
interactions in this event to study the variation of 
multiplicity with impact parameter. All three of the 
secordary interactions are initiated by particles 
emitted in the forward cone in the c.m. system. How- 
ever, in this event it is not possible to obtain any 
reliable information because the numbers of evaporation 
particles in the three secondary events indicates the 
possibility of more than one collision in at least one of 
the events. 


4. ELECTROMAGNETIC SHOWER 


In addition to the 31 charged particles observed in 
interaction A, there are 14 primary pairs produced by 
y rays from the decay of the 7° mesons. Along each of 
these pairs an electron shower develops. We have 


TABLE IV. Summary of experimental data for the secondary 
interactions in Interaction A, 








Total energy of 
shower particle in 
Bev from angular 

distribution 


Total energy 
of shower 
particle in Bev 
from angular 
distribution 
of secondary 


No. of 
charged 
shower 
particles 


7 620 
13 270 
20 30 


No. of 
evaporation 
particles 


of primary 
interaction 


460—230 
460 —230 
460—230 


Event 
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studied this soft shower in detail over a length of 5 
cm. The flatness of the tracks (some as long as 5 cm in 
a 400-micron emulsion), and the presence of the 
accompanying boron core have allowed us to make 
relative scattering measurements which for the fortu- 
itously oriented electrons are quite reliable. Our 
preliminary report on this shower®:*!® stressed the rapid 
shower development and the high trident cross section 
(direct pair production by an electron). Other 
workers'*-” have investigated this problem with 
conflicting results. Block and King'® have calculated 
the fraction of bremsstrahlung pairs which will material- 
ize so close to the track of the parent electron as to be 
mistaken for a trident (so-called pseudotridents). 
They have also measured the trident cross section!” 
between 0.1 and 10 Bev and find it in agreement with 
the theoretical value of the cross section as calculated 
by Bhabha,” Nishina,* and Racah.2® Koshiba and 
Kaplon,'*:* Debenedetti e¢ al. and Lohrmann” have 
measured the trident cross section and find an anom- 
alously large cross section at high energies. Leonard,” 


TABLE V. Comparison of the observed cascade development 
with the results of a Monte Carlo calculation. The first row 
represents the number of additional electrons, Ne, of energy greater 
than 100 Mev within 0.5 radiation length of the initiating pair 
origin. Row A is the observed frequency in our 14 showers for 
the various values of Ne (the number of electrons >100 Mev). 
Rows B, C, and D are the results of a Monte Carlo calculation 
on 35 showers assuming an initial photon energy of 1000, 100, 
and 10 Bev, respectively (Tables A-2-a, A-2-b, and A-2-c of 
Koshiba and Kaplon"). 








0 1 and 2 3 and 4 5 and 6 7 and 8 —10 





0.07 0.07 0.14 


9 

0.43 0.29 0 
0.17 0.14 0.03 0.09 

0 

0 


0.28 0.28 
0.40 0.29 
0.71 0.20 


0.26 0.03 0.03 
0.09 0.0 0 








using 440-Mev electrons, has found the measured cross 
section to be in agreement with the theoretical value 
at this energy. Since we have never reported our 
results in detail, we felt that we should re-examine our 
data and report our results here. 

We have followed all of the electrons in the electro- 
magnetic cascade and have found 28 pairs whose 
origins were unresolvable from the electron track which 
was being followed. These pairs are either tridents or 
pseudotridents. Our limits of resolution are 0.2 uw in the 


16 J. E. Naugle, Ph.D. thesis, University of Minnesota, 1953 
(unpublished). 

16M. M. Block and D. T. King, Phys. Rev. 95, 171 (1954). 

17 Block, King, and Wada, Phys. Rev. 96, 1627 (1954). 

18M. Koshiba and M. F. Kaplon, Phys. Rev. 97, 193 (1955). 

19M. Koshiba and M. F. Kaplon, Phys. Rev. 100, 327 (1955). 

20 Debenedetti, Garelli, Talone, Vigone, and Wataghin, 
Nuovo cimento 1, 226 (1956). 

21 E. Lohrmann, Nuovo cimento 4, 820 (1956). 

22 Stanley L. Leonard, Bull. Am. Phys. Soc. Ser. II, 1, 167 
(1956). 
28H. J. Bhabha, Proc. Roy. Soc. (London) A152, 559 (1935). 

* Nishina, Tomonaga, and Kobayasi, Sci. Papers Inst. Phys. 
Chem. Research Tokyo 27, 137 (1935). 

25 G. Racah, Nuovo cimento 14, 93 (1937). 
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plane of the emulsion and 0.4 u in depth. The energies of 
the electrons followed, as measured by scattering, 
ranged from 30 Mev to 245 Bev. A total path length 
of 219 cm was followed. 

In order to compare the observed trident cross section 
with the theoretical, it is necessary to determine the 
average energy of the electrons followed and also to 
correct the number of pairs observed for the number of 
pseudotridents. It is particularly important to accurately 
estimate the energy. If the energy is underestimated, it 
will produce two effects, both of which tend to make the 
observed cross section appear to be larger than the 
theoretical. If one underestimates the energy, the 
theoretical cross section used for comparison will be 
too small, and the correction for pseudotridents will 
be too small, giving too large an experimental cross 
section. 

The electrons which were followed are either primary 
pairs from the decay of 7s into two y rays or are 
secondary pairs produced either by bremsstrahlung 
or by direct pair production. The energies of the primary 
pairs cannot be measured directly by scattering because 
of their high energy. We have estimated their energy 
as follows: 

i. We have assumed that the 7° mesons are produced 
with the same energy as the charged shower particles, 
and the energy is shared equally between the four 
electrons produced. This gives an estimate of about 
100 Bev as the energy of each electron from a primary 
pair. 

ii. We have assumed that existing shower theory is 
correct, and the electromagnetic cascades observed on 
the primary pairs have been compared to the Monte 
Carlo calculations of Kaplon.’® Table V gives the results 
of the comparison for our 14 showers. Although the 


TABLE VI. Summary of the data on the primary pairs. The 
second column gives the distance in cm from the nuclear interac- 
tion to the origin of the pair. The third column gives the angle 
which the origin of the pair makes with the shower axis. Columns 
4, 5, and 6 give the energies of each electron and of the photon 
based on scattering measurements. Column 7 gives the energy of 
the photon calculated from the spatial separation of the pair 
using Lohrmann’s formula and assuming equipartition of energy. 
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0.011 
0.045 
0.0036 
0.0045 
0.0080 
0.011 
0.0003 
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0.00028 
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TABLE VII. Summary of data on the secondary pairs produced 
in this event. The table is divided into three parts according to 
where the pair occurs. The left side gives the data on unresolved 
pairs, the right side the data on resolved pairs. Column 1 gives 
the parent electron. Column 2 and 3 give energy estimates of the 
parent from scattering and spatial separation respectively. 
Column 4 gives the distance in radiation lengths from the origin 
of parent to origin of pair. Column 5 gives the energy of the 
created pair if one assumes that the two lower energy particles 
are the pair. Column 6 gives (1—/) for each pair with the energy 
of the curve used to read f shown in parentheses. Column 7 and 
8 on the right-hand side give the corresponding distance and 
energy for the resolved pairs. 








R k R k 
k/2 rad. (pair) rad. (pair) 


E, 
Parent Bev Bev _ lengths Bev 1-f lengths Bev 





0-0.5 radiation lengths 

2 13 0.286 1.2 0.05 (100) 3.2 
1-2 0.019 0.7 0.05 (5) 0.11 
0.062 25.8 0.00 (100) 0.20 
0.377 2.3 0.10(100) 0.11 
212 0.175 1.5 0.10(50) 0.24 
27 5 0.306 > 2.8 0.65 (10) 0.65 

211 . 0.356 25 0.70(10) 
26 0.026 0.4 0.10(50) 

0.223 0.21 0.15 (100) 

0.005 2.2 0.01 (10) 

0.279 7.3 0.05 (100) 

0.207 0.48 0.57 (10) 

0.150 0.42 0.65 (5) 

0.102 0.97 0.50(5) 

0.043 0.03 0.38 (5) 

0.093 26 0.00 (100) 

0.134 5 0.00 (100) 

0.231 2 20 0.00 (100) 

0.260 0.30 0.73 (5) 


~ 
210 


0.5-1 radiation lengths 
0.21 0.720 0.025 0.88(5) 
46 0.812 0.65 0.80(10) 
7 1,000 0.05 0.89 (5) 
100 0.618 0.7 0.25 (100) 
3 0.780 2.0 0.32 (100) 
20 1.000 1.0 0.55 (50) 
100 0.520 0.79 0.20(100) 


20 resolved 
pairs produced 


>1.0 radiation lengths 


1.102 0.18 
1.205 0.05 


0.42(100) 27 resolved 
0.46(100) pairs produced 


214 100 
26 100 








* Trident occurs on an electron in the 1-2 Bev energy range. 
b Trident occurs on an electron in the 2-6 Bev energy range. 
¢ Trident occurs on an electron in the 0.5-1.0 Bev energy range. 


statistics are poor, the results are more consistent with 
the assumption that the initiating photon energies are 
of the order of 100 Bev rather than 10 Bev. 

iii. We have estimated the energy of the primary 
pairs by measuring their spatial separation as a function 
of the distance from the origin. Lohrmann*® has cal- 
culated the theoretical expression for taking into 
account bremsstrahlung and multiple scattering. The 
observed separation of the electrons varies as the 3 
power of the distance from the origin showing that the 
separation is due to scattering. The data on the primary 
pairs are tabulated in Table VI. k, the photon energy, 
tabulated in the last column of Table VI is calculated 
from Lohrmann’s formula, assuming equipartition of 
energy between the electrons of the pair, and therefore 
should be regarded as a lower limit to the energy of 


% E, Lohrmann, Nuovo cimento 2, 1029 (1955). 
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Taste VIII. Correction for pseudotridents and mean free 
path for trident production computed by method 1. The radiation 
length in emulsion is 2.9 cm. 








Energy Path 
region length 
Bev followed 
(measured by (cm of 
scattering) emulsion) 


0-—0.5 71.2 0 0 
0.5—1 14.8 1 0.38 
1—2 24.8 2 0.93 
2-6 38.3 4 2.77 
>6 70.3 4.60 


True 
tridents 
from 
method 1 


Amethod 1 
(cm of 
emulsion) 


No. of 
unresolved 
pairs 





39439 
26_13*° 
14_,+3 


15+7 








the photon. This is particularly true in the case™of 
pairs 9, 29, and 37 where scattering on the individual 
members of the pair indicates that one is much lower 
in energy than the other. 

The average energy of the photons from Table VI 
is 200 Bev and is consistent with the estimate of the 
average energy obtained from the Monte Carlo calcula- 
tion. Thus the estimate of the energy of the shower 
particles from the electromagnetic cascade is in agree- 
ment with the estimate from the charged shower 
particles. We therefore believe that the high-energy 
electrons whose energy is too great to be measured by 
scattering do have energies of the order of 100 Bev. 
21 of the 28 observed tridents occur on electrons in 
this energy range. Table VII summarizes the data on 
the secondary pairs of this event. The ratio of unre- 
solved pairs to resolved pairs is 19/7 in the first half a 
radiation length, 7/20 in the second half, and 2/27 in 
the third half a radiation length. This shows that a 
large fraction of the unresolved pairs in the first half a 
radiation length are pseudotridents. 

If P is the total number of pairs produced at the 
end of R radiation lengths, f the fraction of the brems- 
strahlung pairs which give rise to pseudotridents, and 
T’ the number of unresolvable pairs produced in R 
radiation lengths, then 7, the number of real tridents 


TABLE IX. Correction for pseudotridents and mean free path 
calculation by method 2. f is the fraction of bremsstrahlung 
pairs occurring within 0.2u of its parent electron; P is the total 
number of pairs observed; 7’ the number of pairs that are unre- 
solved from the track of the parent electron; and T is the corrected 
number of true tridents [calculated by Eq. (4)]. \ is the mean 
free path for trident production. Total path length observed 
was 70.3 cm. 








Assumed 
primary x 
energy (cm of 
Bev ; P al emulsion) 





0.5 radiation length 


21 14 0 
21 14 3. 
21 14 11 


1 444-26 
2 6+2 
1.0 radiation length 


46 19 0 
46 19 0 


46 19 12.7 5.51.5 
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produced in R, is: 
T= (T’— fP)/(1—f). (4) 
We have used for f the values from Kaplon and 
Koshiba.”® We believe that 0.3 u is more nearly correct 
than 0.2 u for our resolution since, owing to shrinkage, 
the resolution in depth is only 0.4, while in the plane 
of the emulsion it is 0.2 4. However, this does not change 
their f values by more than 10-15%. We have corrected 
for pseudotridents in two different ways. (1) We 
assigned a probability of being a trident, 1— f, to each 
individual unresolved pair. This probability is listed in 
column 6 of Table VII. This method gives us an upper 
limit on the number of true tridents. (2) We used Eq. 
(4) and computed the probable number of true tridents 
at the end of 0.5 and 1.0 radiation lengths. 
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Fic. 5. Comparison of theoretical and experimental mean 
free path for trident production. Curves a and } are Racah’s values 
for screened and unscreened cross sections respectively. The 
solid circles are the experimental points from Table VIII. The 
open circles are the points from Table IX at 0.5 radiation length, 
assuming that the average energy of the electrons is 10 Bev or 
50 Bev. 


Table VIII gives the results obtained by method 1; 
Table IX gives the results obtained by method 2. 
We have not used the seven tridents occurring on 
electrons of energy <6 Bev since we used the path 
length of the high-energy electrons (70 cm) to compute 
the mean free path in Table IX. We see that if the 
average energy of these electrons is 100 Bev, all of the 
unresolved pairs can be accounted for by bremsstrah- 
lung pairs. Only if the energy of the electrons is as 
low as 10 Bev do we obtain a mean free path which is 
in serious disagreement with the theoretical mean 
free path. 

Figure 5 shows the trident mean free path as a 
function of energy. Block ef al.’ have shown that 
Racah’s® and Bhabha’s* results are consistent. We 
have plotted in Fig. 5 the values of Racah taken from 
Block et al.” Because of the poor statistics we do not 





HIGH-ENERGY 


feel that the two low-energy points are in disagreement 
with the theoretical mean free path. The high-energy 
point is in serious disagreement with theory only if the 
average energy of the electrons is 10 Bev. We feel that 
the average energy of the electrons cannot be this low 
but is more like 50 to 100 Bev. 


5. CONCLUSIONS 


There exist in the cosmic radiation heavy primaries 
of energies greater than 10" ev per nucleon. The flux 
of such particles as determined from these three 
interactions and an estimate of the volume of emulsion 
exposed and scanned in our laboratory is of the order 
of 10~ particle/m? sec steradian. 

The mean free path for trident production measured 
in such high-energy showers is extremely sensitive to 
the energy of the electrons. Koshiba and Kaplon” 
have outlined the experimental difficulties involved 
in measuring such high energies. As Block and King'® 
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have pointed out, the correction for pseudotridents is 
particularly important at these high energies, especially 
within the first radiation length of the origin of the 
parent pair. Our results based on the 28 unresolved 
pairs found in this single high-energy event are in 
agreement with theory unless the average energy of 
the high-energy electrons is as low as 10 Bev. We have 
shown that the average energy of the electrons is of 
the order of 50 to 100 Bev rather than 10 Bev, thus 
giving no disagreement between theory and experiment. 
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Scattering of K* Particles* 


M. Wipcorr Anp A. M. Sapiro, Cyclotron Laboratory, Harvard University, Cambridge, Massachusetts 
R. ScHtuTerR, D. M. Ritson, and A. PevsNER,t Physics Department and Laboratory for Nuclear Science, 
Massachusetts Institute of Technology, Cambridge, Massachusetts 


AND 


V. P. Henrt, Physics Department, Northeastern University, Boston, Massachusetts 
(Received July 16, 1956) 


An experiment has been performed to investigate the relative probability of scattering of Kr2 and 7 
mesons. If, as is thought on the basis of the analysis of Dalitz and others, these particles differ in spin-parity 
properties, they may be expected to have different scattering cross sections, and the relative proportions of 
7 and K-r2 mesons in a beam of scattered K particles would differ from their relative proportions in a beam 
of directly-produced particles. In the present experiment, a measurement was made of the composition of a 
K+-particle beam in which it is estimated that more than ~75% of the particles had undergone scattering. 
Comparison with other results on the composition of beams consisting predominantly of directly-produced 
particles indicates that the relative numbers of r and Kx2 mesons are unchanged, within ~30%. The 
results are therefore consistent with the assumption that the r and Ky2 are the same particle. 


INTRODUCTION 
S has been shown by Dalitz,! the energy distri- 
bution and angular correlation of the three 
charged pion secondaries of r mesons provide a means 
of determining the spin and parity of the +r. There 
exists now a large amount of data which have been 
analyzed to obtain this information,’ and the results 


* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 

+ Now at the Physics Department, The Johns Hopkins Uni- 
versity, Baltimore, Maryland. 

1R. H. Dalitz, Phys. Rev. 94, 1046 (1954); Proceedings of the 
Fifth Annual Conference on High-Energy Physics (Interscience 
Publishers, Inc., New York, 1955). 

2 Report of the Pisa Conference on Elementary Particles, 1955, 
Nuovo cimento (to be published); Feld, Odian, Ritson, and 
Wattenberg, Phys. Rev. 100, 1539 (1955); R. Haddock, Phys. 


indicate that the spin-parity properties of the 7 meson 
differ from those of the @ or K,2 meson, which decays 
into two pions.*~?7 Most of the available data are 


Rev. 100, 1803(A) (1955); Bhowmik, Evans, Van Heerden, and 
Prowse, Nuovo cimento 3, 574 (1956); Orear, Harris, and Taylor, 
Phys. Rev. 102, 1676 (1956); Biswas, Ceccarelli-Fabrichesi, 
Ceccarelli, Gottstein, Varshneya, and Waloschek, Nuovo cimento 
3, 825 (1956); Heckman, Smith, and Barkas, University of 
California Radiation Laboratory Report UCRL-3291, February 
22, 1956 (unpublished); See also Proceedings of the Sixth Annual 
Conference on High Energy Physics, (to be published). 

*The experimentally established decay schemes, ®>x++-7 
+214 Mev! and Krot->r*+7°+219 Mev,* 7 indicate that since 
both & and Kxr2* decay into two pions, with Q values which agree 
within the statistical errors, it is reasonable to regard the ® as the 
neutral counterpart of the Ar2, and to discuss them as a single 
particle. 

‘Thompson, Burwell, Cohn, Huggett, and Karzmark, Phys. 
Rev. 95, 661 (1954). 





812 WIDGOFF, SHAPIRO, SCHLUTER, RITSON, PEVSNER, AND HENRI 


~"2—EMULSION STACK - 3” LONG (BEAM DIRECTION) 
x 6" HIGH (VERTICAL DIRECTION) 
* 1.2" WIDE 


340 MEV/C 
K* BEAM ~ 2 


ANALYZING 


MAGNET 





y= strone 


FOCUSSING 
MAGNETS 


Fic. 1. Experimental 
arrangement. 
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probably consistent with the spin-parity assignments 
(0O—) for the r and (0+) for the @. On this basis, it 
would seem that at least the r and @ are distinct par- 
ticles, while the other observed decays (Kyo, Ky3, Kes, 
and r’*) may be alternate modes of decay of one or 
both. It then is reasonable to expect to find some other 
measurable differences in properties or behavior of the 
7 and @ mesons. Recent experiments*-7*" have failed 
to detect any difference in mass and lifetime, and have 
also implied that there is no difference in their excitation 
curves or their distributions in angle and energy at 
production. 

It is known that both 7 and @ mesons are scattered 
by nuclei’*!®; however, in view of the spin-parity 


® Ritson, Pevsner, Fung, Widgoff, Zorn, Goldhaber, and 
Goldhaber, Phys. Rev. 101, 1085 (1956). 

§ G-Stack Collaboration, Nuovo cimento 2, 1063 (1955). 

7Crussard, Fouché, Hennessy, Kayas, Leprince-Ringuet, 
Morellet, and Renard, Nuovo cimento 3, 731 (1956). 

* By studying the energy distribution of the charged pion from 
the r’ decay and by comparison with the behavior of the negative 
(odd) pion from the decay r*—2~+2*+27+75 Mev (see foot- 
note 2), the r’ has been established as an alternate mode of decay 
of the r, with r’+2t+7+7°+84 Mev. (See, for example, 
footnotes 5 and 9.) Therefore the total number of events r+7’ 
has been used to obtain the proportion of mesons which decay 
into 3 pions. 

* Whitehead, Stork, Peterson, Perkins, and Birge, University 
of California Radiation Laboratory Report UCRL-3295, March 
1, 1956 (unpublished). 

Hoang, Kaplon, and Yekutieli, Phys. Rev. 102, 1185 (1956). 

L. Alvarez and S. Goldhaber, Nuovo cimento 2, 344 (1955). 

® Harris, Orear, and Taylor, Phys. Rev. 100, 932 (1955). 

SV. Fitch and R. Motley, Phys. Rev. 101, 496 (1956), and V. 
Fitch, Bull. Am. Phys. Soc. Ser. II, 1, 52 (1956). 

4 Yash Pal, Bombay Group, Proceedings of the Fifth Annual 
Rochester Conference on High-Energy Physics, 1955 (Inter- 
science Publishers, Inc., New York, 1955). 

*Lannutti, Chupp, Goldhaber, Goldhaber, Helmy, Iloff, 
Pevsner, and Ritson, Phys. Rev. 101, 1617 (1956). 


difference, it would be surprising if their scattering 
cross sections were the same. The present experiment 
was performed in order to investigate the existence of a 
difference in scattering cross section, by comparing the 
relative proportions of 7 and @ mesons in a beam of 
scattered K particles with their relative numbers in an 
unscattered beam. Because K-particle beam intensities 
are low, it was not possible to obtain a scattered beam 
simply by allowing directly-produced particles to strike 
a target. Instead, use was made of the scattering of K 
particles which occurs in the nuclei in which they are 
produced. Thus, to obtain a beam composed largely of 
scattered K particles, a magnetic channel was set up at 
an angle to the primary proton beam at which direct 
production of K particles in a nucleon-nucleon inter- 
action was expected to be small, on kinematic con- 
siderations. From the observed A*-particle scattering 
cross section,!® a fairly large flux of particles scattered 
in secondary collisions in the target nuclei could be 
expected at such angles (backward in the laboratory 
system). 

A difference in the 7/K,2 ratios measured in such a 
beam and in a beam at an angle where direct production 
is dominant would provide a measure of the difference 
in scattering probability for the two particles. 


EXPERIMENTAL DETAILS AND RESULTS 


Two stacks of Ilford G5 emulsion strips were exposed 
in a magnetic strong-focusing and analyzing channel'®.” 
to particles emitted from an uranium target at 120° to 


16 The magnetic strong-focusing and analyzing channel used in 
this experiment is the same as that used at 60° in several other 


experiments. !0!5.17 
17 Harris, Orear, and Taylor, Phys. Rev. 101, 1214 (1956). 





SCATTERING OF K*t 


PARTICLES 


TABLE I. Beam intensities. 








Experimental conditions 


K*/x* ratios 
K*-meson yield® (in the emulsions) 





2.9-Bev internal proton 
beam, Cosmotron, 

U target—} in. X} in. X} in. 
Secondary beam: 340 Mev/c 
at 120°. Path length—10 ft 


Present experiment 


2.9-Bev internal proton 
beam, Cosmotron, 

Cu target—# in. X} in. X} in. 
Secondary beam: 290 Mev/c 
at 60°. Path length—10 ft 


Harris e¢ al.» 


6.2-Bev internal proton 
beam, Bevatron, 

Cu target. Secondary beam: 
356 Mev/c at 90°. Path 
length—9 ft 


Harris et al.* 
Kerth et al.4 


~70/cm*/5 X 10" protons 


(280+40)/cm?/5.6X 10" protons 








~1/400 


~1/600 


(1310+150)/cm?/4.2X 10" protons 


* These yields are the numbers of K* mesons in the emulsions, per cm? perpendicular to the beam, for the given number of protons incident on the target 
> See reference 17. The uranium target used in the present experiment contains approximately the same number of nucleons per cm? as the copper target 


used by Harris et al. 
© See reference 12. 


4 Kerth, Stork, Birge, Haddock, and Whitehead, Phys. Rev. 99, 641(A) (1955). 


the incident 2.9-Bev internal proton beam of the Brook- 
haven Cosmotron. Figure 1 shows the experimental 
arrangement. The plates were 10 feet from the target, 
which was } in. thick in the beam direction, by } in. by 
% in. Uranium was used for the target, in order to have 
a high probability of K-particle scattering in the target 
nucleus. The magnetic channel was arranged to give 
positively-charged particles of momentum 340 Mev/c 
incident on the stacks. 

The angle and momentum were chosen to give a 
predominantly scattered beam: For a K particle of 
momentum 340 Mev/c to be produced directly at 120° 
in a nucleon-nucleon collision, a target nucleon moving 
toward the incident proton must have a minimum 
Fermi energy of 27 Mev (momentum 227 Mev/c). If 
one assumes that the Fermi momenta follow a Gaussian 
distribution that corresponds to an average energy of 
19.3 Mev,!® only about 2% of the nucleons have 
momenta in the backward direction > 227 Mev/c. 

The total numbers of protons incident on the uranium 
target were 7X10" for one stack, 1X10" for the other. 
The K-meson yield was ~70/cm?/5X10" protons 
incident on the target, and the K+/x* ratio in the 
emulsions was ~1/400. Table I gives a comparison of 
these intensities with those observed under other 
experimental conditions. 

In order to avoid scanning bias in finding different 
types of K-meson decays, along-the-track scanning was 
done. Tracks of the appropriate grain density were 
picked up at about 3 cm residual range, and followed 
to their ends in the stack. Each track end was carefully 
examined for secondary tracks. As the plates were very 
clear and well-developed, and the plateau blob density 
was ~28 blobs per 100 yu, the efficiency for finding Kz, 

18 Block, Harth, and Sternheimer, Phys. Rev. 100, 324 (1955); 


H. York, Phys. Rev. 75, 1467 (1949); E. M. Henley and R. H. 
Huddlestone, Phys. Rev. 82, 754 (1951). 


mesons” was thought to be equal to the efficiency for 
finding r and r’ particles and K,3’s with low-energy 
secondaries, except for decays occurring near the 
emulsion surfaces. With the assumption that secondary 
tracks would be missed if they contained fewer than 
10 blobs in the plate in which the decay occurred, a 
correction was made for the inefficiency for observing 
single secondaries near the surfaces. This correction 
amounted to 5% for Kz, mesons. 

7 mesons were identified by their characteristic decay 
into three coplanar charged + mesons. 7’ and K,s 
mesons were distinguished by tracing all single gray or 
heavily-ionizing secondaries to the ends of their ranges, 
where their decays identified them as 7’s or w’s. Among 
the K,; mesons, the blob densities of those whose 
secondaries had true dip angles <9° were carefully 
measured in order to distinguish K,2 from K,» particles. 

As a result of the along-the-track scanning, 566 K, 
mesons, 28 + mesons, 16 7’ mesons, and 2 K,3 mesons 
(with secondary track blob densities greater than ~1.7 
minimum) were found. With the efficiency correction, 
the number of Kz, mesons is 594. Of these, 72 had sec- 
ondary tracks flat enough to satisfy the dip angle 
criterion. Approximately 1000 blobs were counted on 
each of these, near the decay, and their ionization 
densities g*, relative to beam pion tracks in their 
neighborhoods, were determined. 

The distribution in g* of the 72 secondary tracks is 
shown in Fig. 2. The good separation of the two peaks 
was obtained by counting additional blobs on all sec- 
ondary tracks for which 1000 blobs gave 1.04< g*< 1.08, 
in order to reduce the statistical uncertainty. All the 
particles included in the lower peak, g*< 1.05, are 


19 A meson is classified as a Kz particle if it has a single charged 
secondary of ionization smaller than ~1.7 times minimum ioni 
zation. This class includes all Ky2, K 2, and 43 particles, and those 
Kys particles which decay into high-energy muons. 
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TaBLE II. Relative frequencies, in percent, of the various modes of decay. The values found for a beam composed predominantly 


of scattered K* particles are compared with those found for beams consisting mainly of directly-produced K+ particles. 











Scattered beam 


Direct beams 





Hoang ef al.» 
2.9-Bev internal proton 
beam, Cosmotron, 
Cu target. K* particles: 
270 Mev/c at 60°. 
Path length—10 ft 


Present experiment* 
2.9-Bev internal proton 
beam, Cosmotron, 

U target. K* particles: 
340 Mev/c at 120°. 
Path length—10 ft 


2.9-Bev internal proton 
beam, Cosmotron, 

Cu target. K* particles: 
290 Mev/c at 60°. 
Path length—10 ft 


Whitehead et al.e 
6.2-Bev internal proton 
eam, Bevatron, 

Cu target. K* particles: 
330 Mev/c at 90°.! 
Path length—9 ft 


Ritson ef al.4 
6.2-Bev internal proton 
beam, Bevatron, 
Ta target. K* particles: 
330 Mev/c at 90°. 
Path length—9 ft 


Harris et al.¢ 





60+9 
30+6 
6.941.0 
2.72.0 


59 (+11) 
21 (+7) 

8.7 (42.3) 
6 (+2) 


Ka 5 (+3) 


57.2+5.0 
31.243.5 
6.9+0.8 
2.61.1 
2.11.5 


55415 
30+11 
7.6+0.9 
5.0+2.0 
1.741.5 


7341.4 











* In obtaining the percentages of Kuz: and Kz mesons, it was assumed that none of the 72 K* particles whose secondary tracks were blob counted were 
Kea or Kus mesons, The electrons from Ke: would have g* 1.08 (see Fig. 2), so the Kes's are included among the Krz particles. The total number of Kus 
particles was deduced from the observed number by assuming that the decay scheme is Kus—yu+7°+~», and that the muon energy spectrum is determined 
entirely by the three body phase space factor.'8 The value of 2.7% is based on the two Kus events which gave secondaries of energy <25 Mev (g* >1.7). 

> See reference 10, The percentages in the table are those given by the authors as most probable. By assuming that none of the Kx particles they analyzed 
were Ke3 or Kus mesons, they found as upper limits 65% Ky2 and 24% Kr particles. The errors given in the table in parentheses are standard statistical 
deviations estimated by us from the numbers in the quoted paper, as errors were not given there. 


© See reference 17. 
4 See reference 5. 
© See reference 9. 


{ With incident protons of 6.2 Bev, direct production of K* particles of the observed momentum at 90° in nucleon-nucleon collisions is highly probable, 
and the K*-particle beam is most likely composed predominantly of directly-produced particles. 


classified as y’s from K,2 decays; all in the higher peak, 
g*> 1.08, are classified as w’s from K,2 decays. In eight 
cases, the identifications were checked carefully by 
blob counting a second section of the secondary track 
at 4 to 7 cm from the K-particle decay. No special 
effort has been made to identify electrons from K,; 
decays or high energy muons from K,3’s among these 
72 Ky secondaries, since these are too rare to affect 
appreciably the measured percentage of K,2 mesons. 

Rough blob counts were made on about 100 addi- 
tional Ky, secondaries, in a search for secondaries with 
1.2<g*<~1.7. One such track was found, which 
proved to be a muon of 27 mm range from a K,s. 

The results obtained on the composition of the 
“scattered” beam are given in Table II, and comparison 
is made there with the results of similar measurements 
on beams consisting mainly of directly-produced K 
particles. 
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. 2. The blob density distribution for the secondaries of 72 Kz, 
mesons with true dip angles <9°. 


DISCUSSION AND CONCLUSIONS 


It is evident from Table II that, within the experi- 
mental accuracy, the relative proportions of 7 and K,2 
particles in the ‘“‘scattered” beam are the same as in the 
“unscattered” beams. 

The conclusions to be drawn from these results 
depend, of course, on the extent to which the 120° beam 
is scattered and the other beams are directly produced. 

A rough estimate, based on an extrapolation of the 
results of Block, Harth, and Sternheimer'® indicates 
that the number of K particles directly produced at 
120° by 2.9-Bev protons in heavy nuclei is ~1/20 of 
the number directly produced at 60°. As can be seen 
in Table I, the ratio of A-particle fluxes observed at 
120° and 60° is Vi20°/Neo°~}. Then, if fs is the fraction 
of directly-produced particles in an observed beam at a 
given angle 6, we have f120°/ fe0*=(1/20)/(1/4)=1/5. 
It is estimated that for production in copper, fe0°=80%, 
so that the fraction of the beam at 120° which is 
directly produced is only ~16%. Thus, based on these 
considerations, the 120° beam is justifiably regarded as 
being largely a scattered beam, in contrast to the 60° 
beam. The calculations assume a Gaussian distribution 
of Fermi momenta in the nucleus, such that the average 
nucleon energy is 19.3 Mev'*—a distribution with a 
much larger high-momentum tail could appreciably 
affect these values.” 

The yield of K mesons at 120° resulting from a 
process in which a pion is first produced and then makes 
a K particle in the same nucleus has also been estimated. 
One would like to know the ratio R at 120° of the in- 
tensity of scattered K mesons to the intensity of those 
produced by secondary pions, but the detailed cross 
sections necessary for this calculation are not known. 


2 We wish to thank Dr. R. Sternheimer for helpful discussions 
concerning the estimate of the fraction of directly-produced 
particles at 120°. 





SCATTERING OF Kt 


However, the order of magnitude of R can be estimated 
from the following relation: 


s o(pN,Kt)o(K* scatt)t 
~ o(pNx)o(eN,K*)F 


where o(pN,K+) and o(xN,K*) are the cross sections 
for production of K*+ mesons in proton-nucleon and 
pion-nucleon interactions, respectively, o(pN,7) is the 
cross section for production of pions in proton-nucleon 
collisions, and o(Ktscatt) is the cross section for 
scattering of K+ mesons. The factor F gives the fraction 
of the total pion spectrum with sufficient energy to 
produce a 340-Mev/c K+ particle at 120°. The minimum 
energy required, E,,, depends on the angle of pion 
emission, and is about 1.3 Bev in the lab for pions 
emitted within 30° of forward, assuming a nucleon 
energy of motion of 20 Mev. From the results on pion 
production of Block ef al.2! and of Niemann et al.,”* we 
estimate F~1/10. The factor ¢ represents the average 
effective thickness of nuclear matter available for 
scattering of a K* produced in the nucleus, and is of 
the order of the radius of the uranium nucleus. Simi- 
larly, ¢’ is the thickness of nuclear matter in which a 
pion can produce a K meson in the 120° beam, but #’ is 
considerably less than the nuclear radius because‘a 
pion is soon degraded in energy to below En. Ittis 
estimated that ¢/t/5. For o(pN,r) we use the value 
9 mb”! obtained for single pion production in proton- 





proton collisions at 2.75 Bev, as multiply-produced 
pions very rarely have energies > £,,. For o(K*tscatt) 
we use 6 mb.!® Combining these values, we have 


R300 (pN,K+)/o(rN,K+t). If o(#N,K+) should be 
found to be an order of magnitude greater than 
o(pN,Kt), then the At intensity at 120° from sec- 
ondary pions would be a sizable fraction of the total. 
However, at present the total cross section for pro- 
duction of heavy unstable particles in pion-nucleon 
collisions appears to be about 0.9 mb,” and in nucleon- 


21 Block, Harth, Cocconi, Hart, Fowler, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 103, 1484 (1956). 

22 Niemann, Bowker, Preston, and Street, Bull. Am. Phys. Soc. 
Ser. II, 1, 172 (1956), and private communication. 

23 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 98, 
121 (1955). This cross section was measured for m~ mesons 
interacting with protons, while the singly-produced pions we 
must consider are a mixture of »~ and w* mesons (mainly 7z*), 
interacting with both neutrons and protons. 
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nucleon collisions, ~0.4 mb,” in the appropriate energy 
ranges, so one expects o(7,K*) and o(pN,K*) to be 
of the same order. In this discussion, it has been assumed 
that the cross sections are approximately isotropic in the 
center-of-mass system of each interaction. Forward- 
backward peaking would make K-production at 120° 
by secondary pions even more unlikely. 

In view of all these considerations, it appears that 
about 75% or more of the K+ mesons observed at 120° 
were scattered, the remainder being directly produced 
in nucleon-nucleon or pion-nucleon collisions. In con- 
trast, the beam at 60° was ~80% directly-produced. 

Within the possible limitations of the method, and 
the statistical uncertainty of ~30%, the results of this 
experiment indicate that r and K,2 mesons have the 
same scattering cross section, as well as the same mass, 
lifetime, excitation curves and energy dependence in 
production. The results are therefore consistent with 
the assumption that they are the same particle—a 
particle of mixed parity, as proposed by Schwinger,” 
or a particle which can decay without parity conser- 
vation, as discussed by Yang and Lee.”® If the 7 and 
K,2 are different particles, then the similarity in their 
properties and behavior is surprising, and must proba- 
bly be explained by some genetic relationship,”*’ or 
by postulating that particles with odd-valued strange- 
ness exist in doublets of opposite parity, as suggested 
by Lee and Yang.”8 
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A system described by a first-order linear field equation, with matrix coefficients satisfying the general 
commutation rules of degree » derived by Bhabha, is assumed to interact with an external electromagnetic 
field. By manipulation of permutations of the operators involved, a systematic procedure is developed for 
extracting the intrinsic moments of a system of arbitrary »; such moments are found to exist up to and 
including 2"~-pole order. The (covariant) interactions are simplified by considering the system in one of 
its rest states. An explicit formula for the magnetic dipole moment’ is derived and compared with the 
result obtained for a special case by Harish-Chandra. 





1. INTRODUCTION 


T will be assumed that the behavior of a free quantum-mechanical system is described by a field function y 
satisfying the linear first-order wave equation 


(i8"d,+kW~=0, 0,=0/dx*. (1.1) 


It can then be shown,! on grounds of relativistic invariance, that the quantities (780,) satisfy a minimal equation 
of degree n which can be written generally as ?* 


(B*1B42— a;?guin2) bos (Bun-1gHm— gq 2ghn—1bn) Ou é *Ou,=0, (n even= 2p) (1.2a) 
B*1(BH3B43— g2gu2us) wa (BHn—-1B Hn — g 2 phn Hn) Oyu -**Oun=0. (n odd= 2pt+ 1). (1.2b) 


Since the operators in (1.2) are polynomials of degree m in the four partial derivatives 0,, and the equations hold 
for arbitrary 0,, it follows that the coefficient of Ou::--Au, for each independent set (0x1,:+-,@un) must vanish, 
and hence the 6* must obey the general commutation rules 


n! 
>. $-{ (B*1842— a;g#iH2) oes (B¥n-1B Hn — a,2ghnin) | = Q, (n even= 2p) (1 3a) 


r=] 


n! 
Y¥ ,[ 84! (842843 — a,2gH2Hs) +» (Bun- 1BHn— q,2gHn—1Mn) | = 0, (nodd= 2p+ 1) (1.3b) 
r=] 
where the sum is to be taken over the ! permutations of the m indices (1,---,un). If now (1.1) is substituted into 
(1.2), ie., (840,) replaced by (ik) wherever it occurs, the latter equation assumes the matrix-free form 


(k?+-4°0""0u1): + (R?+4,70"0uy»)=0, (nm even=2p9), (1.4a) 
(ik) (k?+-4;°0"'0u1)- + - (R?+4,?0"?0u»)=0, (n odd=2p+1). (1.4b) 

Hence the field function for a free system is associated with particles of rest mass 
m,=hk/(a,?)'c, (q=1,---, p). (1.5) 


It will be further assumed that, in the presence of an external electromagnetic field described by the 4-potential 
A,, the field equation obeyed by the field function is changed to 46 


[i8"(0,— @,) +k W=0, (1.6) 
where for simplicity of notation 
Q,= (te/Ac) Ap. 

* Now at Box 24009, Los Angeles 24, California. 

+t Now at Hughes Aircraft Company, Research Laboratories, Culver City, California. 

1H. J. Bhabha, Revs. Modern Phys. 21, 451 (1949). 

2 The metric chosen is g°= —g/=1 (j=1, 2, 3); g”’=0 for ux». 

3 Note that the theory is invariant under permutations of the a, (¢=1, ---, p). 

‘Such a substitution may be made only when it will not lead to inconsistencies; we have not considered this matter here as it is 
more conveniently done in connection with investigations of specific systems. Harish-Chandra‘ has given a plausibility argument that 
solutions exist for the case where only one a; is not zero. 

§ Harish-Chandra, Proc. Roy. Soc. (London) A192, 195 (1947). 
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Replacement of (1.1) by (1.6) leads, in Sec. 2, to a result differing from (1.4) first in the direct replacement 
of 0, by (d,—@,) and second by the appearance of additional expressions involving various combinations of §’s 
and g’s together with derivatives of @, up to and including the (w—1)th. The first change is associated with 
so-called orbital effects, which disappear’ if the system is brought to rest ; the newly introduced terms are associated 
with effects intrinsically involved with the structure of the system and lead to moments of multipole order up to 
and including 2"-'. The remainder of this paper consists of the extraction of explicit expressions for these intrinsic 
moments for arbitrary » followed by treatment of special cases. 

2. RATIONALIZATION OF THE FIELD EQUATION 

The noncommutativity of the quantities (0,—@,) considerably complicates the rationalization of a field 
equation into which they are introduced. Premultiplication of a product of m factors (Ou1:— @u1)- + * (Oun— @un) by 
the operator of the minimal equation (1.2), and use of (1.6) to replace 64*(0,—@,) by ik, leads to (nonzero) 
expressions’ 


[(B41842— ay? guin2) . « « (Ban-1Bum— a.,?ghm—iHn) } (Oui — Gur) + + (Dun— Gun) 
=[—k—a?(d"'— @#!) (Ou1— Gui) J-- sg oan liana (neven=2p), (2.1a) 
[841 (343843 — ay?guans). « » (Bur-3gun— g,2gum—iHn) }(Oui— Gur) +» (Oun— Gun) 
= (ik) [— k’— a2 (0“!— @#") (Ou1— Qui) |- ih gate’ GQ?) (Oup— Quy) |], (modd=2p+1). (2.1b) 


Extraction and classification of the newly introduced terms—and hence of the moments of the system—requires 
application of the commutation rules (1.3) (in suitable form) to the left-hand side of (2.1). It follows from post- 
multiplication of (1.3) by the product of operators (A41— @u1)-** (Oun— Quy) that 
n! 
{> orL_ (B#1B42— a;?guin2) ese (B4n-1B4m — gq 2gun-iun) ]¥ (Ou1— Qu) +++ (Oun— Qun)=0, (nm even= 2p) (2.2a) 
r=] 


n! 


{> $,[B*! (B#2B43— a,2gH2Hs) . - + (Ben-1un— gs 2 gun en DJ} (Oui— Quy) -* * (Oun— Gun) =0, (n odd=2p+1) (2.2b) 
r=1 
where it is to be understood that only the indices of the 8’s and the g’s are to be permuted. However, since all the 
indices 4 are to be summed over, the permutation may be transferred to the indices of the (0,—@,), whence 
n! 


[ (B#1842— a;2geie?) ae (BHn-1BHn— q 2gHn-1Hn) |S” orl (Oui— Qui): + (Oun— Gun) |=0, (n even= 2p) (2.3a) 
r=] 


[B41 (B42g43— q,2gu2Hs). . - (Gun—1BHn— gin tun) | > br[.(Ou1— @ur)* + * (Oun— Gun) ]=0, (nodd=2p+1). (2.3b) 


r=] 


Finally, subtraction from (2.1) of (2.3) multiplied by (1/n!) yields an equation analogous to (1.4): 
[k?+-a;?(0"!— @#!) (Oui— Qur) |: -LR’+a,?(047— Q*”) (Oup— Quy) | 

= (—1)?(B#1B42— a,2gHiH2).. . (Gun-1gun— gun-lin) Ruy..-un, (meven=2p) (2.4a) 
(ik) [R?+-a1?(0“!— @#t) (Ou1— @ur) ]- - - LR’ +a,?(04"— @#?) (Oup— Quy) | 


= = ( _ 1) 78" (42Q43— gu2us). . + (Ben 1B Hn — gin ton) Ryy-- ‘may (9 odd= 2p+1) (2.4b) 
where 
1 2! 
Ru-- a pa {((Ou- @u1) PIPL, (Oun— Gun) |—orL (Ou1— Qu) is (Oun— Gun) |}. 
n!r=l 
For each permutation ¢, in (2.5), every expression of the form 04;@,, in the first (unpermuted) term may be 
paired with an expression in the second (permuted) term either of the form 0,;@u, or of the form 0u,@u,;; conse- 
quently the R operator may be expressed in a form involving not the potentials but rather the field strengths® 
defined by 
Fuju.= OnjA Bk Our A uj, (2.6a) 
6 Except for a purely electrostatic term and a term which may be made zero for the electromagnetic field by a suitable choice of 
gauge; see Sec. 3 below. 
7 Operation on y is understood. 


8 In the present paper, only interaction terms linear in the field strengths will be retained; i.e., all external fields will be assumed 
to be weak. 
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or for simplicity by 
Fu juxr=OujQur— OupQujs= (te/he) Fu jur. (2.6b) 
For a system with commutation rules of degree n, the R operator will involve terms up to and including the 


(n—1)th derivative of the potential and thus moments up to the order of 2"~!-pole. It will be convenient to separate 
R into terms associated with a given multipole moment, i.e., 


(2.7a) 
where R“™ contains terms of the form 


[ (Ou1Oug* * + Ourr1Fumrys)On1y2° **Oun |. (2.7b) 


The expression of the R operator in the form (2.7) for general is not difficult provided one first gains experience 
with the manipulations involved by starting with the evaluation of R for small values of m. For this reason, as a 
first step the Dirac case will be worked out in complete detail to illustrate the techniques involved with as few 
mathematical complications as possible. The unpermuted terms in Ryjy2 may be written out explicitly as 


(Ou1— @u1) (Ou2— Au2) = Au10u2— Qu Pu2— Qu20u1— (Ou1 Qua), 


where the parentheses in the last term indicate that the derivative operates upon the potential @y2 rather than 
upon the field function. Then subtraction of an individual permutation gives (with a slight change of notation) 


(Ou1— @ur) (Ou2— Que) — (Dug cr) — Aug (ay) (Pug (2) — @ug 2) 
= Ou1Ou2— Oug(1)Oug (2) — Aur1Ou2— Au2dui t+ Qug(1)9u9(2) + Qug (2) Aug (1) — (Our Qua) + (Aug (1) Qug 2). 


The first set of terms vanishes because the order of taking partial derivatives is immaterial. The second set of 
terms vanishes in pairs of terms, since either ¢(1) or (2) is 1 and the other is 2. The third set of terms vanishes 
for the identity permutation, but for the other permutation of the two indices [¢(1)= 2, ¢(2)=1] becomes — Fue. 
Consequently a summation over permutations yields the well-known result 


Ruywo= (1/2 !)(— Fume) = — FF ume, (n= 2). 


In extraction of the R operator for arbitrary 1, it is useful first to write out the product (Au1— @u1): + + (Oun— Gun) 
and group terms according to the number of times @, is differentiated. It then becomes clear that: (1) all terms, 
except the one that does not contain @,, are negative; (2) the potential @,; for a particular k is acted upon only 

‘ : . - . . ice 5 —— ; n 
by 0s; for 7<k; (3) the number of terms in which @, is differentiated 7 times is the coefficient | —s ) of 
the (j+1)th term in the expansion of (x+¥)". 

Next, an individual permutation (044(1)— @ug 1) - - (Oug(n)— @ugin)) May be subtracted from the above (and 
grouped according to the number of times @, is differentiated). Then, a sum is taken over all m! permutations ¢. 
The general formula is obtained by a process of grouping and counting the various types of permutations; each 
contribution R“ may be expressed as the sum of (w—/) partial sums on 1 to (m—/) indices’: 


1 l 
ee —{>° [Our---(Ou;)°- : * Oni Fu ius 1 }Oury2° > -Oun 


I+1 i=1 


41 +1 
+ > > [Ous° ob (Ou:)°(Ou;)°- : Oni F uw inty 2 |0ujOury3° **Oun 
s=1j=1 
tj 
1442 1+3 
+> ¥: COur- + + (Ous)°(Ou5¢1))°(Ouj cay) + + Ourp 2 Fu imres 1Ouj(1) OM 52) Ourya* * * Ount °° 
i=1 1 =j(1) <j(2) 
)? 
2) 


+ 
) 
#3 (1), 7( 


n—1 

2 [ Oui: : * (Ou5)9(Ouj(1)Ouj(2)° © - Ouj(n—1-1))°° > * Oun—1F ninn | 

1 =j(1) <j(2) +++ <j(m—I —1) 
§ #7 (q) 


X Ou j(1)9uj(2)* - * Onj(n—I-1)}- (2.8) 


® The symbol (@4;)°=1 will be used to indicate the absence of 04; where it would normally appear in the expression involved (this 
even though that particular partial derivative should happen to be shown explicitly in displaying that expression). 
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Equations (2.4), (2.5), and (2.8) present the intrinsic moment terms as the product of one factor in the 6’s and 
g’s and the sum of a large number of factors involving the field strengths. On the other hand, actual moments are 
defined in terms of coefficients of the field strengths (or their derivatives), and hence it would be much more 
convenient if the right-hand side of (2.4) were re-expressed as the product of a sum of terms involving the 6’s and 
g’s and a single term involving the field strengths. Equation (2.8) may be manipulated so that the effect of a weak 
external electromagnetic field may be expressed by an equation of the form 


[R2+-a;2(0“1— @#!) (Oui— Qus) ]-- - LR? +a,?(04"— 4) (Oup— Quy) | 


n—1 
=(—1)?>> T cay": Our: : Out Fumiy1 |Our42° -*Oun, (n even= 2p) (2.9a) 
l=] 


(ik) [RP +a2(9"1— GQ") (Oui— Qu) |: fb [e+a,?(a— Q#?) (Oup— Qup) | 


n—1 


=(—1)?>> T 1)" “Br Ours + Ou Furs \Ourpe***Oun, (n odd=2p+1). (2.9b) 
l=1 


If for convenience a B operator is defined as: 


a (B41842— aq 2guina) . ee (B¥n-13Hn — a,gh 1m) (n even=2p)) (2.10a) 
M + Ma 
BH (B42gH3— g,?gu2Hd). . . (QHn-1Bun— gq 2pHn-1Hn) (nm odd=2p+1) (2.10b) 


the problem is that of expressing the 7) operator, as a sum of B operators, to satisfy identically the condition 


n _ a4 7 _ 
Ty"! hin unl Our" + On1-1Suimly 1 |Our+2° **Oun 


1 l 
= a BM mf [Ovn- di (0»,)°+ + Ov Fvivty 1 ]Or42° + Ovn 
1+1 i=l 


14+1 1+1 
+> pal [An: a (Av;)°(0»,;)° . Ovny 1Frivry2 ]OvjOvr4 tle. p 
i=1j=1 
tJ 


142 142 
+> :. [An shel (Av5)°(Av5(1))°(Av5¢2))"* ” Ovi oF v gvpy 3 ]0r;(1) O52 Ovis ‘we *Ovnt ik fae 
#=1 1 =j(1) <j(2) 
§ #3(1), 9(2) 


n—1 n—1 


+> x [Av- np (Av;)°( Ov; (1) Ov; ** Ov; n—l 1))°: : Orn 1F rien |v; 1 Ov; a's * 


— 
$=1 1 =j(1) <j(2)-++ <j(n--l—1) 
XAvjn-t-1}. (2.11) 
By a process of matching indices it can be shown that 


1 l 1+1 141 
Tay": Hn = ——__{}~ Bese: ++ wim 1M lMimit1 + +n x. Ya Bene. . -wi-tmlminits.. -mj—-2ul42Mj—1.- wn 
1+-1 i=! i=1j=1 
ivy 
142 142 
Bene... -mim1wlmimity . «47 (1) 2614247 (1) 149 (1) - - -H i (2) 3K 1434; (2)—-2 Hn. ee 3 (2.12) 
4#=1 1 =j(1) <j(2) 


where insertion into (2.9) is understood and where (1) in each case uw; appears as the ith index, wiix41 as the 
7(R)th index; (2) all indices appear in order except those specifically shown otherwise; (3) no index appears twice ; 
(4) the above sums are written out for the case of i the Jeast of the summed indices; the form for other cases is 
evident by inspection. 
3. SYSTEM AT REST 
Most expressions characterizing properties of a system assume especially simple forms when the field function 


is assumed to be that of a plane wave at rest, i.e., when the system is in one of the 2 states for which the momen- 
tum operator has zero eigenvalue: 


pw=—ihdy=0 (j=1, 2,3). (3.1) 
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Let the system described by (1.1) be in the particular (positive energy) rest state characterized by rest mass 
m, (g=1, ---, p). Then it follows that the energy may be expressed variously as 


Cpo= —thcdo= mc? = hkc/ ag, (3.2) 
and from (3.1) and (3.2) that the field function has the space-time dependence 
y~exp(im,cx®/h) = exp(ikx®/aq) (3.3) 


and that the matrix @° has the eigenvalue ay. 

Now suppose that the system at rest in state q is placed in a weak external electromagnetic field so that the 
system is described by (2.9). The result of the external field will be to change the rest energy of the system by 
an amount 6£,; the field function becomes of the form 


ik i6E, 
yvexp| (—+ | 
a, he 


whence, with the aid of (3.1), (1.7), and the assumption that the external field is weak, it follows that 


(0*— @*)(0,— Gy) = Pd —2Q@°dwW— (0*A,)¥+(A*G,)y 


ik i6E,\? ie ik ke 2kdE, 2k eAg 
~(—+—*) 2 to)(—)y—(ora,v~/ += —"y— (ray. 
a, he he dy e” & He a, he 


The third term on the right, corresponding to an interaction energy eAo, is just the electrostatic interaction and 
will be ignored ; the fourth term may be made zero by proper choice of gauge. Hence for a system at rest the factors 
on the left-hand side of (2.9) may be replaced, for i=q and i¥q respectively, by 


[k?+a,?(0*— @*)(0,— @,) ]—> —2kasE,/hc, (i=q); 


, (3.4) 
[k+a?(d*— @*)(0,— @,)] > B—(ar/ae)k? (iQ); 


by postulation of a rest state and rejection of the electrostatic terms, not only have the orbital effects in (2.9) 
been made to disappear but also all derivatives have been replaced by algebraic quantities. 

The right-hand side of (2.9) may be greatly simplified also: the (n—/—1) indices u:,2 through u, may be replaced 
by the index 0 by virtue of (3.1); from (3.2) the (n—/—1) partial derivatives dy:;2 through 0x, may be replaced in 
toto by (ik/a,)""'". Finally, then, Eqs. (2.9) become, for a system in rest state g, 


E 
[k— (a:2/a2)k?] - | -2he ‘| -- [R= (a,2/a,2)R7] 


hc 


n—2 ik n—I—1 
=(-—1)?> (-) CT cyt #49 -- OU Ouy- + -Aut-1Fumiy1], (meven=2p) (3.5a) 


i=l \ dq 


(ik) [k?— (a:2/a,2)k?)- - |- Shep 
he 


| . -[R- (a,2, a,?)k* | 


n—1 Sik\ 2-1 
=(—1)?> (-) CT yt 4+ © Aur: + OuaFumrys], (modd=2p+1) (3.5b) 


i=1 ag 


and by solving for 6£, the change in rest energy may be expressed compactly with the aid of (2.6) as 
n—1 


cP 
6E,= ae I] (e?—a,)]} l > (a,)??*! = ~2(ik)- IT ay" ++ -Bi+10.. 1 Our: ° * Our1Fumigs |, (3.6) 
l=1 


i*~@ 


independent of the relation between m and p. 
4. MAGNETIC DIPOLE MOMENT 
Suppose now that there exists, in the rest system, a static magnetic field 


Oi=Fx=—Fij, (j,k, l=cycl. 1, 2, 3). 
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The magnetic dipole moment operator M,,)“* for the rest state of mass mz, is defined as the /-component 
(j, k, l=cycl. 1, 2, 3) of the 3-vector w in the expression 


§E,= —v-H=—LiniD: (4.2) 


Since ; appears twice on the right of (3.6), once positively as Fj, and once negatively as F;,;, its coefficient the 
magnetic dipole operator is the sum of two terms, and by comparison of (3.6) with (4.2) may be written as 


é P 
M @" a aaa - TT (a?—a,’) | WT ai” ae T (3)*” 7. (4.3) 
41 


iq 
From (2.12), the T operator for /=1 may be written out as 
T a"! a , { Beiwe.. nt. F MiMguaM4. « Hn}. Busuinaus . dnt. Beiusnsu2us dnt. Buseimsueus Ln 
+ BesHsw1H2MS « - unt. Be IMsHsHSH2HE. - ‘Hn. BesH1Msu5H2K6 «nt. BesHsHlusH2H6 - nt BusususuiH2u6---Hnt... 2 (4.4) 


[In all there will be (n—1) partial sums, the ith having 7 terms, a total of m(m—1)/2 terms. ] If now (4.4) is sub- 
stituted into (4.3), the magnetic dipole moment operator may be expressed in terms of the B’s as 


ie p 
M qyVik= —(a,)??" TTI (a2—a?) -{[B*:-- 04. Bi0ko O44 Boiko 04. Bi00k0 . 04. B0i0k0 04. F200 jk0 O4. _ 
4k 


1¥q 
+ Bi 0)i-14(0)n-i—-1_4. BO; 0) i—2k (0) n—-i 1+ B 0)27(0) i-3k (0) n—i 1+. as +B 0) 4-174 (0) n—-i it. es 
+ BiOn-rk4 ...4 BOn-ik) i ORY, (4.5) 


where (0), means 0 repeated m times. It is possible to find M,,.)“)** in terms of 8’s and g’s by returning to the 
definition of B in (2.10). However, the resulting expression for general m is unwieldy and has certain inherent 
pitfalls along the path or precise expression. It is in general simpler to find the explicit form of the B’s for the 
case under consideration and substitute directly into (4.5). 

As a simple example of the application of the magnetic moment formula (4.5), consider the system with one 
finite rest mass treated by Harish-Chandra,*” for which a?=0 for ix p, and a,?=1. From (2.10) the operator B 
becomes 

Bei: - n= Bel. . «Ben 2(Qun 1gHn — gln- ln) (a? = 65») 


and when the system is considered in the rest state takes on the very simple forms 
B7(6°)*B, t<2 


BOri sk 0 ‘= (a? = 68,5). 
0, t>2 


All partial sums disappear for (n—i—1) > 2 (i.e., i<<nm—3), and the expression in (4.5) in curly brackets reduces to 


({8°L (6°) "$+ (6°) "4+ - - +1 J8*+6'[ 6°)" ?+ (6%)" +--+ +1 ]8*}— {7 R}). 


Thus the magnetic dipole moment for this special case may be expressed as 
M (py ik— (ie 2k){8-[1 +-3°+ (8°)?+. gz +14 (8°)"-2]8*—B*[1 +p°4+ (6°)?+ rae +4 (6°)"-27187} ,, (a2=6;») 


which agrees in essence with the result of reference 5." 
10 Harish-Chandra, Report of an International Conference on Fundamental Particles and Low Temperatures, Cambridge, 1946 (The 
Physical Society, London, 1947), Vol. 1, p. 185. 

1 Our result differs from that of Harish-Chandra in two respects: (1) by a factor of 2; (2) by the presence of (n—2) instead of m 
where m=n—2 for m even and m=n—1 for n odd. The factor of 2 is an error in reference 5, as can be seen most directly by considering 
the Dirac case, for which n=2. The second difference arises from the replacement of Eq. (13) by Eq. (33) in reference 5. 
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Possible interference phenomena between parity doublets are discussed. In particular, the decay particle 


distributions of >+ 


and A° produced in K~+) capture and in x~+ / collision are analyzed. These distribu- 


tions may have interference terms with odd parity. Experimental detection of such terms would constitute 
an unambiguous proof of the existence of parity doublets. It is further pointed out that such interference 


terms have a rather interesting time dependence. 





7 explain the apparent equality of masses of 
7+ (=K,;3*) and 6*+(=K,2*) it has been proposed! 
that there is a symmetry of all strong interactions 
called parity conjugation. All strange particles with odd 
strangeness would then exist as parity doublets, i.e., 
two states of opposite parity. 

We wish to point out in this note that for parity 
doublets with extremely close mass values (e.g., if case 
B of reference 1 prevails) there are possible experi- 
ments to determine unambiguously the parity doublet 
structure through the observation of interference phe- 
nomena between the two parities. These interferences 
characteristically produce in the observed quantities 
terms that have an odd parity. In Secs. I, II, and III, 
one such possible experiment—the K- capture in 
hydrogen—is analyzed in detail. In Sec. IV a discussion 
of the general description of a beam of particles with a 
parity doublet structure is given. The remaining two 
sections, V and VI, are concerned with the production 
of such a beam and the angular distributions in its 
decay. In particular, the distribution of the decay pion 
of a hyperon produced in a collision between pions and 
nucleons is discussed in some detail (cases B and C 
of Sec. VI). 

In this note parity is assumed to be absolutely conserved. 
The assumption of parity nonconservation in weak 
interactions has been discussed elsewhere.” It leads to 
angular distributions qualitatively different from those 
discussed in this note. A summary of these differences is 
given in the appendix. 


I. 


Let us consider the production and the subsequent 
decay of a =~ in the capture of K~ by protons at rest, 


K-+)—-2-+7"', (1) 
pnt, (2) 


* Work supported in part by the U. S. Atomic Energy Com- 
mission. 

¢ Permanent address: Columbia University, New York, New 
York. 

t Permanent address: Institute for Advanced Study, Prince- 
ton, New Jersey. 

1T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956); M. 
Gell-Mann, Proceeding of the 1956 Rochester Conference on High- 
Energy Physics (Interscience Publishers, Inc., New York, to be 
published). 

2 T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 


which has been observed in emulsions and in a bubble 
chamber. (Entirely similar considerations can also be 
applied to the =* and A° produced.) We want to discuss 
the distribution of the decay process with respect to the 
angle @ between the direction of motion of the 2~ and 
that of the decay neutron in the rest system of the =~. 
This distribution has been discussed by Treiman.’ 

We shall show that with the existence of parity 
doublet states for the 2~, odd powers of cos@ may ap- 
pear in this distribution as a result of interference be- 
tween the two states of the parity doublet: 2; and 2.-. 

To simplify the discussion let us first assume that 
the spin of the =~ is 3. Also assume for the time being 
that the incoming K~ is a particle of definite parity, 
say 6-. Take the z axis to be parallel to the direction of 
motion of =~, and resolve all angular momenta along 
the z axis. The =~ travelling along the z axis can have 
an angular momentum m=+3 or m=—} along the 
z axis. It is clear that there is no interference between 
these two states of different m. Each of them, however, 
is a mixture of 2; and Y_~-. The wave function yy for 
=~ with m=} at the time that it is produced (defined 
to be =0) can be written as! 


y= ay; (21) + dy; (22). (3) 


By a reflection with respect to a plane containing the 
z axis, one obtains the wave function ~_, for the pro- 
duced >~ with m= —3, at t=0: 


Y_4= ay_3(21) — bp_i (22). (4) . 


The minus sign comes from the fact that the 2, and 
>». have opposite parities. At time ¢ after the produc- 
tion of the 2, the wave functions of 2; and Ze ac- 
quire, respectively, the factors exp(—}A./—imit) and 
exp(—4Aot—imet), where Ay", Az! are the lifetimes of 
the Z; and Ys, and m, and m, are their masses. Thus if 
the decay occurs® at time ¢, the wave function for the 


3S. B. Treiman, Phys. Rev. 101, 1216 (1956). 

4The amplitudes a and 6 refer respectively, to the reactions 
6-+p2,-+2t, and 6-+p—22-+7*. The interference term be- 
tween the parity doublets 2; and 2 can exist only if both a and 
b are nonvanishing. 

5 The meanings of A (?) and B(é) are intuitively evident. Their 
use can be rigorously justified by using the Weisskopf-Wigner 
treatment of time-dependent Schrédinger equation [Z. Physik 
63, 54 (1930); 65, 18 (1930) ]. 
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cosé ) 
: me 
sinet*? 


a. sinOe~'? 
¥-;(21)—A cof ), ¥-(23)--B(0( ) 
1 —cosé 


where 


decay neutron is 


1 
weaio( ), w(e--BO( 
(5) 


A (t) _ A 0€ imit “ot. 
and 
B(t) = Boe imate, (6) 


Here 6 and ¢ are the spherical coordinates of the neu- 
tron. Its wave function is, therefore, for m=}: 


s +-bB iy 
bBsinde'e 7” 


( —bB i, 
aA+bB cos@ 
Squaring and adding, one obtains the angular distribu- 
tion of the decay neutron. It is proportional to 


W4(0) = f+g cos6, (8) 


(7a) 
and for m= —}: 


(7b) 


where 
f=|aA|?+ |bB|?, 

and (9) 
g=2 Re[aAb*B*]. 


The odd term cos@ gives rise to a forward-backward 
asymmetry. Its presence wouid constitute an unambigu- 
ous proof of the existence of the parity doublet struc- 
ture of the =~. 

From (6) one concludes that the even part of the 
angular distribution varies with time as (constant) e~™! 
+(constant) e~2'. The odd part of the distribution 
varies with time as e~}1+2)# cos{_(m,—m»)t+ constant ]. 
The presence of similar mixed time constant terms has 
been discussed by Treiman and Sachs® in another 
connection. 

The foregoing considerations should be applied only 
if the mass difference |m,—mz| is less than the energy 
uncertainty in the K~+ system. For mass differences 
| m1—m2| <10~ ev this is certainly correct. In the case 
of large mass differences, these two parity doublets 
would undergo y transition; e.g., 2;—722+y. Such cases 
will not be discussed here. 


Il. 


The actual situation is more involved because the 
captured K~ may exist in two parities; i.e., one must 
consider also the capture of 7~ by p. Altogether there 


6S. B. Treiman and R. G. Sachs (to be published). 
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are four processes: 
(10) 
(11) 


+ (10’) 


9 


(11’) 


Scale 
1 +7, 


T +p] 


The processes (10) and (11) were studied in the above 
discussion. Process (10’) is related to process (10) by 
the operation of parity conjugation Cp. [We adopt 
the convention Cp|@-)=|7~) and Cp|r~)=|6@-), and 
similarly for 2; and Z».] The two processes therefore 
have equal amplitudes. The same holds true for (11’) 
and (11). The capture of 7~ therefore produces the 
parity-conjugate wave functions for 2 at ‘=0; 1e., 
the parity-conjugate states of Eqs. (3) and (4): 


y= ay; (22) +bY;(21), (3’) 


and 


y. "4 =ay (22) — by 3(21). (4’) 


If the original K particle is a coherent mixture of 6~ and 
7 with amplitudes ag and a,, the wave functions for 
become: 


amy tay’ = (aed+a,b)y4 (21) + (aeb+a,a)y;(Z2), 
and 


caps tay_y'= (aea—arb)p4(21) 
+ (—aeb+a,a)p_;(Z2). 


In the subsequent decay process, 2; and 2» may inter- 
fere (but not the m=4 and m= -—+4} states, as remarked 
before). It is evident from (12) and (13) that a summa- 
tion over m=-+4 results in the cancellation of all 
interference terms aga, between 6 and r. The particles 
6 and + therefore behave in this process always as 
incoherent states. 

From (3’) and (4’) the angular distribution W (6) for 
the case of 7~ capture can be readily written down. 
One then obtains for the general case of the capture of 
a coherent mixture of @- and r+ with amplitudes ag 
and a, the angular distribution: 


(12) 


(13) 


W,(0)=f+Q cosé, (14) 
where 


f= |ae|?(|aA |?+|0B\*)+]a,|2(|bA 
Q§=2 Re{ A B*(|a|*ab*+ |a,|*ba*)}, 


|2+-|aB|*), (15) 
(16) 


where A and B are functions of time given by Eq. (6). 

The constants |ae|, |a,|, a, 6, Ao, and By that go into 
formulas (14) and (15) all have direct physical mean- 
ings. The constants Ao and By satisfy the following 
conditions: 


| Ao|?=A1, 
| Bo|?=Az, 


(17) 
(18) 





LEE 


(19) 


Bo A2\! 
- -+(<) 5 (Z2)—15 (21) | 
Ay Ai 


where 6(2») and 6(2,) are, respectively, the phase 
shifts in the m+n system in the spin-parity states 
resulting from the decay of 22 and 2). Equations (17) 
and (18) express the conservation of probability. 
(Other decay modes of =~ are neglected.) Equation 
(19) follows’? from the principle of invariance under 
time reversal. 

By measuring the time and angular dependence of 
W (@) one could thus, through Eqs. (14)-(19), in prin- 
ciple not only establish the possible existence of the 
parity doublet structure for 2, but possibly also its 
spin® (see the next section), the lifetimes for 2, and Lo, 
their mass difference, the mixing proportions |a»| and 
|a,| of the captured K~, and the magnitudes and rela- 
tive phase of the amplitudes a and 6 of 2;- and 23" pro- 
duced in the capture of 6. 


Il. 


The only assumption made in deriving Eqs. (14)- 
(16) is that the spin of the = is 3, and that the p and 
the K~ are unpolarized. If the spin of the = is not 3, 
similar considerations lead to an angular distribution 
containing a part odd in cos#, coming from the inter- 
ference of 2; and 2. The experiment could thus still 
serve to test the parity doublet structure of the 2%, 
but the angular dependence of the even and odd parts 
would not in general be uniquely determined by the 
spin of the 2. 

If, however, the capture is from a state with total 
angular momentum 3, the even and odd parts of the 
angular distribution would be dependent only on the 
spin J of the 2: 


W (0) = fF s(0)+9Gs(6). (20) 


The coefficients f and g are the same as in (15) and 
(16); their time dependence can be obtained by using 
(6). The functions F; and Gy, are given by 


Fs(0) = (J+4)Ps_y(x) P+sin’e[ Py_y’(x) 2, (21) 


and 


G;(6)= (J+3 )2Py +(x) P5443 (x) 


—sin*6P y_4' («)Ps44/(x), (*=cos@). (22) 


Here P;(x) is the Legendre polynomial : 


1 d! 
Pi (x) =—-—(#*—1)', 
24! dx! 

and 


Py’ (x) = (d/dx)P). 


7 The decay interactions is treated as a perturbation. See, e.g., 
K. M. Watson, Phys. Rev. 95, 228 (1954); K. Aizu, Proceedings of 
the International Conference on Theoretical Physics, Kyoto and 
Tokyo, Japan, 1953 (Science Council of Japan, Tokyo, 1954). 
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The functions F7(6) have been tabulated by Adair*® and 
Treiman.’ We tabulate them here, together with G,(6), 


Fy.=1, G1j2= cos, 
F3,2=1+3 cos’, G3/2=9 cos*@—5 cos@, 
F52= (9/4) (5 cos? Gs2= (9/4) (25 cos*é 

— 2 cos*é+1) — 26 cos*#+5 cosé). 


It is seen that the functions Gy are large near @=0 or 7, 
so that the asymmetry is large in the forward-backward 
direction along the direction of motion of the >. 


a. 


In this section we shall discuss the general problem 
of the polarization of a beam of particles of spin } with 
a parity doublet structure. A wave function describing 
such a particle has four components: 


(4; | 
¥= | 4, 

a) 

b, 
The upper two components represent the amplitudes 
of the odd-parity particle with up and down 2-com- 
ponent of spin, while the lower two components repre- 
sent the amplitudes of the even-parity particle. The 
density matrix® D for a coherent collection of such 
particles is defined to be Dy and is a 4X4 Hermitian 
matrix (f means Hermitian conjugate). It is convenient 
to write this matrix in the following form: 


D, D 
P(e») 
Dt Ds 


where D,; and D» are 2X2 Hermitian matrices repre- 
senting, respectively, the density matrices of the even 
and the odd parity particles, and D is a 2X2 matrix 
which characterizes the interference between the two 
particles. The matrix D will be called the mixed density 
matrix. It can be split into the form 


(23) 


(24) 


where D, and D, are both 2X2 Hermitian matrices. 
To characterize the matrices D,, Dz, D,, and D; it is 
most convenient to represent them by four real vectors 
P,, P2, ¥,, ®;, and four real intensities J;, I2, $,, and Sy: 


D\= Py -o+, 
D2= P2-0+ 12, 
D,=%,-0+3,, 
Di=Pi-0+3,, 


where o represents the Pauli spin matrices. 


8R. K. Adair, Phys. Rev. 160, 1540 (1955). 

9N. Mott and H. Massey, Theory of Atomic Collision (Oxford 
University Press, Oxford, 1949), second edition, Chap. 4. For 
other references, see e.g., L. Wolfenstein, Annual Review of Nu- 
clear Science (to be published). 


(25) 
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These sixteen real parameters must satisfy the condi- 
tion that D is a positive Hermitian matrix. This is 
equivalent to the following conditions: 


HZ |Pil, 22|P2|, We >II*+PB-B*, 
1,(12—P.?)+-J2(12— Py?) = (it]2) (89*+8 -P*) 
si (Pit Py) : (SB*+9*B) —1(Pi— P,) (BXP"*), (26) 
and detD20. We have here used the notations, 
S=3,+i9;, P=P.+iP:. (27) 


The physical meanings of 7; and J2 are quite clear: 
they represent the intensities of these two kinds of 
particles. The vectors P,/J; and P»/J2 are the usual 
polarization vectors for the two particles. 8, and §; 
characterize the polarization of the interference effects 
between the two particles. 

Under a space inversion, one has 


D,>+D,, 


D+ Dz, 
while 
D-D 


x 


Thus /;, J: are scalars; P,, P, are pseudovectors; %,, 3; 
are pseudoscalars, and §8,, $8; are vectors. 

In general, because of the decay of these parity 
doublets and because of their possible mass difference 
the density matrix would vary with time at a rate 
given by 

D,(t)=D,(O)e™, 
D;(t)= D2(0)e™**, 


(28) 


and 
D()=D(O)e 4(d1+A2) &— i(om—ma) t 


where Ay! and \;"" are, respectively, the lifetimes of 
the two particles with opposite parities and m,—mz is 
their mass difference. The state of a collection of such 
particles is completely specified by its density matrix. 
All probabilities that can be measured must be linearly 
dependent on the matrix elements of the density matrix. 

The foregoing discussions can be applied to particles 
of any spin. In particular, for zero-spin particles, the 
density matrix is specified by the (real) intensities J, 
and J», and the mixed (complex) intensity %, 


i os 
p-( ). 
a ds 


and TeoIe> |S |? 


(29) 


The inequalities 


ze, 0 (30) 


are equivalent to the condition that D is positive. 
Just as before, 7; and J: are scalars, {} is a (complex) 
pseudoscalar. 
¥. 
We shall now consider the decay of a spin-} particle 
with a parity doublet structure described by the density 
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matrix D(t) given by Eqs. (23)-(25). If in the decay 
the momentum k of a single decay particle in the rest 
system of the decaying particle is observed, the dis- 
tribution of this momentum k is given by the proba- 
bility function: 
W (k)=é+n-k, (31) 

where 

= (const)/,+ (const) J», 
and 
n= (const)§8,+ (const) B;. 


The constants in these equations are real quantities 
that may depend on &’, but are independent of time. 
This follows from the fact that W is linear in the ele- 
ments of D and is a scalar.!° 

The quantities J,, J2, %,, and $8; are functions of 
time, as implied by (28). If %, and $8; are not parallel, 
the vector » [ which describes the average direction of 
k] will rotate with time with a frequency equal to 
(1/27) (m;— mz). 

It may be instructive, as an example, to construct 
explicitly the density matrix for the case of a =~ pro- 
duced in K~+ capture discussed in Secs. I and II. 
Consider the general case in which the incoming K™ is 
a coherent mixture of @ and 7 with amplitudes ag anda, 
respectively. By using Eqs. (3), (3’), (4), (4°) one can 
readily verify that at the time of production (i.e., /=0) 
the density matrix D(0) is described by the parameters" : 


9 


1,(0)=J,() | -o= | ae|?| a|?+ |a,|?] 5]%, 

I;(0)= |ae|?| b|?+ |a,|?| a], 

¥ (0) =aga,*| a|?+a,a9*| b|?, 

P, (0) = Re[_aga,*ab* |(ks/ks), 

P,(0) = Re[aga,*ba* |(Ks/ks), 

$B (0) = [| a | 2ab*+ | a, |*ba* | (Ky ky), 
where ks is the momentum of the ©. At a later time 
these parameters would vary with time according to 
Eq. (28). 

Assume that at time / the =~ decays into n+7~-. One 
can show that, by using Eqs. (5) and (6), the angular 
distribution W (@) of the decay neutron is related linearly 
to D(t) by 


Ao* 
W=Trace (4 Boo-en)D(D( )} (33) 
By*e "Cn 


where Ao and Bo are defined in Eq. (6) and e, is a unit 
vector along the direction of motion of the neutron. 
This gives the angular distribution (14) derived previ- 

10 By the same reasoning, one can show that in a similar case 
involving the decay of a spin-0 particle with a parity doublet 
structure the corresponding distribution function is of the form: 
W (k) =al,+ 6/2, where J,, J, are defined by Eq. (29). Here a and 
B are functions of &?. 

"Tt is of interest to notice that under an inversion, ag—ag: 
while a,—+—a,. Therefore, 8 is a (complex) vector while P; and 
P, are (real) pseudovectors. Similarly, $ is a (complex) pseudo- 
scalar while 7; and /2 are (real) scalars. 
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ously. It is of the general form (31) as expected. In 
this case 8, and 8; are both parallel to the direction 
of motion of the 2~. The asymmetry is thus at all 
times a forward-backward asymmetry. 


VI. 


The density matrix of a particle produced in the 
strong interaction between pions and nucleons must 
display certain symmetries resulting from the invari- 
ance of strong interactions under parity conjugation 
Cp and under space rotations and inversion. We dis- 
cuss here a few special cases: 

A. In the collision of two nucleons or a nucleon and 
a pion: 

A+ B—K*- others, 


consider the K+ beam produced in a particular direc- 
tion. Assume the K* to have spin zero. After summation 
over the states of the “other” particles the density 
matrix D(t) of K+, defined by Eq. (29), cannot have 
mixed intensities. This follows from the fact that the 
mixed intensity { is a pseudoscalar. It therefore cannot 
be formed out of the two observed momenta in the 
process, the incoming momentum, and the momentum 
of K+. Furthermore, the invariance of the production 
process under Cp requires that at the time of produc- 
tion (t=0) 


[D(t),Cp ].-0=0. (34) 


Thus, D(#) is given by 


Ie-™! 0 
no=( ). 
0 le Agt 


The K* beam is therefore an incoherent mixture of even 
and odd-parity states with intensities that decrease as 
simple exponentials: Ie and Ie~*', where Ay! and 
Az! are the lifetimes of these two parity states. 

B. The same consideration can be applied to a beam 
of hyperons, e.g., A°, produced in 


A+ B—A°+others. (35) 


Assume that the A° has spin 3. After summation over 
the states of the “other” particles the parameters de- 


TABLE I. Symmetry and possible asymmetries in the angular 
distribution of the decay pion from 2* or A°. 





Assumption (2): 
Parity nonconservation 
in decay® 


Assumption (1): 
Parity doublet with small 
~+, A® produced in mass difference 
(K~+ ) at rest Forward-backward 
asymmetry» 


Forward-backward 
symmetry> 


Sym. with respect to p.° 
Up-down asymmetry? 


Asym. with respect to p.° 
Up-down symmetry4 


(pion +nucleon) or 
(nucleon +nucleon) 


*® See reference 2. 

+ Forward and backward refer to directions parallel and antiparallel to 
the direction of motion of the hyperon. 

® p is a rotation through 180° around the normal to the production plane. 
(See reference 

4Up and down here refer to the production plane. The direction of 
kin XKhyperon (right-handed convention) is defined to be up. (See refer- 
ence 2.) 


AND /C.GN. 


YANG 


fined in Eq. (25) must satisfy” the following conditions 
at the time of production (¢=0): 


Ih=Is, 

P,= P.= (constant) (Kin Ka) 
S=0, 

¥i=0, 

§$8,= (constant) k;,+ (constant) ka. 


Here k;, and ky are, respectively, the momenta of the 
incoming particle and the A®° in the center-of-mass 
system of the process (35). At a later time they vary 
in accordance with Eq. (28). Thus the ordinary po- 
larization vectors P; and P. remain perpendicular to 
the production plane, while the mixed polarization 
vector §8, and §§; are always parallel to each other and 
remain in a fixed direction y in the production plane 
independent of the time. 

The direction 9 has a direct physical meaning in the 
decay of a A°. According to Eq. (31), the momentum k, 
of the decay pion in the rest system of A° has an angular 
distribution: 


W(k,)=t+n-k,. (31) 


The direction is thus the average direction of k,. If 
the distribution (31) is indeed experimentally found 
with a nonvanishing 9, one would have a proof of the 
existence of a parity doublet structure for A°. 

The exact direction of 9 in the production plane de- 
pends on the detailed dynamics of the production proc- 
ess. It is in general a function of the production angle 
and energy of the A° beam. This makes it quite difficult 
(at least at the present time) to check experimentally 
the validity of Eq. (31). It should be remarked that the 
direction of 9 is determined by the strengths of the 
various angular momentum states participating in the 
production process. E.g., in the reaction 

at-+n—A°+ Kt, 


if the initial state has a definite total angular momentum 
J ard a definite parity and if the spins of K+ and A° are 
0 and 3, then one can show that at the time of pro- 
duction (t=0) 


(37) 


Ih=Ts, 
i 71,(Ka/| ka}), 
J=0, 


and 
Ps=fs=— 0. (38) 
Thus 
nJ ka/| hal. 


The asymmetry in the distribution (31) for the decay 
pion is in this case a forward-backward asymmetry 
with respect to the direction of motion of the A°. 


12 All of these conditions except 8; =0, /:=J2, P:= P2 follow from 
the transformation properties of 7, P, etc., under rotation and 
inversion. The conditions 8;=0, 7;=J/2, Pi=P2 follow from the 
fact that in this case the density matrix commutes with Cp at the 
time of production. 





BETWEEN PARITY 


4 


INTERFERENCE 


TABLE II. Properties of — and 9 defined in Eq. (A.1). 


Assumption (1): 
A Parity doublet with small 
z+, A® produced in mass difference 








. 07 Kissacn 
(K~+ ) at rest . *g= (const)e—™!+- (const) e—>! 
n <exp[—4$(Ai+A2)¢—i (m1 — mo) é } 


. » n = mkin +noKhyperon 


DOUBLET 


Assumption (2): 
Parity nonconservation 
in decay 


. n=0 


t= (const)e** 


ae n= n0\ kin X Knyperon) 
tand 9 both «e# 


(pion +nucleon) . time dependence of & and 9 same 

or as above 
(nucleon+nucleon) : 
» A, cOs"a 
~ 


2L—1 
ne= 2 B,cos"a 
n=O 


2L 
&= 2 C, cos"a 
n=0 


2L—1 

= ’ 

= An cos"a 
n=O 


n= 


L 
we 
Cn COS"a 


In the case of parity doublets, A17!, A27! and mu, m2 refer to the lifetimes and masses of the two doublets. In the case of parity nonconservation A~! is 


the lifetime of the hyperon. 
> kin and 


hyperon are the momenta of the incoming particle and the outgoing hyperon measured in the c.m. system of the production process. 


® a denotes the angle between kin and Khyperon, and L is the maximum orbital angular momentum of the outgoing hyperon in the production process. 


C. Finally, let us study cases where one does not 
sum over all the states of the other particles. To be 
specific, we consider the reaction 


rt+n—A!+r+, (39) 


where the K meson is observed to be 7*=K,;*. The 
density matrix of the A° in this case does not commute” 
with Cp at the time of production. Assume the A° spin 
to be 4. Invariance with respect to space rotation and 
inversion requires that: 


(i) J=0, 
(ii) P, and P, are both parallel to kin ka, 


and 


(iii) 8, and $8; must both lie in the plane of produc- 
tion (i.e., the plane containing kj, and ky). Unlike 
the previous case (B), 8, and $8; are now, in general, 
not parallel to each other. This has some curious 
consequences as remarked before in Sec. V. If at time ?, 
A° decays into p+7-, the angular distribution W of the 
decay pion would still be given by (31). The direction 
of 7 now is a time dependent mixture of §§, and §8; and 
would rotate in the production plane with the fre- 
quency (1/27) (m,—mz»). 


The generalization of the considerations of these 
three sections to particles of higher spin than } is 


straightforward but complicated. 


APPENDIX 


We summarize in Table I the various symmetries 
and possible asymmetries in the angular distribution of 
the decay pion from =~, 2+, or A° produced in various 
processes under two different assumptions: (1) Each 
of these hyperons can exist in two degenerate states of 
opposite parities, with parity rigorously conserved in 
their decays. (2) Each of these hyperons can exist only 
in a single state of a definite parity (defined by the 
strong interactions). Parity is not conserved? in the 
decay processes. 

If the hyperon has spin } 
decay pion momentum k, in the rest system of the 
hyperon is given by the weight function [see Eq. (31) 
and reference 2]: 


, the distribution of the 


W(k,)=é+n-k,, (A.1) 
where ~ and are independent of k,. They have quali- 
tatively different properties under different assumptions 
which are summarized in Table II. 
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Convergence of the Tamm-Dancoff Formalism 
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A sufficient condition for the convergence of the Tamm-Dancoff formalism is shown. The special problem 
considered is that of describing a single spinless nonrelativistic nucleon in the presence of a neutral scalar 
meson field. The formalism is seen to converge for the cutoff momentum somewhat less than the rest 


mass of the meson. 


1, INTRODUCTION 


T is the purpose of this paper to show, under appro- 
priate restrictions, a sufficient condition for the 
convergence of the Tamm-Dancoff formulation in a 
special case. The problem to be considered is that of 
describing a single spinless nonrelativistic nucleon in 
the presence of a neutral scalar meson field. The theory 
is nonrenormalized. In the process of obtaining the 
condition for convergence, one also obtains a criterion 
for the rate of convergence. It is felt that a method 
similar to the one to be presented may be used to show 
the conditions for convergence for more general 
problems than that described above, though no attempt 
will be made to accomplish this here. The convergence 

condition is 
(k”/u)®<5, (1) 


with k™ the cutoff momentum and uy the rest mass 
of the meson. The constants ¢ and # are set equal to 
unity throughout. 

2. FINITE NUMBER OF VIRTUAL MESONS 


For the single-nucleon, scalar meson problem one 
obtains' the system of equations (in the momentum 
representation) 


[E—E(p) Jao(p) =G(2r) 1 f ekL20(8)) i 
Xai(p—k;k), (2) 
and for N 21 


N G(2r)-3 
[#-2()- > w(t) fev ki,ke,- - - kv) =———— 
n=l (V)} 


{ N an i(p+k,.; ki,- + + Kya, Kny1,: ++, Ky) 
x{ 

| n=l 2w(kn) }! 
+G(2r)-}( v+1)! f ah{20(4)) i 


X ayii(p—k; k,ki,---,ky). (3) 


The equations are derived by expanding the state 
vector of the nucleon system in terms of the eigenfunc- 
1H. A. Bethe and F. de Hoffmann, Mesons and Fields, Vol. IT: 


Mesons (Row, Peterson and Company, White Plains, 1955), 
Sec. 40a. 


tions of the number operator for the scalar meson field. 
This approach to the described problem was first used 
by Tamm? and Dancoff.* In Eqs. (2) and (3) E is the 
total energy of the system, E() is the kinetic energy of 
the nucleon, 

E(p)= p’/2M, (4) 


where p is the momentum and M the mass of the 
nonrelativistic nucleon. The w(k) denotes the energy 
of a free meson of momentum k, 


w(k) = (R+y*)!; (5) 


an(p;ki,---,kw) is the probability amplitude of 
finding the nucleon with momentum p and NV mesons 
with momenta k,,ko,---,ky; and G is the coupling 
constant. The a’s are symmetric functions of the 
variables k,,-- - kn. 

It is now assumed that there exists a bound eigenstate 
for the system (E<0) and that the eigenfunctions 
an(p; ki,ko,---,kw), (V=0,1,---), for that state are 
bounded for all values of the arguments p,ki,ko,--- 
the bound being independent of V. From an examina- 
tion of Eqs. (2) and (3), it seems possible that this 
latter assumption of boundedness may be relaxed 
somewhat. The problem will not be further examined in 
this respect here. 

With the assumption E<0, one can rewrite Eqs. 
(2) and (3), 

do= Lo, 1413 (6) 
and for NV >1, 


ay= Ly, n-14n-1+ Ly, N+14N+41- (7) 
Here 


G(2r)-? 
Lo, 12,>- pd M2000 ta,(p—k; k), (8) 


n=1 


N 1 
Ly, n-14N -[ 2-20) > w(t | 


N 
[2w(Rn) J? 


n=1 


G(2r)- 
nr | 


Xay_i(p+k,; k,,: : ok, i Kn Oe - ky) } (9) 


27. Tamm, J. Phys. (U.S.S.R.) 9, 449 (1945). 
3S. M. Dancoff, Phys. Rev. 78, 382 (1950). 
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and 
N 


wall 
Ly, westwer=| B-E(9)— > v(t. G(2m) “4(N+1)! 


n=] 


x fPh[20(4)) Nexssloo ts be-+-Derads (0) 


The operators Ly, y-1 and Ly, y+: are clearly linear. 

One obvious method for attempting to find an 
approximate solution to the system given in Eqs. (6) 
and (7) is to suppose that ay=0 for V>No>0. One 
then attempts to find eigenvalues and eigenfunctions 
for the homogeneous and finite coupled system of linear, 
integral equations so obtained. To solve this system of 
integral equations, one could proceed by using an 
interation method. To illustrate this technique, let it 
be supposed that the system is broken off at No=3. 
Physically this means that the probability amplitudes 
for states involving more than three virtual mesons 
are assumed to be negligible. Then Eqs. (6) and (7) 
become: 


(11) 
(12) 
(13) 
(14) 


ag= Lod, 
a\= Lyodo+ L242, 
ag = Lea, + L303, 
a3>= L300. 


Equation (11) is set aside for the moment and an 
expression for a; is obtained in terms of an infinite 
series of terms involving do. This is done by successively 
substituting Eqs. (13) and (14) in Eq. (12). One obtains 


a= Ly0a0+ Lyle Lyao+ Ly2( LogLh32+ LoL.) 
X Lor Liodot+ Lief LosL32(Le3L32+ L112) 


+ LoLi2(Lo3l32+ LorLi2) |LeLiodo+-+-. (15) 


This expression for a; is then substituted in Eq. (11). 
From Eq. (8) it is seen that Zo,; is an integral operator. 
Since the theory is not renormalized, it is necessary to 
provide a cutoff for the integrals in Eqs. (8) and (10). 
Let it be supposed that the integrals are carried over 
only those portions of k space for which 

lk| <k™. (16) 
Then if the series in Eq. (15) is uniformly convergent, 
the conditions for which will be shown more generally 
in Sec. 3, one may operate upon that equation term by 
term to obtain the following eigenvalue equation for 
the determination of E and ao: 


do= Loy Ly0d0t+ LoLreLearL10do 

+ Lo Li2(Le3lhgo+ Loris) LorLiodot+ - Nie (17) 
It has already been supposed that this has a bound state 
solution (E<0). The eigenfunction a; is obtained by 
substituting the solution of Eq. (17) in Eq. (15). 


° ' 2 3 4 5 6 7 


Fic. 1. Diagram to be used in constructing a solution by iteration. 


Similarly one finds a2 and a; by successively substituting 
in Eqs. (13) and (14) and using the solution to Eq. 
(17). Given the convergence property, it is not difficult 
to show that the quantities do, a), a2, and a3 so obtained 
really do solve Eqs. (11) through (14). 

In constructing series of the type given in Eq. (15), 
it is convenient to use a diagram (see Fig. 1). Points in 
the figure are labeled by the row in which they lie 
(0,1,2, or 3) and the left-sloping diagonal on which they 
lie (0,1,---). The first term in Eq. (15) is represented by 
the segment joining the points (1,1) (row 1 and diagonal 
1) and (0,1). The second term in Eq. (15) is represented 
by the segment (1,1) to (2,2) to (1,2) to (0,2). The 
third term is represented by the two possible paths 
joining (1,1) and (0,3). The operators involved in a 
given term are clearly represented by the row designa- 
tions of adjoining points in the path representing the 
term under consideration. All paths are chosen by 
moving toward the right in the figure. It is also seen 
that a» is represented by the sum of all possible paths 
connecting the point (2,2) with row 0, and similarly 
for d3. 


3. INFINITE NUMBER OF VIRTUAL MESONS 


In this section, the finite restriction on the number of 
mesons will be removed. A sufficient condition will then 
be shown under which the series representing a, (of 
the type given in Eq. (15)) will be absolutely and 
uniformly convergent. A process of successive substitu- 
tion is used to construct a series of terms involving do 
which represents a). The procedure is exactly like that 
used in Sec. 2 except that here one does not break off 
the process for V> No. The pertinent diagram is shown 
in Fig. 2 for terms involving up to eleven operators. 

As in Sec. 2, the terms in the representation of a; 
are grouped according to the number of operators 
operating on do. Terms represented by paths starting 
at (1,1) and ending at (0,7) have 27—1 such operators. 
More generally, one finds from the figure that terms in 
the representation of ay represented by paths starting 
at (N,N) and ending at (0,7) contain 27—N operators, 
j2N. 

An upper bound will now be shown for the various 
terms in the representation of a;. Bounds have already 
been assumed for the functions ay. The following bounds 
for Ly,ni1 and Ly w-; are easily established from 
Eqs. (5), (8); (9), and (10): 
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Fic. 2. Terms in the representation of a; 
involving up to eleven operators. 


G(2r)-?(N+1)!(4/3)ar(k™)? 
<— — ry (18) 


(Nu) (2n)} 


(19) 
(20) 


| Ly, n-1€n_-1| < Dw, yn-1°ay_1™. (21) 
Here the upper bounds are indicated by the superscript 
(m). It is assumed in these equations that V 21. To 
obtain Lo,a,, replace (Nu) in the denominator of Eq. 
(18) by —£ and let V=0 in that equation. 

It is now shown that of all terms involving 2j—1 
operators in the representation of a, none has a larger 
upper bound than the one with the lowest lying path 
in Fig. 2. To show that this is so it is evidently sufficient 
to show that 


Ly. wai m Lysin m) < Ly. yy (22) 


i Dy w™, 


for N >2. It is easily seen from Eqs. (18)— (21) that 
the ratio of the left side of the expression (22) to the 
right side is 

(N—1)/N, (23) 
which proves the assertion. It is interesting to note in 
passing that although the higher paths in Fig. 2 
represent terms with smaller upper bounds, nevertheless 
all terms involving a given number of operators are of 
about the same size, as judged by their upper bounds, 
because of the relatively slow path-to-path variation 
given by the expression (23). The higher the paths 
being compared (the greater the number of virtual 
mesons being considered), the more nearly is this 
true. From the above proof it follows that 


T2j3-1 <M {Lie La JO Ly ao, (24) 


MEECHAM 


where 72;-1 represents an upper bound upon the sum 
of all the terms in the representation of a; involving 
2j—1 operators and where M; is the total number of 
different paths connecting the points (1,1) and (0,7) 
in Fig. 2. To evaluate M,, it is first observed that this 
number is the same as the number of paths (number of 
terms) connecting the points (1,1) and (1,7). Then let 
the corresponding symmetric problem be considered 
(see Fig. 3). 

It is seen that the number of paths connecting the 
point (1,1) with any other point in the net is equal to 
the corresponding binomial coefficient as indicated in 
the figure. Then it follows that for 7>1, 


1 (27—2)! 

M;< =; (25) 

2C(j-1) !P 

the factor } arises from the fact that the pertinent 

number of paths at least doubles in constructing the 

symmetric figure. By applying Stirling’s formula, one 
finds for M;: 

M;<4, 


and, substituting in Eq. (24), 


Toj-1 < [AL 12 Loy OL ao, 


27-1 SL 


(26) 


(27) 


Now sum over terms involving all possible numbers 
of operators: 


The series will converge if 
AL y2'™ Loy 


or, from Eqs. (18) and (20), 


G?sk™ 3 4 
ax ( . ) <4. 
4n\ uJ 3x 


In fact, using the upper bound as a measure of the size 
of a term, one finds that the fractional error incurred by 
neglecting terms involving 2/+1 or more operators 
(the remainder of the series) is given by: 


(30) 


Error~a’. 


(31) 


Fic. 3. Diagram used in 
estimating M;. The number 
attached to a given point 
in the net represents the 
number of paths connecting 
that point with (1,1). 
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Finally, upon using a reasonable value‘ for G?/4a (~ 10), 
one finds as the sufficient condition for convergence 


(32) 


It is noted that this same condition is sufficient to 
guarantee the convergence of the interation solution to 
the Tamm-Dancoff system involving a finite number of 
virtual mesons (Sec. 2). 

In conclusion, a sufficient condition, the relation 


* Reference 1, p. 20. 


(32), is given for the convergence of the eigenequation 
of the Tamm-Dancoff formalism for the special case 
of the scalar meson field. No attempt is made to show 
the existence of an eigenfunction which is the solution 
of that equation. One also finds an estimate for the 
error incurred by breaking off the eigenequation with a 
ri = = : tat 

finite number of terms | the relation (31) }. 


(k”/u)?<0.23. 
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General relativistic field equations in the presence of a scalar cosmic time field have been obtained by 
one of the authors previously; other possibilities are discussed in this paper. The central problem is to 
construct a suitable Lagrangian density from the cosmic time field and the metrical field. As there is no 
physical theory on which to base this construction, it is necessarily speculative. A certain “gauge postulate”’ 
is applied to reduce the number of possible constructions to a reasonable level; further simplifying assump- 
tions on the general form of the Lagrangian lead essentially to one new alternative which is discussed 


here in some detail. 


1. INTRODUCTION 

N a recent paper a new set of field equations have 
been proposed for general relativity by one of the 
authors,! whose purpose it was to obtain an acceptable 
energy-momentum tensor for the gravitational field. 
It was assumed that there exists a scalar field variable 
7, which was interpreted as cosmic time, and which, 
together with the metrical field (g,,), formed the 
essential constituents of the gravitational field. The 
field equations were derived from a Lagrangian density 
of somewhat speculative character, and it is the purpose 
of the present paper to examine possible alternatives 

to the proposed Lagrangian. 

It is reasonable to assume that the Lagrangian 
density has the form 

L= R+y1S1+7282, (1) 
where R= g"’R,,= g""’g"’Rypoy iS the curvature scalar’; 
Y1, Y2 are suitable constants (depending on the normal- 
ization of 7). S;, S2 are scalar densities formed from the 
r field and the metric tensor components, and represent 
the action density of the 7 field and the interaction of 
the 7 and g,, fields, respectively. 

* Presently at the Columbia University Geophysical Field 
Station, St. David’s, Bermuda. 

1G, Szekeres, Phys. Rev. 97, 212 (1955); hereafter referred to 
as GRI. 

* Greek indexes run from 0 to 3; roman indexes from 1 to 3. 
This is opposite to the convention used in GRI but is more in 
conformity with common usage. The Galilean metric ground 
form is taken to be goo=1, gmn= —4Smn- 


Scalar densities can be formed from 7 and g,, in a 
great number of ways; but this number can be consider- 
ably reduced if use is made of a postulate which is 
suggested by the assumption that 7 time-like 
quantity. 

Gauge postulate. 
yi and y2 remain unchanged when the unit of metric 
length and the unit of cosmic time are changed simul- 
taneously and in the same proportion. In other words 


is a 


The form of S; and S2 is such that 


we require that the value of the constants y; and 72 
depend only on the normalization of 7 relatively to the 
metric gauge used for the Riemannian line element. 

We shall say that a quantity A has a gauge index gq, 
written indA =q, if it obtains the factor A? when the 
unit of metric length is changed to its A-fold value. 
The gauge index has the properties that 


(a) ind(AB)=indA-+indB, 

(b) only entities of the same gauge index may be 
added, and ind(A+8B)=indA =indB, 

(c) ind(dA/dx,)=indA. 


With the preceding definition, it follows that the 
gauge index of length and time is —1, and ds? (the 
Riemannian interval) has therefore the gauge index 


—2 so that indg,,=—2. 


In view of g,g*"=6,’, we 


—4, 


have indg#’= 2, indg=inddetg,,= —8, ind[ (—g)? 


ind p =(, indR,,=0, indR=2, and indR= —2. 
py 
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We wish 7 to be a time-like quantity; therefore, 
since ind(time)= —1, it is natural to assume that 


indr= —1; (2) 


in other words, we shall define the change of the unit 
of cosmic time to be in the same proportion as the 
change of the unit of metric length, whenever the latter 
is changed. It follows from (2) that the gauge index of 


Ce =<0r (OL, = Tu and of Cyw=C, -C,| iH is —{ ; also 
m 


indC+= 1, 


> 


indC+,=1, ind(C,C*)=0. (3) 


With the above assumption (2), the gauge postulate 
for (1) can be expressed very simply by assuming that 
indy;=indy2=0, and, since indR=2, 

indS;=indS».=2. (4) 

The possibilities are further reduced if we assume 
that S; and S2 are algebraic expressions of 7 and of its 
covariant derivatives of, at most, second order. The 
simplest combinations are of the form 


r¥(C#,)(C,C#)™(C*,C#,)", 


where —k+/+2n=2 by (2), (3), and (4). We propose 
to consider only those types in which exactly one of 
the exponents k, /, m, is not zero; they are 

(CL*,). 


T a“ (C“,)?, 


Of these, 7? seems to be the most suitable for S; as it 
does not involve g,, at all; the remaining two types 
provide alternatives for S2. The assumption 

S2=C',C#,= g¥?g”’"CycC vp (5a) 
has been investigated in GRI; in the present paper we 
shall discuss*® 


S2= (C*,)?= g"?g""C Coe. (5b) 


2. FIELD EQUATIONS 
Referring to (1), we can choose the numerical value 
of y2 in an arbitrary way, since the only effect this 
will have will be to determine the unit of cosmic time 
in relation to the metric unit. We thus write: 
(1a) 
(1b) 


L,=R+}(—g)'C*,C’.—y(—g)'r?, 
L2=R+3(—g)*(C)?—y(—g)!r. 
The coefficients } and } have been so chosen for reasons 


which will become apparent later. 
The variational principle 


5 f Lae 0 


3In GRI the selection of (Sa) was based on symmetry con- 
siderations of Cyovp=CyoCvp, as compared with the symmetries of 
the curvature tensore Ryey,. These considerations would not 
apply quite naturally to the case (5b). 


(6a) 
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gives, when g,, is varied, the field equations 
Ryo 38 ueR+T yet 37 guv=0, 
where [GRI (16) ] 
Tye= —4C,C*,,,—4C,0C%,: p+ 4C, CC, 
+4C Cyr; -— 28 wC°C%,. (8a) 
This is supplemented by the field equation [GRI (21) ] 
C*..y+2y7r7=0, (9a) 


which is obtained from (6a) by variation of r. 
Similarly, the Hamiltonian principle 


6 f Laat =() 


gives field equations of the form (7), with 


T yv=4LC°C%,, pur t3 (Cr)? gu»—CuC, »—CC®, «], (8b) 


(6b) 


with the supplementary field equation 
SwOr;o:ut3yr = 


From (7), we obtain the conservation law 


==(), (9b) 


T’ u:»—7 °C, =0, (10) 
which suggests that 7,,+3y7-*g,» is to be regarded as 
the energy-momentum tensor of the gravitational field.‘ 

Hilbert’s principle’ gives, when applied to Li, the 
conservation identities 


T'y;o+3C,C 6; .=9, (11) 
which, together with (10), gives (9a). This shows that 
(10) is not an independent field equation but is a 
consequence of the main field Eqs. (7) with (8a).® 
Similarly it can be shown that (9b) is a consequence 
of (7) with (8b). 


3. COSMOLOGICAL MODELS 


If y= in (1a), the field equations (7) with (8a) 
have an exceedingly simple cosmological solution (GRI, 
Sec. 3): 
£an= —Fbnn, T=1; (12) 


£00= .; £on= 0, 


the corresponding line element has the form 


ds=dr—7? > dxn. (13) 


We shall now consider the cosmological models which 


satisfy the field Eqs. (7) with (8b). We impose the 
condition that r=, where f is a constant. We assume 


4 By the nature of cosmic time, 7 is equal to the age of the 
universe in ordinary units; therefore, the term $77 ~*gyy is exceed- 
ingly small at the present epoch; it corresponds to Einstein’s 
well-known cosmological term. 

6 For example, E. Schrodinger, Space-Time Structure (Cam- 
bridge University Press, New York, 1950), p. 93. 

6 This important fact was not noticed in GRI. 
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that the metric tensor has the form 


go=1, gon=0, Smn=—Smnl (t), 


for the reason given in (GRI, Sec. 3). This metric 
leads to the equations 


Roo— 3 Rg00= —3(F'/F)’, 
Ron—$Rg0n=0, 
Run—4REmn=(— (F"/F)+43(F'/F)* lgmn, 
and from (8b) we calculate 
To0=46°(F"/F)+38°(F'/F)?, 
Ton=0, 
Tmn= 64 (F"/F)—3(F'/F)* |gmn- 


As a result of these last six equations, we find from (7) 
that 


—3(F'/F—@ U3 (F"/F)-E(F'/F)] 
+278 *t?*=0, 
—(F"/F)+4(F'/F) +63 (F"/F)—3(F'/F)*] 
+376? =0. 


(14a) 
(14b) 
(14c) 


(15a) 
(15b) 
(15c) 


(16a) 


(16b) 
The sum of these two equations is 

F" /F=yB8°t?—}(1—36°) (F’/F)’, (17) 
which, when introduced into (16a), gives either 


=1 (18) 


36?(2— 6) (F’/F)*=4yt". (19) 


In the latter case, we have that 
F=xt¢, (20) 


where x is a constant, and by (16a) and (17) we obtain 
two equations for y: 
¥= 30°B— {B'a?— Bla, y= }a°B?— fBta’— Ba, 
which, on eliminating y, yields the relation 
8?(6?—1)a=0. (21) 


Since y~0, neither a nor P is zero and 6?= 1, independ- 
ently of the value of y. In other words, the normalization 
of 7 is such that r=¢; this is due to the choice of 3 
for the coefficient y2 in (1b). Substituting #?=1 in 
(16a) or (16b), we obtain 


(F"/F)—3(F'/F)2=yt". 22) 


If y=1, F=x@ is a solution, and the line element (13) 
is compatible with the field equations. Note however 
that for y=1, the general solution of (22) is 


F=#(a+bt)!", 
4. CENTROSYMMETRICAL FIELD 


If the cosmological term is neglected, Eqs. (7) with 
(8a) have a centrosymmetrical statical solution of the 


TIME 


form’ 
t=<al, 


e: [oma (f—- 1 )EmEn ], 


where a is a positive constant, fm=2m/r, r= (xP+xe? 
+<,;?)!, and h, f are determined from 


2m a? \—3 a’? \} cc 
-{1+(14+5) (+=) +4] 
r Zz 2h 


«ol (5) (45) 
POST 
xe|{ (14) '-(142 


f=1trh' lO —ferr hl, 


£00= h, Lom >= 0, &mn= (24) 


m is the gravitational radius of the field-generating 
body. 

We shall now attempt to solve the field equations 
(7) with (8b) under these same conditions. Again we 
assume that the metric tensor is of the form (24) and 
that 7 is a function 7(t). We have that® 


1 
Roo— Rgo0= = —hf 1 —f ty f! f mh 
y2 


Rona 1Rgon=0, 


iv 4 
Rew SRtma= | — a (F-0 fint 


rh r 
1 ik’ igh? i177 
+ {- + (—) + 
fe: 2H 48% 4 fh 
-) | nn tnts (25c) 


We find from the definition of C, and C,, that 
Co= r’, C=7'h ‘ C®=0, Cy\=7'"r*, ON hid me 
CO». n= —7NW'hé,, from which the components of T 


uy 


7GRI, Sec. 4. The present form of the solution differs from the 
earlier one in one important point. In GRI, a was taken to be 1 
so that (23) had the form r=?. On the other hand, a factor B 
was retained in the field equations to represent the constant 272 
in (1). This gave the impression that, if we accept the cosmological 
model (13), 8 can always be taken to be 1. This is quite true in 
the case of an isolated particle in the universe (13) where the 
boundary conditions at infinity require 7=¢. But if the centro- 
symmetrical solution represents a particle in an external gravi- 
tational field (such as a planet in the field of the sun), the boundary 
condition may imply that a#1 in (23). 

§P. G. Bergmann, Introduction to the Theory of Relativity 
(Prentice-Hall, Inc., New York, 1942), p. 201. 
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(8b) are 

Too= BL —1'2!" $42"), 

> ae 

Tan= = 1h ele 482") oma (f—- 1 Ent, ]. 


With these values, the field equation Ro,—4Rgon+Ton 
=() gives 


(26a) 


” 


Lh rst, (26b) 


(26c) 


th hr ?r'r""E=0; (27) 


hence either 7”’=0 or h’=0, h=const. In the former 
case all components of T,, vanish, and the solution is 
identical with the centrosymmetrical solution of Ein- 
stein’s field equations for empty space. In the second 
case the field equations become 


1 
——h{1— fo+rf’ f?] 
“seh 


(28a) 


(28b) 


(28c) 


which again gives 7’’=0, T,,=9. 

In contrast to the theory based on the Lagrangian 
(1a), the tensor 7',, now vanishes and the field energy 
appears to be concentrated in point singularities. 


5. GRAVITATIONAL ENERGY 


Further quantities associated with the field energy 
are the energy-momentum density vector and the 
gravitational potential. For the former, the following 
expression has been suggested in GRI: 


p*= (89a) 7 (GC) 71 (2C°T*,—C"T’,), (29) 
where x is Einstein’s constant of gravitation. It had 
the property that the integral of p° taken over the whole 
space (at a given instant of cosmic time) in the field 
of a particle at rest was equal to the gravitational mass 
of the particle. For an ideal fluid with rest mass density 
po, Eq. (29) gave p°’=u0t+3po, and for 


—) 


uo and pressure 
2uo; this 


disordered radiation of energy density wo, p° 
agrees with the results of Tolman, obtained by inde- 
pendent considerations.’ In the theory based on the 


°R. C. Tolman, Relativity, Thermodynamics, and Cosmology 
(Oxford University Press, New York, 1934), p. 271. We thank 
Dr. D. W. Sciama for having called our attention to Tolman’s 
result 


AND G. 


SZEKERES 


Lagrangian (1b), there is nothing to suggest an expres- 
sion for the type (29). 

By virtue of the presence of a scalar field + whose 
gradient is a time-like vector, it is possible to define 
gravitational potential irrespective of any field equa- 
tions. The definition is based on the existence of certain 
distinguished frames of reference to which one can 
relate acceleration; these distinguished frames are 
characterized by the conditions 


Ce i. C.=0, £ox=0 for e=1. 2S. (30) 


To satisfy these conditions we take the cosmic time 7 
as a time coordinate (which can be done if C,C#>0) 
and choose the orthogonal trajectories of the hyper- 
planes t=7=const as the lines of constant (x; xo, x3). 
These trajectories are usually not geodesics, and an 
observer who uses such a distinguished frame will 
experience gravitational acceleration which can be 
distinguished objectively from other inertial forces 
arising from an “incorrect”? choice of coordinates. 
Gravitational acceleration, according to this definition, 
is the inertial acceleration of a free particle at rest 
relatively to a distinguished world frame. 

The motion of a test particle which is at rest at a 
certain moment with respect to a distinguished frame 
should now be considered. Its path is a geodesic whose 
direction at that particular world point is in the direc- 
tion of the ¢ axis. The equations of the geodesics are, 

j 


at the point of interest, 
O2Xm m) fat? d*t 0 dt\? 
ds? 00) \ds ds? (00) \ds 
or, since gon=0, 
22m Igo / dt\? dt Ogoo / dt\? 
——— gen. ) =(), - go0_— (-) =(), 
ds? OXm \ds ds? ot \ds 
This gives 
OL00 
ymn =() 


a 
dt? OXn 


d?Xm 


(31) 


at the point of interest, and the gravitational force per 
unit mass acting on the test particle is 

fo= w- $0200/OXm. (32 
This shows that the expression 


Q= $£00= 3 (QC) (33) 


is to be regarded as the gravitational potential. In GRI 
it was erroneously stated that the gravitational po- 
tential is equal to (C\C*)-4. 
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Relationships have been found between the scattering of a high-energy relativistic particle that obeys the 
Dirac equation and one that obeys the Klein-Gordon equation. The phase shifts at high energies are re 
lated by 6:=4$(m:+-n141), where 5; and m are the Dirac and Klein-Gordon phase shifts, respectively ; and the 
cross sections are related by op(6)=ox (8) cos*(40), where op and ox are the Dirac and Klein-Gordon cross 
sections, respectively. The errors in these relations are discussed and the results of a numerical calculation 
using a square well potential are given to illustrate the accuracy of the above relations. 


I. INTRODUCTION 


HE problem of calculating the scattering of high- 
energy relativistic particles has been complicated 
by the discovery that the Born approximation does not 
seem to be valid if the scattering potential is strong 
enough. In this paper we wish to point out several 
relationships between the high-energy scattering of a 
particle that obeys the Dirac equation and one that 
obeys the Klein-Gordon equation, which relationships 
will hold even for strong potentials such that the Born 
approximation is not valid. 
A relationship between the high-energy scattering of 
a Dirac particle and the scattering of a Klein-Gordon 
particle, both being scattered by the same static po- 
tential V(r), has been suggested by the writer.’ This 
relationship is a very simple one and says that 


(1.1) 


op(0)=cos?(36)ox (8), 


where op and ox are the differential scattering cross 
sections in the Dirac and Klein-Gordon case, respec- 
tively. This relationship is also given by the Bom 
approximation, but it was argued in reference 1 that 
this result may be valid for strong potentials for which 
the Born approximation breaks down.” 

In this paper we will obtain the relationship given by 
Eq. (1.1) by first establishing a relation between the 
Klein-Gordon and Dirac phase shifts. We will show that 
the phase shifts at high energies are related by 


5:=3(mi+n141), (1.2) 


where 7; is the phase shift for a particle obeying the 
Klein-Gordon equation and 6; is the corresponding 
phase shift for the Dirac equation. The exact definition 
of these phase shifts will be given in Sec. II. The error 
involved in Eq. (1.2) will also be discussed in Sec. II. 

The relationship, Eq. (1.2), between the phase shifts 
will give the relationship, Eq. (1.1), between the cross 
sections. To illustrate these two relationships, we have 
done a numerical calculation using a square well po- 
* Supported in part by the Office of Naval Research and the 
U. S. Atomic Energy Commission. 

1G, Parzen, Phys. Rev. 81, 808 (1951). 

2L. I. Schiff, Phys. Rev. 103, 443 (1956), and R. R. Lewis 
(private communication) have given a better treatment of the 
high-energy scattering limit and their results also lead to the 
relationship Eq. (1.1). 


tential. These numerical results are given in Secs. II 


and ITI. 


II. RELATION BETWEEN THE PHASE SHIFTS 


In this section we will obtain the relation given by 
Eq. (1.2). We will obtain this result for potentials which 
are regular at the origin. The result does not apply to 
the Coulomb potential. 

We will first define the phase shifts. If a particle 
obeying the Klein-Gordon equation is scattered by the 
spherically symmetrical potential V(r), then the wave 
function may be expanded in Legendre polynomials 
pi(cos@) and the radial wave function, «;(r)/r, will obey 
the differential equation 


2EV+V?}u=0, (2.1) 


dr 
(i 
—m?*)' is the momentum, and relativistic units, :=c=1, 
are used. u(r) has the asymptotic form, when r= 


where E is the incident energy of the particle, k 


> ( os| kr 1 (] + 1) + Vine 


ui(r) (fi2) 


Equation (2.2) defines the Klein-Gordon phase shift 1. 

In the case of the scatteting of a particle that obeys 
the Dirac equation, the expansion of the wave function 
in spherical harmonics introduces two radial functions, 
fi(r)/r and gi(r)/r. These functions obey the equations® 


d 


m) £1, 


I+1 


—(E—V-+m) f+ 


(2.3b) 
r 

In our treatment we shall assume that the particle is 

highly relativistic, E>>m, and we shall neglect m com 

pared to E. The asymptotic forms of f; and g; are then 


gi— cos| kr—4(1+1)4+ (2.4a) 
fi coslkr—4(1+2)4r+6;]. (2.4b) 
Equations (2.4) define the Dirac phase shift. 


3G. Parzen, Phys. Rev. 80, 261 (1950 
the Dirac equation is given in this paper. 


The notation used for 
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Since we wish to compare the Dirac and Klein- 
Gordon wave functions, we will take Eqs. (2.3) and 
rewrite them in a form very similar to that of Eq. (2.1). 
If we differentiate Eq. (2.3b) and eliminate df/dr and 
dg/dr using Eqs. (2.3), we obtain the equation 


ad? l(i+1) dV 
| ee ea 
dr’ 


-—2EV+V? tgi=—fi. (2.5) 
ia dr 
In the same manner, starting with Eq. (2.3a), we get 
the equation 

& (J+-1) (/+2) se: oO dV 

— + — ——_—_—— 2EV+ V"} fi= ——21. 


dr* r” dr 


(2.6) 


Equation (2.5) is very similar in form to Eq. (2.1) 
for u:, the only difference being the term (dV/dr) fi. 
We will assume the potential V(r) has a finite range of 
order a and has no pole at the origin. Since the dV /dr 
term in Eq. (2.5) is smaller than the 2EV term in the 
region 0<r~a by the factor 1/ka, the neglect of the 
dV /dr term in Eq. (2.5) will cause an error in g; of the 
order of 1/ka in the region 0<r~a. Thus, by comparing 
Eqs. (2.5) and (2.1), we can say that 


gi(r) =uy(r)+O(1/ka), (2.7) 


when 0<r-~a. One can also obtain the result of Eq. 
(2.7) by casting the differential equations (2.5) and 
(2.1) into integral equation form, in which form the 
argument is perhaps more convincing. 

In the same way, by comparing Eqs. (2.6) and (2.1), 
we find that 


filr)=uinil(r)+O(1/ka), (2.8) 


when 0<r-~a. 

Now to obtain a relation among the phase shifts, 
we multiply Eq. (2.5) by a; and Eq. (2.1) by g:, subtract 
these equations, and integrate. Making use of the 
asymptotic forms of g; and ™, we get the result: 


La ay 
sin(6;—) = — f dr—1 fi. 
k 0 dr 


If we multiply Eq. (2.6) by #41 and Eq. (2.1) for uw, 
by fi, and use the above procedure, we get 


1 7 dV 
sin(6;— 141) = fw M1421. 
k 


0 dr 


(2.9) 


(2.10) 


Adding Eqs. (2.9) and (2.10), we get 


sin(6;—n) +sin (6:— 141) 
1V 


(urfi — U4 121). 


(2.11) 


The integral on the right side of (2.11) goes to zero at 
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very high energies. Using the results of Eqs. (2.7) and 
(2.8), we see that it goes to zero like 1/k® or more pre- 
cisely like (V/k)(1/ka). Thus, Eq. (2.11) gives the 
desired result, 


b:= 3 (m+ y41), (2.12) 


with an error that goes to zero at high energy like 1/k? 
and is of order (V/k)(1/ka). 

To check the result of Eq. (2.12), we have done a 
numerical calculation with a square well potential. We 
chose the depth of the potential Vo and the range a so 
that Vo/k=0.1, Voa=0.5, ka=5. For these parameters 
(Vo/k)(1/ka) is 2%, which should be the order of the 
error we should find in the relation, Eq. (2.12). The 
Born approximation would be rather poor® for such a 
strong potential since Voa=0.5. 

Table I gives the results of this calculation.4 The 
relationship 6:=4(ni+n141) holds very well. The error 
ranges from less than 1% to 6%, which agrees with our 
estimate of the error. It might be noted that for large /, 
since 141K, the phase shifts are related by 6:= $m. 

We would like to point that although we have derived 
the phase shift relation for relativistic particles, one can 
alter the above treatment so as to obtain a relation that 
holds for nonrelativistic particles provided that the 
parameter (V/£)(1/ka) is small. 


III. RELATION BETWEEN THE CROSS SECTIONS 


We wish now to obtain the relation between the 
cross sections given by Eq. (1) by using the relation 
(1.2) that we found for the phase shifts in Sec. II. It 
will be simpler to turn the problem around. That is, we 
will assume that Eq. (1.1) is true and obtain from it the 
phase shift relation Eq. (1.2). It will be clear that the 
same derivation would work the other way to obtain 
(1.1) from (1.2). 

The Klein-Gordon differential cross section ox(@) is 
given by the phase shifts 7; through the relation 


TABLE I. Table of phase shifts for a square well potential with 
Vo/k=0.1, ka=5, demonstrating the relation 6:=4$(ni+714:), 
where 6; are Dirac phase shifts and m are Klein-Gordon phase 
shifts. 





I §(ntt-ni41) 
0.4907 
0.4521 
0.4458 
0.2964 
0.1049 
0.0214 
0.0031 
0.0003 





0 0.5476 
1 0.4328 
0.4714 
0.4203 
0.1725 
0.0373 
0.0056 
0.0006 


0.4908 
0.4529 
0.4474 
0.2941 
0.0980 
0.0200 
0.0029 
0.0003 


4T would like to thank Dr. T. Wainwright for his help with 
some of the square well calculations. 
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TABLE II. Table of the scattering amplitudes for a square well potential with Vo/k=0.1, ka=5, demonstrating the relation fp =cos* 
X (48) fx, where fp and fx are the exact Dirac and Klein-Gordon scattering amplitudes, respectively. fp is the Dirac scattering amplitude 
calculated from the Klein-Gordon phase shifts by using the relation 6;=$(n:+-7141). Re and Im denote the real and imaginary parts, 
respectively. 


6 =45° 
Re Im Re Im 


cos? (46) fx 145 0.4397 0.4974 —0.0094 0.0734 0.0186 0.0387 
Ip ; 0.4584 0.5522 — 0.0074 0.1068 0.0138 0.0514 
Ip AS 56 0.4228 0.5420 0.0049 — 0.0998 0.0176 0.0492 


where with an error probably of the order of (V/k)?. Equation 

fx (0)=31(21+1)a:P1(cosd), (3.8) is the desired relation between the phase shifts. 

. Although the phase shift relation has been established 

and with an error that is of order 1/k’, we have very little 

ay= (1/21) (e*""—1). idea as to the size of the error in the cross-section 

relation. This can be understood in two ways. At very 

The Dirac differential cross section op(@) is given at high energies, the scattering at the larger angles s very 

high energies by much smaller than at the smaller angles. This means 

that at the larger angles, there will be considerable 

cancellation between the terms of the partial wave 

expansion; and through the phase shifts may be known 

with a small percentage error, there will be a much larger 
where percentage error in the cross section. 

fo=Xif (+1) bi 4+ 1b-1} Pi (coss), (3.2) The second way of understanding the error in the 

sind cross-section relation is to realize that at very high 

eee energies the number of phase shifts that are appreciable 

bi= (1/21) (e""'— 1). is very large, being of the order of ka. Thus, if the error 

in the phase shifts is of order 1/k’, these small errors 

in a large number of terms may accumulate and give 

an error in the cross section that is, say, of order 1/k 


In writing down Eq. (3.2), we have made use of some 
relationships which are valid at high energies. In the 
notation of reference 3, we have put 6;=6_;-2 and 
fa(0)= f3(8) tan3é. 

Relation (1.1) between the cross sections implies that 
the scattering amplitudes fp and fx are related by 


or some other power of &. It is even conceivable that 

for some particularly bad potential, the phase shift 

relation may hold quite well and the cross-section 
relation not at all. 

fo= fx cos?(36). (3.3) Table II gives the results of our square well calcu- 

lation to test the cross-section relation. Rather than 

If we now use the relationship check the relation (1.1) between the cross sections, we 

have checked the relation fp= fx cos’(3@) between the 

cosé P= d {(7+1)PuitlP3}, (3.4) ecattenng amputudes. Since for our square well Vo/k 

+1 10% and 1/ka=20%, we think it is plausible to 

expect an error of the order of 10 or 20%. In the first 

we find two lines of the table we have compared fx cos?(}@) 

and fp which were computed exactly by using the exact 

{ (20+ 1)ar+larit (1+ 1)ai41} Pi(cos8) phase shifts. They differ by a few per cent at the smaller 

(1+ 1)cit+lci1} Pi(cos8), (3.5) angles and they differ by as much as 35% at the larger 

angles. 
We thought it would be interesting to compute the 
Dirac scattering amplitude fp, using Dirac phase shifts 


cos?(30) fxk=Do1 


> 1 
= Dif 
where c,=4}(a:+a1,1). Comparing Eq. (3.5) with the 
expansion (3.2) for fp, we find that 


b:=4(art+an1), (3.6) which were computed from the Klein-Gordon phase 
shifts by using the relation 6:.=3(mi+n141). We denote 

this scattering amplitude by fp and it is given in line 3 

e2t51— 2 (e2imtt e2ini+t) , (3.7) of Table II. One can see that fp does in general give 


a . ; . somewhat better agreement with fp than does 
Since we are looking for a relation between 6; and : 


which is correct only up to terms O(1/?), we can show 
(see Appendix A) that Eq. (3.7) is equivalent to 


fx cos?(30). However, it is not known how widely true 
this result is. 

We have found relationships between the scattering 
5:=3 (m+n), (3.8) of spin zero and spin one-half particles. We think it is 





838 GEORGE PARZEN 

order of ka. Thus €; is probably of the order of (Va/ka) 
=V/k. It follows from Eq. (A.1) that 6;—1; is small, of 
the same order as ¢;. If we expand the exponentials and 


drop the square terms, we get 


quite likely that similar relationships can be found for 
particles of higher spin. 


APPENDIX A 


Here, we will derive Eq. (3.8) from Eq. (3.7). Let 


. 1 \ 
an . . Oo 61.= 9 (mitniu1), 
—n,. Then we can write Eq. (3.8) as ge a NET Me 


€1=N+1 
with an error of the order of €;? which is probably of the 
order (V/k)*. The exact power of 1/k involved in the 
error here is not entirely certain, but that is not essential 
in our derivation, as the’ error in our cross-section 
relationship is already uncertain for other reasons. 


ib =} (14 eu), (A.1) 


Now e;>0 when k-~, probably like V/k. To see this, 
we must note that’ nV a when k—& , and the number 
of m, which are appreciably different from zero is of the 
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Adiabatic Approximation for Scattering Processes*{ 
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(Received April 18, 1956 


The adiabatic approximation, frequently utilized in treating bound states of quantum-mechanical 
systems, is shown to be applicable also to scattering processes in cases for which the number of excited 
states of the target contributing significantly to the wave function is limited, and for which the time of 
traversal of the scattered particle through the region of interaction is small compared with the period of the 
target motion excitable in the collision. In this approximation, calculation of partial inelastic cross sections 


is reduced to two steps: 
and (2 


means of a simple one-dimensional example 


by neutrons is formulated. 


1. INTRODUCTION 


HE use of the adiabatic approximation in treating 
bound states of quantum-mechanical systems in 
which the characteristic periods of certain different 
degrees of freedom are highly disparate has long been 
well known.!? The adiabatic point of view has been 
of great value in molecular physics* and, with the 
* Work performed in part under the auspices of the U. S. 
Atomic Energy Commission. 

t This paper is based on part of the doctoral dissertation of the 
author [Princeton University, 1955 (unpublished) ] 

t Holder during much of this work of National Science Founda 
tion Predoctoral and Peter B. Putnam, Jr., Fellowships, which 
are gratefully acknowledged 

1M. Born and J. R. Oppenheimer, Ann. Physik 84, 457 (1927). 
The term “adiabatic approximation” is to be understood here as 
that approximation which (1) regards certain relatively slowly- 
varying coordinates of the system as fixed for the purpose of 
defining a “partial adiabatic wave function” for the remaining 
degrees of freedom which depends parametrically upon the slowly- 
varving coordinates, then (2) assumes as an approximate wave 
function for the entire system (which may be called the “complete 
adiabatic wave function”) the product of the partial adiabatic 
wave function and a function of the slowly-varying coordinates 
only. The latter function is determined from the Schrédinger 
equation for the system by application of the Ritz variational 
principle with the parametric dependence of the partial adiabatic 
wave function neglected. 

2 David M. Chase (to be published 
to hereafter as B. 

3 See, for example, G. Herzberg, Spectra of Diatomic Molecules 
(D. Van Nostrand Company, Inc., New York, 1950). 


. This paper will be referred 


1) determination of the elastic scattering amplitude for fixed target coordinates 
subsequent evaluation of scalar products in the space of the target. The method is illustrated by 
Calculation of cross sections for nuclear rotational excitation 


development of the collective or unified model, also in 
nuclear physics.‘ It does not appear to be generally 
known, however, that the adiabatic approximation is 
applicable also to scattering processes in some cases 
where the time required for the scattered particle to 
cross the region of interaction is small compared with 
the period of the target motion which may be excited 
in the collision. The approximation reduces the problem 
of obtaining the various partial cross sections for 
inelastic and elastic scattering to one of finding the 
elastic scattering amplitude as a function of the target 
coordinates, regarded as fixed, and subsequently evalu- 
ating appropriate scalar products in the space of the 
target. 

In Sec. 2 below is given a formal derivation of the 
adiabatic approximation for scattering amplitudes with 
a discussion of its limitations. In Sec. 3, by way of 
example, this method is formulated for a one-dimen- 
sional scattering problem which will be treated more 
fully in a subsequent paper.” In Sec. 4 the calculation 
of cross sections for rotational excitation of strongly 
deformed nuclei by neutron impact is formulated in the 
adiabatic approximation. 

4A. Bohr, Kgl. Danske Videnskab. Selskab Mat.-fys. Medd. 26, 
No. 14 (1952) and, with B. R. Mottelson, Kgl. Danske Videnskab. 


Selskab Mat.-fys. Medd. 27, No. 16 (1953); D. L. Hill and J. A. 
Wheeler, Phys. Rev. 89, 1102 (1953). 
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2. DERIVATION OF THE ADIABATIC APPROXIMATION 
FOR TRANSITION AMPLITUDES 


The Hamiltonian for the system of incident particle 
and target is assumed to be of the form 


H=T,+V(r,£)+\H 1 (6), (1) 


in which T, is the kinetic energy operator for the rela- 
tive motion of particle and target, V(r,£) is an inter- 
action potential, and AH 7(&) is the target Hamiltonian, 
with \ a perturbation parameter to be regarded as 
small.® The relative coordinates of the particle and the 
internal coordinates of the target are denoted, respec- 
tively, by rfl =(r,0,¢)] and & Hr defines a series of 
eigenenergies and wave functions for the target: 


HyWVr(é)=erVr(€), (2) 


where I’ is regarded as specifying the eigenvalues of a 
complete set of commuting observables including Hr. 

A partial adiabatic wave function corresponding to a 
particle of energy & with incident wave vector k is 
defined by 


CT oAV (1,£) Jou (1,£) = Sax (1,2), (3) 


just as in the case of a bound state except that here, 
of course, & is independent of & The approximate, 
adiabatic wave function, xxr(r,£), for the process 
initiated by the incident particle with wave vector k 
in channel I is then given by 


xan (r,€) = we (1,E) Wr (E). (4) 


The asymptotic form of w,‘+ defines a &modulated 
7 s 


adiabatic elastic scattering amplitude f(0,¢,£): 
We (1,£)  ef® + f(0,0,E)7—1e*, 
r100 
If Yur (r,£) is the exact wave function for the 
process, therefore satisfying HYxr=(6+)Aerur™, 
then the amplitude for scattering from channel T to I’, 
frr(0,6), is given exactly by® 


j a\/ itt )\ ™ 
fr = (m/ 2h?) der | J War’? Is (5) 


where ¢xr(r,f)=e'*"Wr(E) in the r, ~ representation 
and conservation of energy requires &’= &+)(er— er’). 
The corresponding differential cross section is then 


dor r =kyky | frp (0,6) | 2dQ, 


where kr and ky are the channel wave numbers denoted 
also by k and k’. 
If one sets 
Yar? = xerOP+rAAcr™, (6) 


then the correction Ayr™ satisfies the equation 


(E+ Xer— H) Ayr = Ar(wyPWr) —w, 4 HV. (7 ) 
5In the present derivation the incident particle is considered 
to possess no internal degrees of freedom and in particular, for 
simplicity, no spin. 

6M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
(1953). 


PROCESSES 


The inhomogeneous source function which constitutes 
the right member of Eq. (7) will be designated by 
Uxr(r,£). Since the Wr(&) form a complete set of func- 


tions with respect to &, Ayr‘ can be expanded as 
Ar (r,é) = Zz rv Bry (r)Vp (g Be (8) 
in which an index k on Brr: is suppressed. Substitution 
of (8) and the additional expansions 
V(r. 8)Vr (=o 


Uxr(r,£)= Yr 


opr (PW pe (E , 

upy (nV; (€), 

into Eq. (7) and use of (1) and (2) yields the following 
set of coupled differential equations for the Brr:: 


[Stile en) ~T, als) 
ah a 


Lrtrer (Bree (1) =upr(r). (9) 


Equations (9) show clearly that the Brr: are of order 
zero in X. It does not follow, however, that Axi 
order zero, because the sum in (8) contains an infinite 
number of terms. In fact, if it is necessary to include in 
that sum all component states up to some I’ for which 
Aer differs from Aer by a fixed energy, sensibly inde- 
pendent of A, then the number of terms in the sum will 
be of order \~!, and the correction term \Axr™ in (6) 
of order d°. In this event the true values of the quantities 
in which we are interested will not, as \-0, approach 


is of 


the corresponding values calculated from the adiabatic 
wave function xxr™. However, there do exist problems 
such that the number of terms which need be included 
in (8) as 0 is not the number falling within a fixed 
energy interval, but rather some fixed, finite number, 
effectively independent of \. This will be the case, for 
example, if the orbital angular momentum required to 
excite a state I’ increases indefinitely as the quantum 
number of excitation (included in the specification I’) 
increases indefinitely (see Sec. 4). If consideration is 
can be regarded as of 
order \°. From (5) and (6) one then obtains 


restricted to such cases, Ax: 


mM 


frev (9,6) =——~be'r’| V | xr) +01() 


2rh? 


m 
-f deve (e 
2rh? 


x| fae Hr V(r £)w, (r,£) Wr(E)+0,(A) 


= f dzve*(0)/00,)¥0(8) +- Oo(X), (11) 


where /dé denotes a scalar product in the space of the 
coordinates § and O(A) a quantity of the order of X. 
The adiabatic approximation consists in neglecting the 
term O2(A) in (11). 

In the passage from (10) to (11) kp and kr», which 
differ by O(A), have been set equal in the first term; 
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hence a requirement for validity of the approximation 
is that 
\(er— er) 


(Ak)R=— «KI 
dD kp +kr)R 


(12) 


where Dy=h?/2mR? and R is an effective radius of the 
region of interaction. This condition, for processes in- 
volving exchange of only a small number of quanta 
with the target, is equivalent to the condition that the 
average level spacing of the target be much less than 
the single-particle width at the average (of incident and 
emergent) particle energy or, classically stated, that the 
period of the target motion be much greater than the 
time required for the particle to cross the region of 
interaction at its average outside velocity. When 
ky R&1, a more stringent requirement than (12), 
namely, 

(AR)R A(er:— er) 

—= ae <i, 
kp R = Dol(kr +kr)R-kpR 


must be satisfied for the approximation to be valid. 
Precisely at threshold (kr R=0), therefore, the approxi- 
mation fails; in particular, if some kind of average of 
ky and ky: is used in calculating f(6,¢,£), then the cross 
section calculated from (11) does not vanish as it 
should when ky-R-0. That calculated from (10) [with 
omission of O,(A) ], however, does vanish as kr R-0, 
provided that the true kr is used in yr. 

In certain problems may occur resonances due to the 
particle-target coupling and corresponding to temporary 
capture of the particle into a quasi-bound state by the 
target. Such resonances evidently will not be given by 
the adiabatic method, and to the extent that these 
resonances remain important for small \ the condition 
on the number of terms which must be retained in the 
sum in (8), a condition for validity of the adiabatic 
approximation, is necessarily violated; a resonance 
through an intermediate state in which the particle is 
captured into a quasi-bound state of (negative) par- 
ticle-energy ~~— B, say, can appear only via terms I’ 
in (8) for which A(er-— er) 2 6+ B, an energy difference 
independent of A. 


3. FORMULATION FOR ONE-DIMENSIONAL MODEL 
FOR SCATTERING OF NUCLEONS BY A 
NUCLEAR WALL 


For the purpose of fixing ideas, the adiabatic formu- 
lation will be given here for a simple idealized example, 
even though the restriction on the sum in (8) required 
for validity of the approximation is unjustified in the 
example to be considered. The present problem will be 
studied in another context in B. 

The one-dimensional system of interacting “nucleon” 
and dynamic “nuclear” wall is defined as follows. 
A particle is scattered by a potential well whose wall 
is variable in position and bound by a quantum- 
mechanical harmonic-oscillator potential. The degrees 


M. 


k 
we? (ra) =V2—e*{ cos?*KR+ 
K 
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of freedom are the position coordinate, r, of the par- 
ticle and the “‘deformation”’ coordinate, a, of the wall, 
defined by R= Ro(1+a), where R is the position coordi- 
nate of the wall and Rp its equilibrium value in the 
absence of interaction. For simplicity the nucleonic 
potential is taken to be —Vo for r<R and zero for 
r>R. An infinite wall is supposed to be placed at r=0, 
so that the wave function vanishes there and need be 
defined only for r>0. The Hamiltonian is written 


H=T,+V(r,a)+Hr(a), 


T p= 


+ 9 
Ca’, 


Hr(a)=—-—- 
29 da® 2 


Ro(1+a) 
—Vo f 5(r—p)dp, 


where m and 9 are, respectively, the mass of the particle 
and the product of the mass of the wall by Ro’, and C is 
the stiffness constant for the wall vibration. The normal- 
ized harmonic-oscillator eigenfunctions of H,r are de- 
noted by /:(a) and the corresponding eigenvalues by 
e:= (t+3)hw (t=0,1,2,---), where w=(C/9)!. Thus 
the h,(a) are to be identified with the Wr(é) of Sec. 2. 
The adiabatic wave function x (7,a) for the process 
initiated by the particle with energy & incident on the 
wall in state ¢ may be written explicitly as 


V (r,a) = 


xn (ra) = wy (r,a)hi(a), 

with x, the partial adiabatic wave function, given by 

Rk? 4 
-sin’*KR 


ro 


sinKr 


(r<R) 


— 4) 


=v2et sin(kr+¢), (r>R), (14) 


where 


k 
¢=¢(a)=—kR+tan (- tank), 

K 
R=R(a)=Ry(1+<a), 


and K is the inside wave number: K?=k?+(Vo/Do) 
with Do=h?/2mRo*, w,* being normalized to one par- 
ticle per unit distance in r. It is the phase shift ¢ rather 
than the energy & which depends on a for adiabatic 
wave functions in the particle continuum. For r>R, 
xXke may also be written 


xt (ra) = bet (r,a) +V2e%™ sint (a)e“h: (a), 


where ¢x:(7,2)=V2 sinkr-h:(a), the incident wave. The 
limit in which we are interested may be expressed in 
terms of parameters of the wall Hamiltonian: A—0, 
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$=) 199, C= AC, hu = Two, the So, Co, hwo, being fixed 
and finite. The zero-point oscillation amplitude of the 
wall, (#w/2C)!, remains constant during the limiting 
process. 

Corresponding to Eq. (11), the adiabatic amplitude 
for the process (—>?’ is 


(15) 


fu? f dahy*(a)e*@ sing (ah, (a) 


—o 


In terms of f,, the probability for the process (number 
of transitions /—?/’ per unit time-++number of particles 
incident per unit time) is mye=| fve|?. [If e* sing is 
expanded to first degree in a, the result for my, is 
identical with that based on a first-order expansion of 
the original interaction (13), 


Ro 
—Vo f 5(r—p)dp— VoRoad(r— Ro), (16) 


0 


when the second term in (16) is treated to first order in 
a distorted-wave Born approximation and k’ is set 
equal to &. | 

Numerical calculations of the probabilities ry, by 
another method (to be given in B) show that resonance 
structure associated with formation of quasi-bound 
intermediate states dominates the energy dependence 
of these quantities, except when the coupling is very 
weak and the resonances consequently very narrow. 
Furthermore, there appears no reason to believe that 
the results calculated from the adiabatic approximation 
(15) are more nearly correct than those obtained from 
a simple distorted-wave Born approximation. As already 
stated, therefore, the above formulation for this example 
is intended only to illustrate the concepts of the 
adiabatic method. 


4. FORMULATION FOR NUCLEAR ROTATIONAL 
EXCITATION BY NEUTRON SCATTERING 


It is reasonable to apply the adiabatic treatment to 
the inelastic scattering of neutrons with excitation of 
rotational levels in strongly deformed target nuclei. 
This process is visualized as occurring by way of the 
interaction of the neutrons with the deformed potential 
well presented by such nuclei according to the unified 
model.’ The adiabatic formulation and a brief discussion 
of this problem will be given here. 

The target nucleus is regarded as describable by the 
usual strong-coupling wave function of the unified 
model’ and is assumed to be axially symmetric. It is 
assumed that the coupling of the incident particle with 
the intrinsic modes of excitation of the target at 
moderate energies may be neglected: only the collective 
rotational excitations are considered. Then, apart from 
symmetrization, the target wave function is just 
D' yx(0;), 0; being the Euler angles of the principal 
axes of the nucleus relative to space-fixed axes. The 
D!' wx(0;) are therefore to be identified with the ¥r(&) 
of Sec. 2. The adiabatic elastic scattering amplitude, 
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f(0,¢,;), that appears in Eq. (11) is the amplitude for 
scattering by the deformed potential well (perhaps 
complex) with orientation 6; relative to the direction of 
the incident beam.’ 

An incident wave e“* can be written in terms of 
coordinates (r,6’,6’) measured relative to the principal 
axes as 


eal l 
ett = = 2 ayes Dy. (0;) 71(kr) V x (0 .’), 
l=0 k=—] 
where 


Q,;= 2? (21+-1)6!, Doin’ (01) = et mbzt-m'bs) Dl (8,), 


and use is made of the relation 


I 
Vim(9,6)= 22 Dim’ (8:) Vim’ (0,0). (17) 


m!=—l 


Correspondingly, outside the maximum radius of inter- 
action the adiabatic wave function for the scattered 
particle may be written 


o it 

WwW,‘ (r,0;) = ie e637 aD", (81) ju(kr) 
l=0 k=—l 

— id y.(0;)hy (kr) \V u.(0',0’), (18) 

where h;"” is an outgoing spherical Hankel function. 

The orientation-dependent coefficients d,(0,;) are ob- 

tained from the solution of the elastic scattering 


problem most naturally in the form 


co) 


dy()= > 


U =| k| 


Ax!’ D" % (01). (19) 
The A," depend only upon the incident energy and 
the form and spatial shape of the potential well. They 
vanish when /—/’ is odd. These important coefficients 
may be calculated by integrating through the region 
of interaction the set of coupled differential equations 
for the radial components in the expansion of the wave 
function in terms of spherical harmonics relative to the 
nuclear axes. From (19) one can rewrite (18): 


a l 20 
mP(ray=> YS Yo ec apd. 7)(kr) 


l=0 k=—1 1’=|k| 


= iA ne hy (kr) 1D" o (6; ) Vu (0 .¢’). 


Transforming back to space-fixed axes by the relation 
inverse to (17), one then obtains for the scattering 
amplitude 


00 l l oa 
{O,,¢-@)e—-ke'D > Lt LZ 


l=0 k lL m=lI 1 


k 


Xt 1A te!’ Dink * (81) D™ oy (8) ign (O.d)e imb2 


7 Because of the assumed axial symmetry {(0,6,9;)= (0,61, —42), 
where (6;,02,43) = (0,¢,y) in the notation, for example, of H. Gold 
stein, Classical Mechanics (Addison-Wesley Press, Cambridge, 
1950). (61, in particular, is the angle between the symmetry axis 
and the direction of the incident beam.) 
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The amplitude (11) for the transition J, M—I', M’ 
within a rotational band characterized by a projection 
K of angular momentum along the nuclear symmetry 
axis becomes 


FR rage (0,6) = —R-(27’ +-1)3(27+1)} 


i-! (2D-+1)-(''M’, M—M"| LM) 
x (I'/Kk\ L, K+) (1IM0| LM) 
xX (IIKR|L, K+R)Aret-Vy, w_we(0,6), (20) 


where (aba8|cy) denotes a Clebsch-Gordan coefficient 
[ (aba3| abcy) in the notation of Condon and Shortley ]. 
In obtaining (20), the integration formula’ 


f D¥ ¢x*(0;)D4myk1(0;) D?mok2(8;) sin9,d62d0 


2)? 


Llomyme| LM) (Iylokike| LK) 


2L+1 


was used. Finally, the differential cross section for the 
process J—J' with an unpolarized beam is 


I I’ 
(27+1)? > a 


— 


da*, 1(6)= , 
M=—I M’=I’ 


| fr; (0,0) |*dQ. (21) 


Equations (20) and (21) express the desired cross 
sections directly and algebraically in terms of the 
elastic s« attering coefficients A vel. 

One will expect that the lowest few rotationally 
excited states all contribute significantly to the wave 
function for the scattering, due to the relatively strong 
coupling between the rotational motion and the incident 
wave for the large deformations envisaged. However, 
one will also expect that the contributions tail off 
rapidly with increasing spin (and hence excitation) 
when the corresponding lowest requisite neutron orbital 
angular momentum is such that the classically com- 
puted distance of nearest approach at the energy in 
question is approximately equal to the (maximum) 
nuclear radius. Further, the lower rotational levels are 
relatively closely spaced. These circumstances, in accord 
with the discussion of Sec. 2, indicate the adequacy and 
suggest the appropriateness of the adiabatic approxi- 

SE. P. Wigner, Gruppentheorie und thre Anwendung auf die 
Quantenmechanik der Atomspekiren (Friedrich Vieweg and Son, 
Braunschweig, 1931). 
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mation in this problem. Its advantage consists in the 
greater simplicity of the sets of coupled differential 
and algebraic equations which arise in the problem of 
elastic scattering by a deformed well relative to those 
which arise in the problem obtained without use of the 
adiabatic approximation. In this latter (nonadiabatic) 
formulation one must consider the nucleonic and rota- 
tional motions simultaneously. A disadvantage of the 
adiabatic approximation is that it cannot be carried 
through in a representation in which the total angular 
momentum and its z projection are diagonal; the 
number of channels requiring separate treatment is 
correspondingly larger. 

In connection with the adiabatic approximation, one 
may consider the semiclassical limit, in which the 
parameters £ of Sec. 2, following classical equations of 
motion, modulate the scattering amplitude {(6,¢,£(d). 
Such a description may be appropriate when, in addition 
to the conditions for validity of the adiabatic approxi- 
mation, is satisfied also the condition that the motion 
of the target be only negligibly affected by the transition 
induced by the scattering, a condition which requires, 
in particular, that | er-— er 0 for the lowest 
level Io). This modulation is the same in principle as 
that involved in the description of the Raman effect at 
the lowest level of approximation.’ There the amplitude, 
f, of the scattered light depends upon the molecular 
orientation, £; this orientation is calculated from the 
classical equation of motion for the rotation. In the 
present problem of neutron-induced nuclear rotational 
Raman effect, as it may be called, the expression given 
for the partial cross sections in terms of Clebsch-Gordan 
coefficients must likewise reduce in the semiclassical 
limit to a simple form clearly related to the idea of 
modulation. To effect this reduction directly one must 
derive a suitable limiting formula for the Clebsch- 
Gordan coefficients, an interesting project in itself. 
However, one can by-pass this analysis and write 
down the semiclassical result at once. For this purpose 
one has only to Fourier analyze the scattering amplitude 
with respect to the time-dependence of the angles that 


<ep (if €ro= 


specify the nuclear orientation. 

A numerical calculation of neutron-induced nuclear 
rotational excitation for targets of spin zero is now 
being carried out in the nonadiabatic formulation with 
cutoff at a finite maximum spin (“Tamm-Dancoff 
approximation”) by Dr. L. Wilets and the author. 
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E have measured the proton and fluorine 7;’s in 
CH2FCl, CHF2Cl, CHFCl., and 1,3,5-trifluoro- 
benzene at room temperature using the spin-echo 
method of two 90 The molecular structures 
are such that, according to the usual relaxation models 
the direct magnetic dipole-dipole inter- 


pulses.? 


for liquids,” 
actions are nearly identical for protons and fluorines in 
the same molecule and therefore so should be the 7'y’s, 
However, the observed proton 7,’s, given in Table I. 
are several times longer than the corresponding fluorine 
T,’s. Anisotropy of the fluorine chemical shift® explains? 
the results for 1,3,5-trifluorobenzene but it is not the 
dominant factor for the Freons. 

The intramolecular and translational dipole-dipole 


contributions to 7; were calculated as 


(1 D 12) sates hy; Y yp & rj (1) 


2 — 


(1/7 15) trans= (9?h?y °nNa/k7 


(1/r;,) |, (2 


using 7,=4na*/3kT. The molecular radius a was esti- 
mated from the molar volumes; 7’, 


closest approach of nuclei in different molecules, was 


the distance of 


taken to be 2a. For typical fluorocarbons the viscosity 
is about 5X10, ‘’s in CHFC]I 
and 1,3,5-trifluorobenzene of 10.5 and 11.5 sec in fair 


which gives proton 7 


agreement with experiment. The viscosity effects cancel 
upon taking the ratio of 7,’s, which are included in 
Table I. The experimental ratios are from 1.7 to 9 times 


TABLE I. Proton and fluorine spin-lattice relaxation times in 


Proton 
20 Mc/sec 


34.6 +1.0 
46.9+0.2 
6.3+0.1 
26.0+0.4 


T) 
Compound 26.5 Mc/sex 


CH,FCl 
CHFCl, 
CHF;Cl 
CeH3F3> 


34.4+0 7 
42.1+0.7 
6.73 +().14 
26.7+0.7 


he errors are probable errors. 


® T, is given in seconds; 
b 1,3,5-trifluorobenzene 


104, 


9.11+0.05 
5.10+0.08 
1.77+0.01 
16.7+0.1 


NUMBER 3 NOVEMBER 1, 1956 
as large as those computed. No significant improvement 
has been obtained by reasonable adjustment of the 
parameters available in this model. 

Anisotropy in the chemical shift tensor @ produces in 
the laboratory xy plane, at the nucleus, a magneti 
field H, which, for a nucleus surrounded by an electron 
distribution that is axially symmetric about the 3’ 


is 


axis, 


H, Cys" HT, sin@ cos6(c,,’ G+ )Ho. 


The « and y components of H, are —H, cos and 
H, sing. 6 and @¢ give the orientation of the molecular 
axes, x’, y’, 2’, with respect to the laboratory system, 
x, y, z. Molecular reorientations produce fluctuations in 
the field which contribute a term to Tj, calculated by 


the methods of Bloembergen, Purcell, and Pound? to be? 

(ey (2 15)y*; ere. rae “7, (1 vA) re (4) 
If wo?r 
(1/T, 


creases as /7[o”, so that (1 


1, as was true in these experiments, then 
polar 1S independent of H/o whereas (1/7), in- 
T\), can be deduced from the 
field dependence of (1/7, 

The proton shifts are too small for their anisotropy 
to be important here. The proton 7,’s in Table I vary 
at random while the fluorine 7,’s are consistently 
shorter at the higher field. Calculation of 1 


shift anisotropy from the field dependence is compli 


he fluorine 
cated by the lack of reliable values for 7,. The procedure 
RotAH 


Equations (1 


adopted was to fit the 7, ratios by R , which 


(2/15 VF? (022 - 7 ed rel iH. 


gives A 


and (2) were then used to eliminate 7,714. The data 
for 1,3,5-trifluorobenzene are the most reliable, giving 
j ‘)=7.5X10-4, which is also the average ani- 
the This result the 


conclusion’ that the fluorine shifts arise in main from 


(O22 Orz 


sotropy trom Ireons. supports 


the second-order paramagnetism of the covalent p 


electron. For such a p electron, we find o,,=0; more 


cos’0, and, finally, (o22) oO 


OVEY, Oz2=Tzz SIN?0+o42 ; 


The observed shift,® (o,,),, for a C-F fluorine, attrib 
utable to the covalent p electron is 6.5 10 


+ of the observed anisotropy as predicted by 


* which is 
about 
the model. 

At present we have no good explanation of the large 
T, ratios for the Freons. There is an indirect proton 
fluorine coupling of about 10 cps in the compounds, 
but this seems too small for its anisotropy or other 
f 


effects*> to be significant. Dissolved oxygen was re- 


a 


molecular liquids at room temperature 


Fluorine 7 R =Tin/Ti 
20 Mc/se 


c 26.5 Mc/sec e¢ 26.5 


Mc/sec Dipolar 


0.44 
0.98 
OSS 
0.93 


0.12 
-0.15 
+().08 
0.02 


3.96+0.08 
8.85+0.35 
3.98+-0.14 
1.71+0.06 


8.69+0.05 
4.76+0.14 
1.69+0.05 
15.6+0.15 
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moved from the samples; it does not appear to have a 
differential effect. For a sample of 1,3,5-trifluorobenzene 
containing oxygen, T1m and 7p were 1.85 and 1.82 sec 
at 20 Mc/sec. Further work is in progress on the 
problem and also on the chemical shift anisotropy. We 
wish to thank A. Saika and G. A. Williams for several 
helpful discussions and E. O. Stejskal for assistance 
with the measurements. 


* Supported by the Office of Naval Research and by grants-in- 
aid from E. I. du Pont de Nemours and Company and the Upjohn 
Company. 
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einer aasali of the surface resistance of 
superconductors at microwave frequencies hav- 
ing photon energy comparable with kT, have recently 
been announced. For tin’ these measurements have 
been carried up to a frequency corresponding to 
hv=1.9kT. and for aluminum? to 2.3k7,. At these 
frequencies and at the lowest temperatures tried, both 
materials lost part but not all of their resistance in the 
superconducting state. At considerably higher fre- 
quencies, the absorption coefficient of tin has been 
studied.’ For \=0.014 mm, corresponding to 275k7,, no 
change in the absorption between normal and super 
conducting states was found, indicating no change in 
the resistance. We have made measurements of the 
transmission through superconducting lead and tin 
films. The.frequencies used cover a good part of the 
previously unexplored intermediate region. 

The quantity measured experimentally is the ratio 
of power transmitted through the film in the super- 
conducting state to that in the normal. In Fig. 1 this 
is plotted against frequency for a typical lead film. 
Both the low-energy points, which indicate a reduction 
of the transmission corresponding to a partial loss of 
state, and those at 
high energies for which there is no change, are in 
qualitative agreement with the previous experiments 


resistance in the superconducting 
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on bulk material. The high-energy data now make it 
possible to fix the maximum frequency for which there 
is a difference between the normal and superconducting 
states at about 20kT./h. The most striking aspect of 
the results is that over a considerable region of fre- 
quencies the superconducting film has a higher trans- 
mission, corresponding roughly to higher resistance, than 
the normal film. The frequency dependence of Sn films 
has been measured only approximately. The existence 
of a maximum also in the transmission for Sn has been 
verified. If the frequency scale is reduced in the ratio 
of the transition temperatures (3.7/7.2~0.5), the re- 
sults seem consistent with those for Pb. A suggested 
interpretation of the data is given by one of us in a 
separate letter.‘ Our results appear to support the 
energy-gap model of superconductors. 
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Fic. 1. Experimental transmission ratios of superconducting 
and normal states of a typical lead film (dc residual resistance 
117 ohms; transmission in normal state=}) at T/T.=0.67+0.03. 
The frequency uncertainty on each infrared point is the half- 
power width of the continuous spectrum used. The vertical error 
limits on these points are derived statistically from the data. The 
dashed curve is one proposed for 7 =0 and an energy gap of 3kT,., 
as described in the following Letter. 


Films were produced in situ by evaporation in high 
vacuum onto a crystal quartz substrate held at 77°K 
and were annealed at room temperature. Current and 
potential contacts made it possible to monitor the dc 
resistance. Superconductivity could be destroyed by 
exceeding a critical value of the current. Estimates 
made both from the temperature-dependent part of the 
resistance and from the Fuchs? theory, assuming diffuse 
surface scattering, indicate that the thickness of the Pb 
film used was ~20 A. (Sn films up to five times as thick 
were also tried ; all showed the increase in transmission.) 
The critical temperature was 0.12°K lower than for 
bulk material. The width of the transition region was 
less than 0.1°K. 
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The two microwave points, those at the left in the 
figure, were obtained by using a K-band klystron with a 
crystal harmonic generator kindly supplied by Han- 
Ying Ku. The accuracy is limited by stray reflections 
and by standing waves. For the infrared points, a mer- 
cury arc was utilized together with a Golay detector. 
The f/1.5 grating spectrometer used to separate the 
various frequencies is similar to several described in 
the literature.*7 A moderately wide band of radiation 
had to be taken to obtain a measurable signal. The 
accuracy is limited by the available energy and running 
time, up to one hour per point. 

* Supported in part by the U. S. Office of Naval Research; the 
Signal Corps; and the Office of Scientific Research, U.S. Air Force. 

t National Science Foundation Postdoctoral fellow. 

1 Blevins, Gordy, and Fairbank, Phys. Rev. 100, 1215 (1955). 

? Biondi, Garfunkel, and McCoubrey, Phys. Rev. 101, 1427 
(1956). 

3 Daunt, Keeley, and Mendelssohn, Phil. Mag. 23, 264 (1937) ; 
K. G. Ramanathan, Proc. Phys. Soc. (London) A65, 532 (1952). 
4M. Tinkham, following Letter [Phys. Rev. 104, 845 (1956) ]. 

5K. Fuchs, Proc. Cambridge Phil. Soc. 34, 100 (1938). 

6 T. K. McCubbin, Jr., and W. M. Sinton, J. Opt. Soc. Am. 42, 


113 (1952). 
7L. Genzel and W. Eckhardt, Z. Physik 139, 578 (1954). 


Energy Gap Interpretation of Experiments 
on Infrared Transmission through 
Superconducting Films* 


M. TINKHAM 
Department of Physics, University of California, 
Berkeley, California 


(Received September 4, 1956) 


HE transmission and reflection properties of a film 
which is thin compared to a skin depth and in 
transverse dimensions large compared to a wavelength 
are determined completely by the complex admittance 
per square of the film. If we have a film of admittance 
Y laid on a substrate of index of refraction n, the ratio 
of the power transmission with film to that with no 

film is 
1+Z oY /(n+1)!|- (1) 


where Zp is the impedance of free space (41/c, cgs; 
377 ohms, mks). For normal metals, Y is simply 1/Rw, 
where Ry is the dc resistance per square of the film. 
The relation (1) has been verified with the films used 
in our experiments.! Note that these ~20 A films give 
a transmission of only ~4}, independent of w, despite 
the fact that the skin depth is ~1000 A and depends 
on w. We are dealing with an impedance mismatch 
problem rather than a penetration depth problem.?* 

In the superconducting state, Y becomes complex 
and frequency-dependent. If we use Eq. (1), the experi- 
mentally measured ratio of the transmission 7's is the 
superconducting state to that of the normal state is 


Ts “nr 
Ty'+(1—Ty!) 1-7, 3)- 


Tw | ON a ON 


where we have introduced a complex conductivity for 
the superconducting state: o1(w)—io2(w)=onRnVY (w). 
Thus the interpretation of the transmission results is 
reduced to a discussion of the complex conductivity. 
While measurement of only the transmitted power is 
insufficient to fix both o; and a2 at a given frequency, 
the Kramers-Kronig (K-K) relations’ allow such a 
separation if measurements are available over the entire 
relevant frequency range. Care is required because of 
the pole of (w) at the origin, associated with the loss- 
less conduction. 

The K-K relations are satisfied by the London-type 
conductivities : 

“ 


6(w—QO), ao! 


8X2 4adtw 


These are equivalent to a lossless inductive admittance 
of the film. If this term alone were present in the super- 
conducting state, the transmission through the film 
would rise continually with increasing frequency, reach- 
ing complete transmission, 7.s5=1, at high frequencies. 
Since in fact Ts—Ty at high frequencies, one might 
simply assume that the normal conductivity was also 
present in both states. This would give the correct 
high-frequency limit, but would fail to give the ob- 
served peak in transmission at intermediate frequencies. 
We shall now indicate how an energy-gap model pro- 
vides a natural explanation of this peak. 

We consider a model of a superconductor at absolute 
zero! in which a gap of width tw,~3kT, appears in the 
spectrum of one-electron energy states. This width is 
suggested by specific heat data.® The lossy conductivity 
a; will be zero for photon energies fw: 
a, will rise gradually with w as an increasing fraction 
of the states originally within fw of the occupied states 
below the Fermi level are still available for excitation. 
If the gap merely excluded the states within fw,, 
leaving all else unchanged, this simple picture would 
w). The experimental 


hog. For w> Wy, 


suggest a rise aS o,;=o0n(1—w, 
rise seems to be faster, cutting off at least as fast as 
(1—w,?/w’). This might correspond to the states dis- 
placed from the gap just “piling up” on either side, so 
that the change averages to zero more rapidly for 


WW g. 


Given any assumed cut-off form for o;(w), the K-K 


relations determine the corresponding o»'(w) which must 
be added to o2"(w). For any reasonable cutoff, o2’(w) is 
negative, has a maximum magnitude of the order of oy 
near wy, and falls as w/w, at low frequencies and as 
w,/w at high frequencies. (See Fig. 1.) Since only 
4n J+ 0D/0t= (420+ wwe) E enters the relevant Maxwell 
equation, this imaginary term in the conductivity is 


/ 


equivalent to a real dielectric constant €(w) fray’ /w. 








Fic. 1. Frequency dependence of conductivity for an energy 
gap model at 7=0 under the assumption o,/oy=1—w,?/w* and 
o2"/on=w,/w 
For w<w,, this has a constant value of the order of 


magnitude 10° (~4ion/w,), and resembles the e 


dicted in the 


pre 
theory of Ginzburg and Landau.® We note 
that the appearance of this term is a direct consequence 
of the cutoff of normal conductivity for w<w,. Though 
it is completely 
L 


this oo’ term is important near w=w,, 


swamped by o2” for w<w,. Thus a2” alone can be 
determined directly from the microwave points. 

To the limited accuracy of these data, both micro- 
1142 cm”. With ow esti- 


mated to be roughly the value for bulk lead at room 


wave points yield vo2/on 


temperature (the residual resistance of the film is half 
its room temperature resistance), this corresponds to a 
value of the London J increased from that of pure bulk 
lead by a factor of 7. This increase in \ appears to be 
related closely to the increase of \ with reduction of 


electron mean free path by impurities observed by 


Pippard’ and Chambers.* For w>w, this reduced o2" is 
nearly cancelled by the a2’ 


term, leaving oo<o,. Since 


o2 enters (2) only quadratically, Ts/Ty for w>w, is 
largely determined by o; alone. This allows the form 
of decrease of o;(w) in the superconducting state to be 
obtained directly from the excess of Ts over Ty for 
w> wy. 

The 
the specific assumptions o1/ov=1—w,"/w 


w,/w. The K-K relations then give 


figure for 


and oo" /an 


situation is summarized in the 


| T){(1—w */a) 


T 2wg w}. 


The sharp peak in transmission (see Fig. 1 of preceding 
Letter w= 3kT. 


9 h occurs because both ent and 
o2 are very small there. For T>0, it 


near w 
is expected that 
a;>0, even for w<w, and that the rise in o; starts at a 


lower frequency and is more gradual. This would result 
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in a lower peak in the calculated transmission curve, as 
observed. Despite the reasonable agreement with experi- 
ment which can be achieved in this way, it should be 
emphasized that the specific forms proposed here are 
not meant to be exact or unique. They simply formalize 
an approach which seems promising for the interpreta- 
tion of these and future experiments. 

* Supported in part by the U. S. Office of Naval Research; the 
Signal Corps; and the Office of Scientific Research, U. S. Air Force. 
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YDROGEN and deuterium atoms produced by 

electrical discharges have been successfully de- 
posited and stored in their respective molecular matrices 
at liquid helium temperature. The identity of each 
atom has been established by the characteristic hyper- 
fine splitting of its microwave electron-spin resonance 
spectrum. 

The atoms were produced by an electric discharge in 
pure hydrogen or deuterium at a pressure of about 
(0.1 mm Hg. The discharge was of the electrodeless type 
operating at a frequency of 4 Mc/sec and a power of 
100 w. The discharge products were pumped at a 
speed of about 1500 cm/sec past a short side-tube con- 
nected to a low-temperature cell. The side-tube was 
terminated by a glass slit 3 mm wide by 10 mm long 
which served as the source slit for a simple molecular 
beam system. The molecular beam was condensed on a 
sapphire rod at a distance of 3.1 cm from the glass slit. 
The sapphire rod which was soldered to the bottom of 
a liquid helium reservoir was 2 mm in diameter and 
22 mm long. With this system a 5-minute deposition 
generally provided an adequate sample. During sample 
deposition a good vacuum (~10~° mm Hg) was main- 
tained in the cell by the pumping action of the liquid- 
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helium-cooled surfaces. A liquid-nitrogen-cooled radia- 
tion shield surrounded the sample rod and helium 
reservoir except for the slots used for introducing the 
molecular beam and for pumping. 

For resonance measurements, the sample-coated sap- 
phire rod was inserted into a rectangular microwave 
cavity through an aperture 4 mm in diameter. The 
cavity was operated in the TE 012 mode and kept at 
liquid nitrogen temperature by thermal contact with 
the radiation shield. The penetration of the sample rod 
into the cavity was adjustable up to a maximum of 
16 mm. The broad face of the cavity was perpendicular 
to the magnetic field supplied by a 12-in. Varian magnet. 
The microwave frequency of the klystron was stabilized 
at the sample cavity resonance frequency of about 
9066 Mc/sec. 
slowly sweeping the magnetic field through resonance 
and recording the absorption signal derived from the 
field modulation at 400 cps. The magnetic field was 
measured by a proton resonance magnetometer. The 


The spin resonance was observed by 


microwave frequency was measured by using a standard 
compared with radio station WWV. 

Observations of the electron spin resonances in hydro- 
gen and deuterium samples have shown that the trapped 
atoms are quite stable at liquid helium temperature. 
The resonance lines appeared immediately after deposi- 
tion and remained detectable as long as liquid helium 
temperature was maintained. 

The spectrum for hydrogen consisted of two lines of 
almost equal intensity, one 234.1 oersteds above and 
the other 274.6 oersteds below the field for free-electron 
resonance. The half-width for each 
about 0.7 oersted. The observed spectrum for deuterium 
was a triplet with the center line three to four times 
stronger than either of the other components. The 
center line was 2.1 oersteds lower than the free-electron 


component was 


resonance field and was separated from the low- and 
high-field lines by 76.7 and 78.7 oersteds, respectively. 
The half-width of the deuterium lines was roughly 
1.3 oersteds. 

The spectral patterns and line intervals for the ob- 
served hydrogen doublet and deuterium triplet are 
consistent with the known hyperfine structures of free 
hydrogen and deuterium atoms. By applying the Breit- 
Rabi formulas,'” we have obtained the hyperfine 
coupling constants and g, values for trapped atoms 
shown in Table I. Comparing these values with the 
values for free atoms, also shown in Table I, it is seen 
that the atoms trapped by low-temperature deposition 
are very nearly, but not exactly, free. We are not ready 
at this time to explain quantitatively the small devia- 
tions from the free states, the difference between the 
hydrogen and deuterium line widths and, especially, 
the anomalous intensity of the deuterium center line. 

It was also observed that each hyperfine line of the 
hydrogen atom was accompanied by two satellite lines 
symmetrically spaced about it. The separation of these 
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TABLE I. Hyperfine splitting constants (v-) and gy values 


for H and D atoms. 


326.60+0.23 
327.3843 


1417.134 
1420.4057 


Ve (trapped) Mc/sex 0.45 

ve (free) Mc/sec* 

Deviation of »,. from 
free value 0.23% 

gy (trapped 2.00243+0.00008 

o7 (free)? 2.00230 


0.24% 
2.00244+0.00008 


100, 1188 (1955) 


\. Heald, Phys. Rev. 95, 1474 (1954 


satellites from their main line corresponds to the energy 
required to flip a neighboring proton.’ Similar satellites 
have also been observed for each of the deuterium lines 
except that they were not well resolved from the rela 
tively broad deuterium line 

In the course of our experiments with hydrogen, 
a number of strong, sharp lines of unknown origin have 
been observed in the vicinity of the free electron reso- 
field. as triplet and quartet 
spectral groups, each having uniformly spaced lines. 
The line spacing varied from 4 to 23 oersteds among the 


groups. It is possible that these 


nance These appeared 


lines are connected 
with excited molecules stabilized in the low-temperature 
matrix. 
* This work was supported by the Bureau of Ordnance, Depart- 
ment of the Navy. 
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* resonance has been ob 


NTIFERROMAGNETI 
served in a single crystal of MnF».! Observations 

on this absorption line have been made in the tempera 
ture range from 36° to 65°K and at frequencies from 
213 300 Mc/sec to 96 000 Mc/sec.? MnF» has tetragonal 
symmetry and a Néel temperature of approximately 
68°K. The interpretations of antiferromagnetic reso 
nance experiments on other crystals*-® have been com 
plicated by a lower order of crystal symmetry, low 
Néel temperatures, or the necessity of working very 
the Néel temperature. In MnF~» 
furnishes the most direct and simple basic 


close to contrast, 
test of the 
theory. 

It has been shown by Keffer and Kittel’ and others 
that the resonance frequency with the external magnetic 
field applied parallel to the symmetry axis is given by: 


w ‘y= (2H eH 4)'+Hy(1—a ean (1 


where Hg is the exchange field, H4 is the anisotropy 
field, Ho is the applied field, y is ge/2mc, and a is the 
ratio of the parallel and perpendicular susceptibilities. 
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In addition, Keffer? has estimated Hg and Hy, for 
MnF, at 0°K. He calculated the anisotropy field as 
8800 gauss, of which 8300 gauss arise from magnetic 
dipole interactions and 500 gauss from interactions with 
the crystalline electric field. From molecular field theory 
and susceptibility measurements,’ Hg is 540 000 gauss. 
This yields a value for (2H gH)! of 97 500 gauss. At 
higher temperatures, Keffer assumed that (2H rH ,)} 
varies as M/Mo, which in turn is assumed to vary as 
the modified Brillouin function for S=5/2. 

In the present experiment, millimeter wave power 
from a silicon crystal harmonic generator is sent through 
either a 0.016-in. or a 0.033-in. thick MnF~> slab 
mounted in a 0.122X0.061-in. wave guide with the 
symmetry axis of the crystal parallel to the dc magnetic 
field. The transmitted power is monitored by a silicon 
crystal detector as the magnetic field is changed from 
zero to about 9000 gauss. One measurement was made 
with the third harmonic of a 4.219-mm pulsed mag- 
netron.'® The experimental observations are given in 
Table I, where AH is the full half-width uncorrected 


for (1—a 2). 


TABLE I. The temperature, line width, g value, and percent 
absorption are given for the various frequencies at which the anti- 
ferromagnetic resonance was observed, at zero magnetic field 


% absorption 
at for 0.016-in. 
0 \H (gauss slab 
+0.5 ~8000 —iS 
+0.8 ~7000 ~50 
0.6 ~5500 1.9+0.6 


+0.4 1600 2.1+0.15 ~95 


If it is assumed with Keffer that vy varies as the 
modified Brillouin function, then 


VH = KB; (T Ty . 


(2) 


7) 


It -was decided to use 67.7°K as Ty. This value was 
obtained from the susceptibility measurements’ and 
gives a good fit with the experimental data. In addition, 
it is consistent with the fact that traces of paramagnetic 
resonance absorption!! have been detected at tempera- 
tures as low as 67.6°K. The point at 213.3 kMc/sec is 
then sufficient to determine K as 264+5 kMc/sec. 
Since g was determined to be 2.1+0.15, (2HeH 4)! is 
equal to 90 000+8000 gauss, in very good agreement 
with Keffer’s estimate of 97 500 gauss. 

The experimental points are shown in Fig. 1. Also 
shown is the curve given by Eq. (2) with K=264 
kMc/sec and Ty=67.7°K. 

Qualitative observations were made as various angles 
were changed. When the crystal was rotated at constant 
temperature and frequency with fixed mutually per- 
pendicular dc and rf magnetic fields, the intensity of 
the absorption rapidly decreased as the symmetry axis 
was rotated away from the direction of the dc field. 
In addition, the magnetic field necessary for resonance 
increased. This increase in magnetic field was also 
observed as the dc magnetic field was rotated with the 


THE EDITOR 





300; 





nn 
wn 
oO 





n 
°o 
°o 





FREQUENCY (kMc /sec) 
a 
° 




















20 40 
TEMPERATURE (°K) 


Fic. 1. Temperatures at which antiferromagnetic resonance 
occurs in MnF, at H=0 for various frequencies. Equation (2) 
with K =264 kMc/sec and T7y=67.7°K is also shown. 


rf field and crystal fixed. These rotation experiments 
verified that the symmetry axis of the crystal coincided 
with the magnetic anisotropy axis, in agreement with 
the susceptibility measurements. 

The g value of MnF, in the paramagnetic state” at 
300°K is 2.05+0.03. This agrees with the value for 
the antiferromagnetic state within its error. This is 
evidence that the factor (1—a/2), which at 42°K 
amounts to 0.75, is indeed correctly present in the 
theory. 

The results of this experiment are in complete agree- 
ment with the general theory of antiferromagnetic 
resonance developed by Keffer and Kittel as well as 
with the detailed predictions of Keffer for MnF»2. How- 
ever, if the observed frequencies are interpreted as 
being proportional to the magnetization of the lattice, 
they are in disagreement with the direct measurement 
of the magnetization by the method of neutron scat- 
tering.'® The reasons for this discrepancy are not evident 
at present. 
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HEN an atom or molecule is placed in an external 

magnetic field, the electron distribution becomes 
distorted and the system acquires a field-dependent 
magnetic moment. Two independent observable effects 
result. The magnetic moment of the system interacts 
with the external field (diamagnetism) or with the field 
of the nuclei (chemical shift) giving rise to terms of 
order peif* and pnucl? in the electronic energy. Com- 
putation of the paramagnetic parts of either the 
diamagnetic susceptibility or the magnetic shielding 
requires a knowledge of the wave function of the system 
to first order in the external magnetic field. Conven- 
tional perturbation theory results in infinite series!” 
which cannot be reliably summed. For this reason we 
have sought a variational function oto happily has 
been discovered by Tillieu and Guy.*® They used for the 
electronic wave function of the hydrogen molecule the 
form 


y=W(1+8-H), (1) 


where yo is the unperturbed wave function. With the 
magnetic field in the y direction perpendicular to the 
axis of the molecule, g, is taken as 


Ly = 10X 2c, (2) 


the suffix c indicating that distances are measured from 
the center of the molecule. In order to obtain a, the 
expectation value of the energy of the electrons to 
terms in H? is now minimized.‘ Proper attention must 
be paid to the gauge transformations involved in 
changing the origin from the center of the molecule to 
a proton. It may then be shown, by using (1) and 

that the coefficient of terms unucf/, in the energy is 


(x2)—(22) s22—22 
=a ( eae ( ) 
(x2)+(22 Pe 
-={ > kas ~ ==]. 
(o- 27) 


where a is the fine structure constant and R the proton- 
proton distance. The expectation values are taken over 
the ground state; the unsuffixed variables refer to 
distances measured from a proton. Because the hydro- 
gen molecule is axially symmetric, the effective shielding 
constant observed in a rotating molecule is given by 
o=30,,. Using Coulson,’ Wang,® and Weinbaum’ func- 
tions for the hydrogen molecule, we have obtained for 
the “second-order” paramagnetic term the values 
op= (—0.53, —0.49, —0.52)X 10~, respectively. These 


’ 
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values compare very favorably with that of Ramsey? 
who obtained it ingeniously from the observed value 


of the rotational magnetic field in the H» molecule, v7z., 


~().56X 10-5, (6 


op 
shielding con- 
as 3.24X 10 


values for 


the diamagneti 
Anderson? 


The first term oa, viz., 
stant, has been obtained by 
from Nordsieck’s wave function, 
the total o obtained by us are very close to Ramsey’s 


so that the 


value 
o=2.68X10-°. (7) 


The advantage of our method is that one does not 
need a knowledge of the wave functions or energies of 
the excited states of the molecule. A variational method 
was earlier proposed by Hornig and Hirschfelder.’ It has 
the disadvantage that it leads to divergences when 
applied to the s and p atomic states, which are the 
important ones for the lighter molecules. 

Details of the method as well as a table of values of o 
for a number of wave functions for the hydrogen mole 
cule will be published later. The authors 
to Professor J. O. Hirschfelder for helpful communica- 


tion aid to the staff of the Cornell Computing Center 


are grateful 


for assistance in numerical work. 


* This work was supported by the U. S. Atomic Energy Com 
mission 

7 Permanent address 
India. 
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Ferroelectricity of Glycine Sulfate 


B.. F MILLER, P. REMEIKA 
Murray Hill, New Jersey 


1956) 


Mattuias, C. E AND J. 
Bell Telephone Laboratories, 


(Received August 24, 


E have discovered that glycine sulfate, (CH2NH:- 
COOH);H2SO,,! and its isomorphous selenate 

are ferroelectric. The Curie point of the sulfate is 47 
and that of the selenate is 22°C. As in all ferroelectrics 
which are not cubic above their Curie points 
For glycine sulfate at room 


, there is 
only one ferroelectric axis. 
temperature the spontaneous polarization is 2.2 10~® 
coul/cm? and the coercive field is 220 v/cm. 

It is tempting to regard this result as confirmation 
of a general mechanism operative in such ferroelectric 
materials as ammonium sulfate,” and with it the same 
for the guanidine aluminum sulfate and its isomorphs 
(GASH)? and some of the alums.‘ 
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In the infrared absorption of ammonium sulfate® 
there are two characteristic 
point. The 3.3u band due to the NH,* shows a change 
hat in the transition region of ammonium 


features below its Curie 


similar to 

“ike ; : 
chloride. At the same time, the absorption spectrum 
due to the SO, tetrahedra shows a similar rearrange- 
ment. One could therefore assume that an ordinary 
ammonium transition acts as a trigger to induce a 
moment in the SO, 
thus strongly 


groups. The mechanism would be 
reminiscent of the one causing ferro- 
electricity in KH2PO, as described by Slater.® This 
point of view suggests a formal similarity among the 
ferroelectric sulfates thus far encountered regardless of 
crystal structure or water of crystallization. The role 
of ammonium is played by guanidinium in GASH, by 
methylamine or urea in some alums, and by glycine 
in the material here reported. 

We to thank A. N. 


reading of this paper 


Vant Holden for his critical 


1849 


eClkKa, 
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Nuclear Resonance Saturation Effects 
and Multiple-Quantum Transitions 


WESTON ANDERSON 
Varian Associates, Palo Alto, Calif 
Received August 17, 1956 
HE theory presented by Bloch! indicates that 
different lines of a spectrum observed by using 
high-resolution nuclear magnetic resonance techn:ques 
may have different relaxation times. Differences in line 
widths within a spectrum have been observed? ~*; how- 
field 
prevent quantitative measurements. Saturation tech 


ever, in many cases magnetic inhomogeneities 
niques may be employed to demonstrate differences in 
relaxation times even though magnetic field inhomo- 
geneities may obscure the natural widths. 

A simple case treated by Bloch! is a nuclear spin 
system consisting of two identical nuclei with spin 3 and 
Larmor frequencies which differ because of a chemical 
shift. The molecule 2-bromo-5-chlorothiophene is of 
this type and its spectrum under conditions of low radio- 
fields been previously investigated.’ 


frequency has 


Interesting modifications of this spectrum have been 


observed with radio-frequency fields of large amplitudes 
by using a Varian Model 4300 Spectrometer with a 


30-Mc radio-frequency unit 


Spectra obtained at three different levels of radio- 
frequency power are shown in Fig. 1. Spectrum (a) was 


made with a radio-frequency field low enough to avoid 
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Fic. 1. Nuclear magnetic spectra of 2-bromo-5 
chlorothiophene. (a) Spectrum taken using low radio-frequency 
power. (b) Radio-frequency field increased by approximately 3.4 
with a corresponding decrease in radio-frequency amplifier gain. 
c) Radio-frequency field increased by another factor of 3.4 with 
a corresponding decrease in radio-frequency amplifier gain. The 
spacing between the two extreme peaks is approximately 10 cps 
at 30 Mc/sec and the sweep rate is approximately 5 cps/min. 


resonance 


saturation of any of the lines. In spectrum (b) the radio- 
frequency field has been increased by a factor of approxi- 
mately 3.4 while the gain of the receiver has been de- 
creased by the same factor. The size of the outside pair 
of lines is nearly the same in both spectra, indicating 
that they are not saturated, while the height of the 
central pair of lines has decreased by approximately 
35%. Spectrum (c) obtained upon increasing 
the radio-frequency field by another factor of approxi- 
mately 3.4 with a corresponding decrease in receiver 
gain. Here the outside pair of lines have also been 


was 


partially saturated. 
Bloch! that for well-resolved lines the 
nuclear resonance signal for a transition between levels 


has shown 





(a) and (b) is proportional to 


yy T 2) ap ( b m*\a *[ 1 + 1Aw ( T 2) ab 


ar 
1+[Aw(T 2) P+ Ta(T2)ay?H 17(b| mt] a)?/4 
where the terms are defined in reference 1. Since the 
two outer lines as well as the two central lines have, 
to within experimental error, identical saturation char- 
acteristics, the molecular surrounding responsible for 
relaxation must be nearly the same at the two protons. 
With this assumption, each quantity 7 and (T2)a is 
the same for all transitions. By using the values for the 
matrix elements (6|m*| a)? as determined at low radio- 
frequency fields, the experimental data have been found 
to be consistent with Eq. (1). 

Another interesting feature in spectrum (c) is the 
appearance of a line at the center of the spectrum 
occurring only at large radio-frequency fields. This line 
is attributed to a double-quantum transition and is 
understood qualitatively by an analysis similar to that 
used to describe multiple-quantum transitions as ob- 
served in molecular beam experiments.** A quantitative 
explanation must however include the effects of re- 
laxation. 

Multiple-quantum transitions have also been ob- 
served in the spectrum of p-chlorobenzoyl chloride. 
A more complete report of this effect will be published 
later. 

1F, Bloch, Phys. Rev. 102, 104 (1956). 

2J. T. Arnold, Phys. Rev. 102, 136 (1956). 

3W. A. Anderson, Phys. Rev. 102, 151 (1956). 

‘See also Varian Tech. Information Bull. 1, No. 4. 

5 Besset, Horowitz, Messiah, and Winter, J. phys. radium 15, 
251 (1954). 

6H. Salwen, Phys. Rev. 99, 1274 (1955). 


Electron Irradiation of Copper below 10°K 


J. W. Corsett, J. M. Denney, M. D. Fiske, 


AND R. M. WALKER 
General Electric 
York 


Vetallurey and Ceramics Research Depariment, 


Research Laboratory, Schenectady, Neu 


(Received September 12, 1956 


HE problem of determining the nature, number, 

and physical effects of crystal imperfections intro- 
duced by high-energy radiation has not yet been com- 
pletely solved for even those systems which have been 
studied the most extensively.1~* Although it has been 
realized for some time that bombardment with high- 
energy electrons at ambient temperatures near absolute 
zero probably provides the simplest type of damage 
situation to study, experiments of this kind have not 
heretofore been reported. We have, therefore, under- 
taken a study of the changes produced in pure metals 
under these conditions. This letter reports the change in 
electrical resistivity in a thin, high-purity copper foil 
bombarded below 10°K by 1.35-Mev electrons, Pre- 
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liminary data on the subsequent annealing of the 
resistivity change are also reported. 

In order to execute in situ measurements of resistivity, 
temperature, and lattice parameter, and perform iso- 
thermal annealing, the specimen foil is supported in a 
stream of helium. The cylindrical cryostat is fitted with 
a side arm providing entrance and collimating windows, 
specimen locating pins, and the specimen holder. The 
specimen (0.0032 cm foil) is supported from its ends in 
a cylindrical Be-Cu pill box 8X10-*-in. Be 
windows normal to the vertical electron beam. The 


with 


specimen temperature is regulated by adjusting the He 
flow rate through the pill box and also during annealing 
by an external heater on the Cu pill box. Thermometry 
is provided by carbon thermometers in the entrance and 
exit He streams, a thermocouple in the He stream 
adjacent to the specimen and one attached to the pill 
box, and the resistance of the specimen. 

Copper obtained from American Smelting and Re- 
fining (99.999% pure) was zone-refined, cold-rolled to 
0.0032 cm, and annealed to form the specimen foil. The 
specimen was photoengraved from this foil with at- 
tached potential and current leads. The resistance was 
determined from both beam-on and beam-off potential 
measurements on both the irradiated and unirradiated 
sections of the foil. A residual bulk resistivity of 
1.5X10 


measurements of the residual resistance at 


’ ohm cm for the specimen was obtained by 
4.2°K and 
the room temperature resistance. The resistivity at 0°C 
was taken to be 1.55X10~® ohm cm. 

The 
former type producing a chopped-sine-wave voltage 
pulse 34° wide. The electron energy was determined 


from the Be(y,m) (1.655 Mev) reaction and an electro- 


electron accelerator is of the resonant-trans- 


static voltmeter. The current was measured with a 


Faraday cage and checked by a calorimetric beam 


heating experiment. 


ras_e I. Run V: Resistivity change with electron flux 


Resistivity cl 


(107° ohm 


1.79 
ye 


5.27 


6.99 


bo dO bo DO 
minut 
bdo GW bo DO 


cattering by using valu 
1, 1 (1952 


f 8.39 *10'6 electron m? 


Table I shows the results of the longest irradiation 
which has been made to date. The fact that this run, 
which was made at an ambient temperature 15°K, gives 
essentially the same value for the resistivity change per 
(electron/cm?) as earlier runs taken with lower beam 
currents and ambient temperatures <8°K demonstrates 
that the temperature of the sample is not raised high 
by the beam to cause annealing. From this 


I 
enougl 
experiment and the linearity of resistivity change with 
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integrated flux shown in Table I, it is concluded that no 
evidence of radiation annealing is found. The best 
value for the resistivity change per (electron per cm’), 
from five runs, is (8.25+ 1.2) 10-7? ohm cm/ (electron 
cm?). This uncertainty in rate of resistivity change is 
the total absolute uncertainty which includes the un- 
certainties in the various quantities used to derive p,, 
the resistivity change per (electron per cm’). The value 
of p, measured in this experiment is about 20 times that 
previously measured by Meechan and Brinkman‘ at 
liquid nitrogen temperatures. 

The simplest model of the electron radiation damage 
process assumes that one isolated interstitial and 
vacancy combination is formed in every collision in 
which a copper nucleus receives more than 25 ev of 
kinetic energy. The calculated cross section for this 
process is 44 barns’ and this, coupled with our measured 
value of p,, gives a value of 1.88 ywohm cm for the 
resistivity of 1 atomic percent of Frenkel defects. 
Recent theoretical estimates of this number are given 
in Table II. Although the agreement with Blatt’s value 
TABLE IT. Theoretical estimates of resistivity for 1 atomic percent 

of defects (in wohm cm). 


Referer 


Dexter* 
Jongenburger> 1.3 
0.75-1.0 


Blatt® 
Overhauser and Gorman? Lo 


+v. 87, 768 (1952). 
‘ature 175, 545 (1955 
ev. 99, 1708 (1955 

iR 


L. Gorman, Phys. Rev. 102, 676 (1956). 


is seen to be quite good, the niiveté of the radiation 
damage model precludes any choice at this time between 
the different theories. A number of effects such as 
multiple displacements and the probability of displace- 
ment tend to make the calculation of the number of 
defects unreliable and it is by no means certain that 
we are dealing exclusively with isolated interstitials and 
vacancies. The experiment does, however, appear to be 
in good general agreement with the simple theory and 
this is a quite different result than that obtained by 
using heavy-particle irradiations.*: 

We have performed a preliminary series of isochronal 
and isothermal anneals in the temperature range from 
5°K to 80°K. No damage is observed to anneal out 
below 21°K while 90° has annealed out by 65°K 
The maximum rate of isochronal annealing occurs at 
about 35°K. These results are in qualitative agreement 
with those obtained in heavy-particle experiments,*-® 
with the exception that considerably more of the 
damage anneals out in the present experiment. The 
annealing does not appear to be describable by a single 
first- or second-order rate equation. 

Additional experiments measuring the details of the 
annealing process and the dependence of the resistivity 
change on bombarding electron energy are now in 
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progress. We are also attempting to obtain an inde- 
pendent estimate of the defect concentration by meas- 
uring the change in lattice parameter by an x-ray 
diffraction technique. These experiments will be re- 
ported in more detail in the near future. 

1G. H. Kinchin and R. S. Pease, Repts. Prog. Phys. 18, 1 
(1955). 

2 J. W. Glen, Advances in Phys. 4, 381 (1955). 

3F. Seitz and J. S. Koehler, in Solid State Physics (Academic 
Press, Inc., New York, 1956), Vol. 2, p. 307. 

4C. J. Meechan and J. Brinkman, Phys. Rev. 103, 1193 (1956). 

5 Cooper, Koehler, and Marx, Phys. Rev. 97, 599 (1955). 

® Redman, Noggle, Coltman, and Blewitt, Bull. Am. Phys. Soc., 
Ser. II, 1, 130 (1956). 


Nuclear Magnetic Resonance in a 
Superconductor 


W. D. Kwnicut, G. M. ANpROEs, AND R. H. HAMMOND 
Department of Physics, University of California, 
Berkeley, California 
(Received September 13, 1956) 


E have observed the nuclear magnetic resonance 
in colloidal Hg at temperatures above and below 
the transition temperature (4.15°K). For T>3°K and 
H,>9000 oersteds, a single resonance (I) appears at 
the expected frequency for metallic Hg in the normal 
state. However, for 7<2°K and H)<5200 oersteds, an 
additional resonance (II) appears near the proper fre- 
quency for a nonmetallic salt of Hg. Since in searches 
under similar conditions resonance II is not observed in 
separate samples of the possible impurities HgNO; and 
HgS (or in the colloids above the critical temperature), 
we do not believe that it can be associated with a non- 
metallic substance. Rather, the disappearance of IT in 
high magnetic fields leads us to believe that it represents 
the effects of superconducting material, since the critical 
field for similar colloids can range from about 5000 to 
8000 oersteds.! 

It should be emphasized that the dc fields usually em- 
ployed in nuclear magnetic resonance experiments 
greatly exceed the critical field for macroscopic pieces 
of Hg. Furthermore, in large pieces of superconductors 
the penetration of magnetic fields extends through only 
a small fraction of the volume of the material. However, 
the use of colloids eliminates both of these difficulties, 
since, in particles possessing radii a much smaller than 
the superconducting penetration depth (A~400 A), the 
critical fields are increased! by an order of magnitude 
over the values for bulk material. Then, recalling that 
the penetration depth is much smaller than the rf skin 
depth for frequencies of a few Mc/sec, one may apply 
the quasi-static solution of London’s equations? to 
show that the penetration of both rf (H,) and dc (Ho) 
fields is nearly complete. Reif* has calculated the de- 
tailed distribution of the dc field within a sphere under 
these conditions, 
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To investigate the composite spectrum for a colloidal 
sample, let us designate by , the number of spheres of 
radius a. Then the total spectrum for all spheres will be 
a superposition of curves (see Fig. 3 of reference 3), 
where the maximum intensity of each curve is propor- 
tional to am, and the range of the abscissa for each is 
proportional to a?. Note that the number of particles 
of a given size is more important than their relative 
volume. In general, an exhaustive count of the several 
particle sizes must be made in order to determine the 
probable shape of the spectrum. If observations are 
made by means of a variable-frequency spectrometer in 
a fixed magnetic field, the absorption decreases rather 
sharply toward the high frequencies. The “position” of 
the line is determined approximately by the point of 
maximum slope on this high-frequency edge of the line. 
The uncertainty of this determination is reduced if the 
very small (<150 A) particles predominate. Further- 
more, the edge will appear at slightly lower frequencies 
for such a distribution. 

Two colloid samples were prepared as suspensions in 
albumen and gelatin, respectively. As may be seen in 
the electron micrographs of Fig. 1, each sample con- 


Fic. 1. Electron micrographs of colloidal Hg prepared as sus- 
pensions in albumen (top photograph) and gelatin (bottom 
photograph). The specimens were enclosed in a thin sandwich of 
SiO before exposure in the electron microscope. In each picture, 
the circled particle has a diameter of approximately 300 A. 


tained spherical particles, the majority of which are less 
than 200 A in diameter. This sort of distribution would 
tend to produce a resonance whose “position” is slightly 
lower in frequency than the corresponding position for 
a colloid containing a larger proportion of larger spheres. 
Our measurements of the nuclear resonance absorption 
indicate that the metallic line shift for superconducting 
Hg is AH/H<0.5%. Reif’s result (~1.5%) is for a 
different particle-size distribution and for lower mag- 
netic fields. In view of the different conditions in the 
two experiments, the results are not necessarily incon- 
sistent. For normal Hg, AH/H=2.5+0.1%.34 

The result is of some significance in considering the 
electron-nuclear interaction in a superconductor: AH/H 
~x,Pr, where x, is the spin susceptibility for the 
Fermi electrons and P, is the average electronic wave 
function for s states over the Fermi surface. For a 
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superconductor, the small value of AH/H requires that 
or Py, or both, are considerably smaller than for a 

Xp s 

normal metal. 

The exact value of AH/H is difficult to determine 
experimentally: (1) the line width in normal Hg is 
considerable, (2) the shape of the resonance in the 
superconductor depends on the distribution of particle 
sizes, and (3) the range of the chemical shifts in Hg is 
not known. We are attempting to perform experiments 
with multiple uniform thin films of Pb and Sn. Here the 
geometry is simpler, the uniformity in sample size will 
greatly simplify the analysis of line shape, and the 
widths of the normal lines are smaller. 

We are greatly indebted to Mr. R. T. Haines, of the 
Crookes Laboratories, Ltd., London, for preparing the 
samples, and to Professor Robley Williams for advice 
concerning their examination with the electron micro- 
scope. We have benefited from conversations with 
Professor C. Kittel, Professor W. A. Nierenberg, and 
Mr. A. Mitchell about the interpretation of the experi- 
ments. After we had obtained a preliminary result, we 
learned of Dr. Reif’s work. We are grateful to him for 
discussions of the results. 

* This work has been partially supported by the U. S. Office of 
Naval Research, and a grant from the Alfred P. Sloan Foundation. 

1D. Shoenberg, Proc. Roy. Soc. (London) A175, 49 (1940). 

2F. London, Superfluids (John Wiley and Sons, New York, 
1950), Vol. 1, pp. 29-36. 

3 F. Reif, Phys. Rev. 102, 1417 (1956). 

4L. Sarles and H. Loeliger (private communication). 

5W. D. Knight, in Solid State Physics (Academic Press 
New York, 1956), Vol. 2, p. 93. 


Associated Production of Hyperons 
and K Mesons* 


SAUL BARSHAY 


Radiation Laboratory, University of California, 
Berkeley, California 
(Received August 9, 1956) 


HERE are now several pieces of experimental 

evidence indicating definite asymmetries in the 
angular distributions of A° and K® particles that are 
produced in association in pion-nucleon and nucleon- 
nucleon collisions.‘~* Experimental evidence also exists 
for asymmetries in the angular distributions of 2~ and 
K+ particles produced in pion-nucleon collisions.’ 
This note concerns a suggestion for a possible interpreta- 
tion of these asymmetries in terms of a coupling between 
pions and K mesons and a coupling between pions and 
hyperons. These remarks were considered originally in 
connection with an experiment performed by Osher and 
Moyer,® in which they observed the angular distribution 
of neutral unstable particles, produced by bombarding a 
copper target with protons of various energies ranging 
from 2 to 6.2 Bev. The angular distribution of the K° 
produced in the reaction p+n—Y+K+WN was fitted 
with a cos'@ in the center-of-mass system, at all energies 
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in the range. This very high power of the cosine is 
difficult to understand in terms of the angular mo- 
mentum states available to the system at the lower 
energies, if the interaction radius is considered to be on 
the order of A longer-range interaction that 
will give strong forward and backward peaking of the 
hyperons and K mesons is needed. The production 


(MK 


mechanisms suggested are shown diagrammatically in 
Fig. 1. The processes represented by graphs (a) and (b) 


the 

hyperon—K-meson coupling constant, Gyx; 
and a pion—K-meson coupling constant, G,x. The #-K 
interaction is assumed of the form K,*+7.Koma, where 
K.(Ko) represents the field operator of the K meson 
of spin and parity 0*(0-), the m_ represent the pion 
field operators, and the 7,2 are the Pauli isotopic spin 


involve the pion-nucleon coupling constant, G; 


nucleon 


matrices. The processes represented by graphs (c) and 
(d) involve G, Gyx, and a _ pion-hyperon-hyperon 
coupling constant, Gy,. It should be noted that if one 
is to allow AK mesons of either parity to be emitted in 
either even or odd angular momentum states, then 
there must be 2 and A particles with both positive and 
negative parity relative to the nucleon. Thus, for 
example, the nucleon-lambda-K-meson interaction will 
be of the form NA.K. 4+-NrysAoK-+NAoKotNysA-Ko 
sigma—a-meson interaction will have 
the form 3..0yysTad: 


ence of these vertices leads nonrelativistically to a 


and the sigma 
Tat De(0)Tad0(e)Ta. Lhe ys depend- 
dependence on the momentum of the bosons which 
tends to enhance peaking effects. 

Processes of graphs (a) and (c) of Fig. 1 lead to a 
peaking of the K mesons forward, while those for (b) 
and (d) lead to a peaking of the K mesons backward. 
The peaking of the K mesons is most pronounced in the 
and (d), because the K carries 
much of the momentum of one of the initial nucleons 


processes of graphs (« 


forward or backward, respectively, in the center-of-mass 
system. The production process may also occur through 
the mechanisms indicated in graphs (e) and (f). These 
mechanisms can lead to backward and forward peaking, 
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respectively, for both the A° and K°. If we have G>G,-x 
or Gy,, the processes shown in these graphs may make 


a large contribution to the total cross section. The 
question arises as to what is the relative contribution to 
the peaking of the processes in graphs (a) and (b) on 
the one hand, and in (c) and (d) on the other. If we 
look now at the production of A° and K° in pion-nucleon 
collisions we get a partial answer. What has been ob- 
served in ~-p collisions is a very strong peaking of the 
A® backward and the K°® forward.t The production 
processes are shown diagrammatically in Fig. 2. That 


Fic. 2. Feynman graphs for the process 7 


of graph (a) leads to an essentially isotropic distribu- 
tion; that of graph (b),® involving G,x, peaks the K° 
strongly forward; however, process (c), involving Gy,, 
peaks the K° strongly backward. That the latter effect 
is not observed, indicates that we have Gy,<G,x. The 
of the pion to the isotopic bosons A and 2 
must be smaller than that of the pion to the isotopic 
fermions K, and Ko if this picture of the production 
mechanism is to be consistent for both m-N and N-N 
collisions. 

A detailed calculation is in progress to see if the 
angular distribution of the Osher experiment can be 
fitted with the matrix element from graphs (e) and (f) 
and the graphs involving G,x in Fig. 2. If not, the ques- 


coupling 


tion is then how much of the process involving Gy, can 
be introduced consistent with the absence of the back- 
ward peak in z-N collisions. 

Finally we note that the production of =~ and Kt in 
m-p collisions occurs through the processes shown in 


Fig. 3. Experiment indicates that the At tend to go 


Fic. 3. Feynman graphs for the process r~+p—2-+Kt. 


backward and the =~ forward in the center of mass. 
This is consistent with the mechanism in graph (b). 
The smaller number of 2~At events‘ than of A°K® 
events is consistent with the absence of the production 
mode involving G,x in r~-p collisions. If G;x>Gy-, the 
~~ produced in n-p collisions should come off predomi- 
nantly backwards in the center-of-mass system. 

The author wishes to thank Dr. Joseph V. Lepore, 
Dr. Charles Goebel, and Dr. Stephen Gasiorowicz of 
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the Theoretical Group for several stimulating dis- 
cussions. Sincere appreciation is expressed also to Mr. 
John Osher for several helpful talks on the progress of 
his experiment and for permission to state his results 
prior to publication. 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission 
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N 1953, Johnson and Teller! proposed a model of the 
nucleus which predicted neutrons at larger radii 
than protons in nuclei with a neutron excess. Since that 
time some experimental data and several theoretical 
discussions have appeared bearing on this subject.” 
Piccioni® suggested that a difference between neutron 
and proton radii could be experimentally detected by 
a measurement of the difference in the absorption cross 
sections of a heavy nucleus for positive and negative 
pions of 700-Mev kinetic energy. Since o(m~,p) is 2.6 
times larger than o(x*,p) at this energy,‘ neutrons? at 
larger radii than protons will be less transparent for a 
than for r~; the central region, on the other hand, is so 
nearly opaque that its transmission is insensitive to 
small changes in neutron and proton densities. Hence, 
the Johnson-Teller model would predict a larger absorp- 
tion for positive pions than for negative. A relative 
measurement of this kind can be carried out with high 
accuracy so that even small differences can be observed. 
Courant,® using the optical model,’ computed the 
magnitude of the effect to be expected in the case of Pb. 
TABLE I. Calculated and experimental values for the ratio 
g=[o(x~)—o(x*) ]/o(x*) in Pb. The computed values are based 
on the optical model using square-well nucleon distributions. The 
values of ro are given in units of 107% cm. 


—o (x*) }/o(x* 

Computed for 

Computed for Yn =o i 

in Mev rn =rp =roAl rp =ro[Z/(A —Z)} 
(lab) ro=1.4 ro=1.3 ro=1.4 ro =1.3 

+-0.033 

+-0.039 


Pion eee 
kinetic 
energy 
Experimental 

values 
+0.050 +-0.011 
+-0.017 +0.012 


700 
1100 


+0.044 
+0.045 


0.027 
+-0.030 


0.024 
+0.034 
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We have recomputed this effect using the recent, more 
accurate values of the elementary cross sections.* The 
elementary cross sections used in the calculation were 
averaged over a 20-Mev Fermi energy distribution. 
Following Courant, we used a square-well distribution, 
taking r,=roA! and r,=r,[Z/(A—Z) ]!, which leads 
to equal densities of neutrons and protons within the 
roA*. Results for 
the ratio g=[o(x~-)—o(x*) |/o(x*) are given in Table I 
for ro 


nucleus; we also compute for r,=7rp 


1.3X10-% cm and 1.4X10~" cm at 700-Mev 

and at 1100-Mev pion kinetic energies. The computed 

results include an electrostatic factor [1+2Ze?/RE ].° 
The apparatus is shown in Fig. 1. Both positive and 


negative pions were available by simply reversing the 


18"x 36" 


ex” MAGNET 
¥ 


1G. 1. Schematic arrangement of the apparatus. 
Fic. 1. Schemat t of the ay t 


currents in the electromagnets. The proton contamina- 
tion in the pion beam was reduced to less than 1% by 
time-of-flight discrimination previously described.* The 
absorption was obtained by counting anticoincidences 
between a large final counter and the beam-defining 
telescope, with and without Pb absorber. The angle 6 
subtended by the final counter was chosen such that 
relatively few pions which suffer diffraction scattering 
or multiple Coulomb scattering are counted as absorp 
tions. The value of g is insensitive to the fact that a 


small fraction of inelastic events may,project a second- 
ary within the angle @. 
The measurements have been corrected for chance 


corrections 
A correction 
of 0.4% for m* was necessary because of chance coinci- 


the final counter. These 


amount to 1.3% for r+ and 0.6% for x 


coincidences in 


dences in the beam-defining telescope. Muons origi- 
nating from pions that decay after the momentum 
analysis are clearly proportional to the pion intensity 
and the 
pendent 


ratio q is, to a sufficient approximation, inde- 
of this source of muon contamination. How- 
ever, muons from pions decaying before the momentum 
analysis are not strictly proportional to the momentum- 
selected pion beam intensity. This difference results 
from the fact that pions ranging from the selected 
momentum fp up to 1.750 can contribute muons of 
the correct momentum, while the * and x~ production 
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spectra are not the same. Measurements of the mo- 
mentum spectra, an absorption curve in iron, and a 
comparison with previous UNIVAC calculations‘ lead 
to a correction of the x* cross section by (+0.3+0.3)%. 
A consideration of other known asymmetric sources of 
muons (such as K-meson decay) leads to the conclusion 
that they constitute a negligible correction within 
our error. 

Table I also shows the experimental results for the 
ratio g. The errors quoted are statistical standard 
deviations and exclude the 0.3% systematic error noted 
above. g was measured at 1100 Mev, where o(2*,p) 
and o(m~,p) are nearly equal, to investigate whether 
other sources of a difference between the m+ and 2 
absorption cross sections exist. They might arise from 
multibody processes, effects of the Pauli exclusion 
principle, or to unrecognized systematic errors. One can 
then compare not only the measured and calculated 
values of g at 700 Mev, but also compare the experi- 
mental change in g from 700 to 1100 Mev. Our value 
for the absorption cross section of Pb, while not of 
great absolute accuracy, indicates that ro= (1.3520.05) 
X10-* cm. 

If we compare our result for g at 700 Mev with the 
calculated values, it is evident that it agrees, within 
the error, with essentially equal neutron and proton 
radii. We can, on the other hand, compare g at 700 and 
1100 Mev, taking the measured g at 1100 Mev as a 
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normalization point. From this point of view, the data 
indicate that, if anything, the proton radius is somewhat 
larger, although this effect is only twice statistical un- 
certainty. An indication of the sensitivity of our 
measurement to a difference between 7, and r, can 
be obtained from similar foregoing computations. The 
difference in g for unequal and equal radii is approx- 
imately linear with the difference between r, and 
r,. Our conclusion is not strongly model-dependent 


since we measure the relative density of neutrons and 


protons near the surface of the nucleus and are insensi- 
tive to detailed density distributions in the interior of 
the nucleus. We are now undertaking calculations using 
the recent Stanford results for the shape of the charge 
distribution in the nucleus. These results will be re- 
ported in a forthcoming paper. 

t+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. ; 
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